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Abstract Starting from correlation identities for the
Ashkin-Teller model and using correlation inequalities, we
obtain rigorous upper bounds on the critical temperatures.
The results were obtained in hexagonal, square, and cubic
lattices and improve over effective field type calculations.
The rigorous upper bounds results are compared to those
obtained by other methods.

Keywords Ashkin-Teller model - Correlation
inequalities - Bounds for the critical temperature - Phase
diagrams

1 Introduction

The Ashkin-Teller model [1] is a generalization of the Ising
model to a four-component system. It may be considered
to be two superposed Ising models, which are, respectively,
described by variables S; and o; sitting on each of the
sites of a lattice. Within each Ising model, there is a two-
spin nearest-neighbor interaction J;;, and the different Ising
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models are coupled by a four-spin interaction Kj;;. The
Hamiltonian can then be written as

H=->"JijSSj+0i0))— Y KijSioiSjo; (1)

<ij> <ij>

where < ij > denote a pair of a nearest-neighbor spins.

This model presents a variety of phases with second-
order transitions lines in hexagonal and square lattices, and
first- and second-order transitions lines in the cubic lattice.
To study these phase transitions lines, we used an identity
for the spin correlation functions obtained in ref [2]. With
the expansion of identities in the hexagonal, square, and
cubic lattices, we obtained equations for two-spin correla-
tion functions identities with the purpose of applying the
rigorous inequalities on the higher order correlation func-
tions to obtain phase diagrams for the Ashkin-Teller model.
We look for a representation formula for the spin-spin
correlation function (7; 7;) in terms of higher order correla-
tions (t;T; - - - Tx 7;), where 1 designates anyone of the spin
variables of the model, (S, o, So).

Various methods have been used to describe the prop-
erties of the Ashkin-Teller model. In two-dimensions, the
mean-field approximation (MFA) was used to obtain the
phase diagram for the square lattice [3] and also to study
the analytical structure of the free-energy functional [4, 5]
to obtain the magnetizations, specific heat, and susceptibil-
ity. Renormalization group theory (RG) [6, 7], mean-field
renormalization group (MFRG) [8, 9], and Monte Carlo
methods (MC) [8-10] were used to obtain the phase dia-
gram for the square lattice. The three-dimensional model on
a cubic lattice was analyzed by both the series analysis and
the MC method and discussed by Ditzian et al. [3]. Arnold
and Zhang [11] studied first-order phase transitions in the
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context of the history of the early universe. They proposed
MC numerical simulations of the Ashkin-Teller model in
three dimensions to study the very weakly first-order phase
transitions, specific heat, the correlation length, and the sus-
ceptibility across the transition. Musial and others [12]-[17]
used MC to study the phase diagram for the cubic lattice.
They obtained first- and second-order transitions lines, the
tricritical points, and a bifurcation point. An effective field
theory was presented to study the critical phase diagrams for
the model in two- and three-dimensions [2].

The Ashkin-Teller model has been applied in various
areas as magnetism and chemical interactions in metallic
alloys [18], thermodynamic properties in superconduct-
ing cuprates (CuO;-plaquettes) [19], in elastic response of
DNA molecule to external force and torque [20] and phase
diagram of selenium adsorbed on the Ni(100) surface [21].

In Section 2, we show the identity for the spin corre-
lation function for the Ashkin-Teller model derived in ref
[2]. In the deduction, it was used of the differential oper-
ator technique [22] and the van der Waerden relations. In
Section 3, we present of the correlation function identi-
ties applied in the hexagonal, square, and cubic lattices.
In Section 4, we apply those identities to obtain equations
that expresses the spin-spin correlation function (7;7;) as a
sum of higher order spin-spin correlations. Using the gen-
eralization of Griffiths inequalities [23, 24] for the Ashkin-
Teller model [25], Newman’s inequality [26] and Lebowitz
inequalities [27] that ensure the inequalities of Griffiths
on an antiferromagnetic system, we replace the above-
mentioned equations by inequalities of the type (7;7,) <
[Z{jzljlgk} oz;Z)(T)](rjrr), with the purpