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CONDENSED MATTER
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Abstract We perform a rigorous analysis of the profiles
of a few diagonal and off-diagonal components of linear
(αxx, αyy, αxy, and αyx), first nonlinear (βxxx, βyyy, βxyy, and
βyxx), and second nonlinear (γxxxx, γyyyy, γxxyy, and γyyxx)
polarizabilities of quantum dots exposed to an external
pulsed field. Simultaneous presence of multiplicative
white noise has also been taken into account. The quan-
tum dot contains a dopant represented by a Gaussian po-
tential. The number of pulse and the dopant location have
been found to fabricate the said profiles through their
interplay. Moreover, a variation in the noise strength also
contributes evidently in designing the profiles of above
polarizability components. In general, the off-diagonal
components have been found to be somewhat more re-
sponsive to a variation of noise strength. However, we
have found some exception to the above fact for the off-
diagonal βyxx component. The study projects some path-
ways of achieving stable, enhanced, and often maximized
output of linear and nonlinear polarizabilities of doped
quantum dots driven by multiplicative noise.

Keywords Quantum dot . Impurity . Polarizability . Pulsed
field . Dopant location .Multiplicative white noise . Noise
strength

1 Introduction

The nonlinear optical effects displayed by quantum dots (QDs)
comprise of rich subtleties, most often even more than the bulk
materials. As a result, QDs are used without any hesitation in a
wide variety of optical devices. Often, QDs contain dopants
thereby causing immense change in its properties. The change
originates from the interplay between the intrinsic dot confine-
ment potential and the introduced dopant potential. Such a
change in the dot properties has led to a number of prominent
investigations on doped QD [1–9]. In the context of optoelec-
tronic applications, impurity-induced modulation of linear and
nonlinear optical properties is highly important in photodetec-
tors and in several high-speed electro-optical devices [10].
Naturally, researchers have worked a lot on both linear and
nonlinear optical properties of these structures [10–31].

External electric field often illuminates important features
that originate because of the confined impurities. The electric
field invariably modifies the spatial disposition of the energy
levels of the carrier and thus affects the performance of the
optoelectronic devices. In addition, the electric field hampers
the spatial symmetry of the system to various extents and
promotes emergence of nonlinear optical properties. Thus,
the applied electric field deems special importance in the field
of research on the optical properties of doped QDs [32–48].

Recently, we have made detailed investigations of the role
of noise on the linear and nonlinear polarizabilities of impurity
doped QDs [49–51]. In the present work, we have explored
some of the diagonal and off-diagonal components of linear
(αxx,αyy,αxy, andαyx), second-order (βxxx, βyyy, βxyy, and βyxx),
and third-order (γxxxx, γyyyy, γxxyy, and γyyxx) polarizabilities of
quantum dots in the presence of Gaussian white noise incor-
porated multiplicatively to the system. The doped system is
exposed to an external pulsed electric field. The diagonal and
off-diagonal components are expected to behave in different
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manners because of their diverse interactions with the pulsed
field and noise. We have found that the number of pulses of
the external field (np) and the dopant coordinate (r0) play an
important role in shaping the various polarizability compo-
nents. Added to this, a variation in the noise strength (μ) also
influences the said components. A change in np in effect
changes the amount of energy delivered to the doped system.
And the role of dopant site has been given special emphasis
following the important works of Karabulut and Baskoutas
[25], Baskoutas et al. [32], and Khordad and Bahramiyan
[30] from the perspective of optical properties of doped
heterostructures. The present inquiry advocates the important
roles played by np, r0, and μ in fabricating the various polar-
izability components in the presence of multiplicative white
noise.

2 Method

The Hamiltonian describing a 2-D quantum dot with
single-carrier electron laterally confined (parabolic) in
the x−y plane and doped with a Gaussian impurity is
given by

H0 ¼ H
0
0 þ V imp; ð1Þ

whereH0
′ is the Hamiltonian in the absence of impurity. Under

the effective mass approximation it reads

H ′
0 ¼

1

2m*
−iℏ∇þ e

c
A

h i2
þ 1

2
m*ω2

0 x2 þ y2
� � ð2Þ

The confinement potential is given by V x; yð Þ ¼ 1
2m

*ω2
0

x2 þ y2ð Þ with the harmonic confinement frequency ω0

and the effective mass m∗. The value of m∗ has been
chosen to be 0.067m0 resembling GaAs quantum dots.
We have set ℏ=e=m0=a0=1 and perform our calculations
in atomic unit. The parabolic confinement potential has
been utilized in the study of optical properties of doped
QDs by Ç akir et al. [17, 19]. Recently, Khordad and his
coworkers introduced a new type of confinement potential
for spherical QD’s called Modified Gaussian Potential
(MGP) [52, 53]. A perpendicular magnetic field (B∼mT)
provides an additional confinement. In Landau gauge
[A= (By, 0, 0)] (A being the vector potential), the
Hamiltonian transforms to

H ′
0 ¼ −

ℏ2

2m*
0

∂2

∂x2
þ ∂2

∂y2

� �
þ 1

2
m*ω2

0x
2

þ 1

2
m* ω2

0 þ ω2
c

� �
y2−iℏωcy

∂
∂x

; ð3Þ

ωc ¼ eB
m*c being the cyclotron frequency and Ω2=ω0

2+ωc
2

represents the effective frequency in the y-direction. Vimp

being the impurity (dopant) potential (Gaussian) [54, 55]
and is given by

V imp ¼ V 0e
−ξ x−x0ð Þ2þ y−y0ð Þ2½ �

: ð4Þ

Positive values of ξ and V0 indicate a repulsive impurity.
V0, (x0; y0), and ξ−1 represent the impurity potential, the dop-
ant coordinate, and the spatial stretch of impurity, respectively.

We have employed a variational recipe to solve the time-
independent Schrödinger equation, and the trial function ψ (x,
y) has been constructed as a superposition of the product of
harmonic oscillator eigenfunctions ϕn (px) and ϕm (qy) respec-
tively, as

ψ x; yð Þ ¼
X
n;m

Cn;mϕn pxð Þϕm qyð Þ; ð5Þ

whereCn,m are the variational parameters and p ¼
ffiffiffiffiffiffiffiffi
m*ω0
h

q
and

q ¼
ffiffiffiffiffiffiffi
m*Ω
h

q
: In the linear variational calculation, requisite

number of basis functions has been exploited after performing
the convergence test. And H0 is diagonalized in the direct
product basis of harmonic oscillator eigenfunctions.

The external pulsed field can be represented by

ε tð Þ ¼ ε 0ð ÞS tð Þsin vtð Þ: ð6Þ
ε(t) is the time-dependent field intensitymodulated by a pulse-
shape function S(t) where the pulse has a peak field strength
ε(0), and a fixed frequency v. The pulsed field is applied along
both x and y directions. In the present work, we have invoked
a sinusoidal pulse given by

S tð Þ ¼ sin2
πt
Tp

� �
; ð7Þ

where Tp stands for pulse duration time. Thus Tp, or equiva-
lently np (the number of pulses), appears to be a key control
parameter. Figure 1 depicts the profiles of five consecutive
sinusoidal pulses as a function of time. With the application
of pulsed field, the time dependent Hamiltonian becomes

H tð Þ ¼ H0 þ V 1 tð Þ; ð8Þ
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Fig. 1 The sinusoidal pulse profile
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where

V i tð Þ ¼ − ej j εx tð Þ:xþ εy tð Þ:y� � ð9Þ

In the presence of multiplicative white noise, the time-
dependent Hamiltonian becomes

H tð Þ ¼ H0 þ V 1 tð Þ þ V 2 tð Þ; ð10Þ
withV2(t)=σ(t) (x+y), where σ(t) is the noise term that follows
a Gaussian distribution with characteristics [49, 51]:

σ tð Þh i ¼ 0; ð11Þ
and

σ tð Þσ t0ð Þh i ¼ 2μδ t−t0ð Þ; ð12Þ

where μ stands for the noise strength.
The evolving wave function can now be described by a

superposition of the eigenstates of H0, i.e.,

ψ x; y; tð Þ ¼
X
q

aq tð Þ ψq: ð13Þ

The time-dependent Schrödinger equation (TDSE) carry-
ing the evolving wave function has now been solved numer-
ically by 6th order Runge-Kutta-Fehlberg method with a time
step size Δt=0.01 a.u. after verifying the numerical stability of
the integrator. The time-dependent superposition coefficients
[aq (t)] has been used to calculate the time-average energy of
the dot 〈E〉. We have determined the energy eigenvalues for
various combinations of field intensities and used them to
compute some of the diagonal and off-diagonal components
of linear and nonlinear polarizabilities by the following rela-
tions obtained by numerical differentiation. For linear polar-
izability:

αxxϵ
2
x ¼

5

2
E 0ð Þh i− 4

3
E ϵxð Þh i þ E −ϵxð Þh i½ �

þ 1

12
E 2ϵxð Þh i þ E −2ϵxð Þh i½ �; ð14Þ

and a similar expression for αyyϵy
2.

αxyϵxϵy ¼ 1

48
E 2ϵx; 2ϵy
� �

−E 2ϵx;−2ϵy
� �

−E −2ϵx; 2ϵy
� �þ E −2ϵx; −2ϵy

� �� �

−
1

3
E ϵx; ϵy
� �

−E ϵx; −ϵy
� �

−E −ϵx; ϵy
� �þ E −ϵx; −ϵxð Þ� � ð15Þ

and a similar expression for computing αyx component.
The components of first nonlinear polarizability (second-

order/quadratic hyperpolarizability) are calculated from the
following expressions.

βxxxϵ
3
x ¼ E ϵx; 0ð Þ−E −ϵx; 0ð Þ½ �− 1

2
E 2ϵx; 0ð Þ−E −2ϵx; 0ð Þ½ � ð16Þ

and a similar expression is used for computing βyyy compo-
nent.

βxyy εxε
2
y ¼

1

2
E −εx; εy
� �

−E εx; εy
� �þ E −εx; εy

� �
−E εx;−εy

� �� �

þ E εx; 0ð Þ−E −εx; 0ð Þ½ �
ð17Þ

and a similar expression is used for computing βyxx component.
The components of second nonlinear polarizability (third-

order/cubic hyperpolarizability) are given by

γxxxx ϵ
4
x ¼ 4 E ϵxð Þ þ E −ϵxð Þ½ �− E 2ϵxð Þ þ E −2ϵxð Þ−6E 0ð Þ½ �;

ð18Þ

and a similar expression for computing γyyyy component.

γxxyy ϵ
2
xϵ

2
y ¼ 2 E ϵxð Þ þ E −ϵxð Þ½ � þ 2 E ϵy

� �þ E −ϵy
� �� �

− E ϵx; ϵy
� �þ E −ϵx;−ϵy

� �þ E ϵx;−ϵy
� �þ E −ϵx; ϵy

� �� �

−4E 0ð Þ ð19Þ

and a similar expression for computing γyyxx component.

3 Results and Discussion

3.1 Linear (α) and Second Nonlinear (γ) Polarizability
Components

Figure 2 depicts the profiles of αxx component with variation
of np for on-center (r0=0.0 a.u.), near off-center (r0=
28.28 a.u.), and far off-center (r0=70.71 a.u.) dopant loca-
tions, respectively, at three different values of noise strength
(μ) viz 0.005 a.u., 0.05 a.u., and 0.5 a.u. The plots reveal that it
is the dopant location which influences the αxx profile much
more than the noise strength. This is because of the fact that at

0 5 10 15 20
1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

(iii)

(ii)

n
p

α xx
 (

a.
u.

) 
 x

  1
0-3

(i)

Fig. 2 Plots of αxx vs np in the presence of multiplicative noise with (i)
on-center, (ii) near off-center, and (iii) far off-center dopants at three
different values of μ viz 0.005 a.u., 0.05 a.u., and 0.5 a.u. Note that μ
has very little effect on the plots
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a particular dopant site the αxx profiles appear quite similar for
different values of μ, and their magnitudes also remain nearly
unaltered. The profiles undergo a rather prominent change as
the dopant location is itself shifted. For on-center (Fig. 2(i))
and near off-center (Fig. 2(ii)) dopants,αxx falls smoothly with
an increase in np at all noise strengths and finally gets saturat-
ed as np ∼12. However, the magnitude of αxx becomes less for
a near off-center dopant than for an on-center one. The αxx

profile takes a new appearance for a far off-center dopant
(Fig. 2(iii)) when it exhibits distinct maxima at np ∼8 and
finally saturates at np ∼17 at all values of μ. We could thus
infer that the interplay between r0 and np noticeably affects the
profile of αxx component. However, the noise strength does
not affect the said interplay to any noticeable extent. The other
diagonal component αyy evinces almost similar profile. The
noise strength becomes very much active in influencing the
off-diagonal αxy component. It actively participates as a third
member in the already established interplay between r0 and np
and brings about more variety in αxy profile. Moreover, we
find a reduction (by a factor of ∼102−103) in the magnitude of
αxy in comparison with its diagonal counterpart. Figure 3a, b,
and c depict the variation ofαxywith np for on-center, near off-

center, and far off-center dopants, respectively, at three differ-
ent values of μ mentioned before. For an on-center dopant,
with μ=0.005 a.u., αxy exhibits a minima at np ∼8 and finally
saturates at np ∼15 (Fig. 3a(i)). With a higher μ value of
0.05 a.u., the minima becomes 7 quite stretched ranging be-
tween np ∼9 to np ∼14 and saturation disappears (Fig. 3a(ii)).
The minima itself completely vanishes at μ=0.5 a.u. whence
αxy falls steadily with np up to np ∼9 beyond which it saturates
(Fig. 3a(iii)). For a near off-center dopant the αxy profiles
against np appear quite similar at all noise strengths though
their magnitudes differ noticeably (Fig. 3b). The profiles ex-
hibit an initial steady behavior with increase in np followed by
a pronounced rise at some typical values of np and finally
saturate at large np values. However, the values of np at which
the sharp rise occurs and saturation begins depend on noise
strength. The said rise occurs at np ∼8, 7; and 11, with μ=
0.005 a.u., 0.05 a.u., and 0.5 a.u., respectively. On the other
hand, the onset of saturation takes place at np ∼17, 14 and 16,
with μ=0.005 a.u., 0.05 a.u., and 0.5 a.u., respectively. The
general nature of similar profiles assumes an altogether differ-
ent appearance for a far off-center dopant (Fig. 3c). Now, we
envisage the emergence of maxima in αxy profile at different

0 5 10 15 20
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4.0
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16.0
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 (i)
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Fig. 3 Plots of αxy component vs np in the presence of multiplicative noise: a on-center dopant, b near off-center dopant, and c far off-center dopant, in
all the plots (i) μ=0.005 a.u., (ii) μ=0.05 a.u., and (iii) μ=0.5 a.u
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values of μ. However, a variation in noise strength simply
alters the np values at which the said maximization occurs
and also the magnitudes of the component. The maximization
occurs at np ∼6, 10, and 6, with μ=0.005 a.u., 0.05 a.u., and
0.5 a.u., respectively. The other off-diagonal component αyx

behaves quite similarly. Figure 4 depicts the similar profile for
diagonal γxxxx component at three different dopant sites with
three different values of noise strength. Quite similar to αxx

plots (Fig. 2), here, also the γxxxx profiles appear alike at a

particular dopant site for different values of μ. However, the
separation between several γxxxx profiles clubbed under a giv-
en r0 now becomes quite prominent depending on different
values of μ [Fig. 4]. In the case of αxx, this separation was
marginal (Fig. 2). However, as before, a change in the dop-
ant site invariably changes the pattern of the variation of
γxxxx component. For an on-center dopant, γxxxx exhibits
minimization at np ∼6–7 and saturates later on at np ∼13
with different values of μ (Fig. 4(i)). In the case of near
off-center dopants, γxxxx declines smoothly with np till it
undergoes saturation at np ∼13 at all noise strengths
(Fig. 4(ii)). With a far off-center dopant, γxxxx displays some
initial steady behavior up to np ∼7 followed by a sharp drop
until np ∼18, beyond which saturation emerges (Fig. 4(iii))
at various μ values. The other diagonal component γyyyy

shows high degree of resemblance in its behavior.
Figures 5a, b, and c depict the variation of off-diagonal
γxxyy with np for on-center, near off-center, and far off-
center dopants, respectively, at three different values of μ
mentioned before. These plots clearly reveal that, unlike
the diagonal component, now the noise strength strongly
modulates the γxxyy profiles along with r0. Also, its magni-
tude is diminished by an amount ∼102−103 in comparison
with the diagonal counterpart. For an on-center dopant, γxxyy
undergoes minimization at np ∼8 with μ=0.005 a.u.
(Fig. 5a(i)), falls persistently with np up to np ∼12 followed
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Fig. 5 Plots of γxxyy component
vs np in the presence of
multiplicative noise: a on-center
dopant, b near off-center dopant,
and c far off-center dopant, in all
the plots (i) μ=0.005 a.u., (ii)
μ=0.05 a.u., and (iii) μ=0.5 a.u
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Fig. 4 Plots of γxxxx vs np in the presence of multiplicative noise with (i)
on-center, (ii) near off-center, and (iii) far off-center dopants at three
different values of μ viz 0.005 a.u., 0.05 a.u., and 0.5 a.u. Note that μ
has somewhat observable effect on the plots
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by saturation with μ=0.05 a.u. (Fig. 5a(ii)), and exhibits
maximization and saturation at np ∼5 and np ∼16, respec-
tively, with μ=0.005 a.u. (Fig. 5a(iii)). With a dopant intro-
duced into near off-center location, γxxyy shows maximiza-
tion at all values of μ (Fig. 5b). However, the magnitude of
the component and the np values corresponding to maximi-
zation differ prominently depending on μ. The said maximi-
zation is observed at np ∼10, 6, and 6 with μ=0.005 a.u.,
0.05 a.u., and 0.5 a.u., respectively. γxxyy depicts minimiza-
tion for a far off-center dopant at np ∼6 and 7, with μ=
0.005 a.u. and 0.5 a.u., respectively (Fig. 5c). Moreover, in
the previous case, it also exhibits saturation at np ∼12.

However, with μ=0.05 a.u., we observe a maximization at
np ∼7. The other off-diagonal component, i.e., γyyxx does not
display any new feature.

3.2 First Nonlinear (β) Polarizability Components

The application of multiplicative noise lifts the symmetry of the
system and helps in the emergence of β. Figure 6 represents the
profiles of diagonal βxxx component as a function of np for on-
center, near off-center, and far on-center dopants at different
values of μ. From the figure, it is evident that for a particular
dopant site the noise strength does not appreciably change the
βxxx profile. A change in dopant site, however, noticeably affects
the pattern as well as the magnitude of βxxx component. For an
on-center dopant, βxxx increases steadily with np up to np ∼13 and
saturates thereafter at all noise strengths (Fig. 6(i)). For a near off-
center dopant, βxxx drops persistently till np ∼9 beyond which it
saturates at all μ (Fig. 6(ii)). With a far off-center dopant, the
overall pattern remains somewhat similar to that of near off-
center dopant with the difference that now βxxx falls more slowly
and the saturation occurs at np ∼13 (Fig. 6(iii)). The other diag-
onal component βyyy shows similar behavior. We have found a
stronger influence of noise strength even for the off-diagonal β
components. Figure 7a–c delineates the similar profiles for the
off-diagonalβxyy component for on-center, near on-center, and far
off-center dopants, respectively, for different values of μ. For an
on-center dopant, with μ=0.005 a.u., βxyy exhibits minimization
at np ∼12 (Fig. 7a(i)). The similar plot exhibits maximization and
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Fig. 7 Plots ofβxyy component vs
np in the presence of
multiplicative noise: a on-center
dopant, b near off-center dopant,
and c far off-center dopant, in all
the plots (i) μ=0.005 a.u., (ii)
μ=0.05 a.u., and (iii) μ=0.5 a.u
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Fig. 6 Plots of βxxx vs np in the presence of multiplicative noise with (i)
on-center, (ii) near off-center, and (iii) far off-center dopants at three
different values of μ viz 0.005 a.u., 0.05 a.u., and 0.5 a.u. Note that μ
does not have any appreciable effect on the plots
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onset of saturation at np ∼6 and np ∼15, respectively, with μ=
0.05 a.u. (Fig. 7a(ii)). The scenario changes with μ=0.5 a.u.
while βxyy decreases steadily up to np ∼12 and saturation begins
thereafter (Fig. 7a(iii)). In the case of a near off-center dopant,βxyy
displays a nearly fixed value up to np ∼10 and then rises prom-
inently (Fig. 7b(i)) with μ=0.005 a.u. With μ=0:05 a.u., the said
component exhibits a weak maxima at np ∼12 (Fig. 7b(ii)). With
still higher value ofμ=0.5 a.u., we find awell-definedmaxima in
βxyy profile at np ∼6 and saturation that commences at np ∼17
(Fig. 7b(iii)). For a far off-center dopant and with μ=0.005 a.u.,
βxyy exhibits a nearly steady behavior up to np ∼7; after which, it
rises noticeably and finally saturates at np ∼17 (Fig. 7c(i)). With
μ=0.05 a.u., we observe prominent maximization in βxyy at np
∼10 (Fig. 7c(ii)).Withμ=0.5 a.u., a feebleminimization inβxyy at
np ∼6 has been observed (Fig. 7c(iii)). It is quite interesting as
well as unexpected to find that the other off-diagonal β compo-
nent vizβyxx does not exhibit any significant dependence on noise
strength. However, the dopant location continues to influence the
polarizability profile as before. Figure 8 displays the profile of
βyxx vs np for on-center (Fig. 8(i)), near off-center (Fig. 8(ii)), and
far off-center dopants (Fig. 8(iii)), respectively, for different
values of μ. With an on-center dopant, βyxx exhibits constancy
up to np∼9 beyondwhich it decreasesmonotonically at allμ.βyxx
profiles resemble each other for near and far off-center dopants at
all values of noise strength. In both the cases, βyxx falls steadily
with np up to np ∼7 (for near off-center dopant) and np ∼8 (for far
off-center dopant) and then saturates. A steady drop in the mag-
nitude of βyxx with gradual shift of dopant from on to more and
more off-center locations has also been observed owing to con-
tinual shrinkage in dot-impurity overlap. The reason behind the
pronounced effect of noise strength on βxyy component and its
inactiveness towards βyxx component can be realized by a close
look at Eq. 3. It reveals a greater confinement in the y-direction
compared with the x-direction. Thus, the y-direction suffers great-
er dot-impurity repulsive force than the x-direction. Since βxyy
component enjoys a greater share of y-directional influence than
the βyxx component, the former is subjected to a more severe dot-

impurity repulsive interaction than the latter. Such kind of repul-
sive interaction makes the system already dispersed and favors
prominent manifestation of influence of noise strength on βxyy,
which is not so in case of βyxx.

It thus comes out that the dopant location, the number of
pulses, and the noise strength affect the polarizability profiles
with sufficient delicacy. Particularly, the role played by the
dopant site in the present work runs in harmony with the
outcomes of other notable works which highlight the contri-
bution of dopant location in designing various properties of
mesoscopic systems. In this context the works of Sadeghi and
Avazpour [4, 5], Yakar et al. [7], Xie [9], Karabulut and
Baskoutas [25], Khordad and Bahramiyan [30], and
Baskoutas and his co-workers [32] merit mention.

4 Conclusions

A few diagonal and off-diagonal components of linear, first
nonlinear, and second nonlinear polarizabilities of impurity
doped quantum dots have been examined under the influence
of a pulsed field and in the presence of multiplicative Gaussian
white noise. The number of pulses delivered to the system, the
dopant location, and the noise strength manifestly fabricate the
polarizability profiles. Whereas a variation in np directly con-
trols the energy input from the external field, a varying r0 mod-
ulates the spatial distribution of energy levels internally through
different degrees of dot-impurity interaction. On the other hand,
a variation in noise strength regulates the overall dispersive
character of the system. It has been observed that the influence
of noise strength becomes more pronounced for the off-
diagonal polarizability components than their diagonal counter-
parts. The above observation looses its generality for the off-
diagonal βyxx component which does not get much influenced
by a variation of noise strength. The study reveals that the
simultaneous application of pulsed field and multiplicative
noise can design some authentic modes of accomplishing en-
hanced, maximized, and often stable linear and nonlinear po-
larizabilities of doped QD which could be important in the
arena of noise-driven optical properties of these systems.
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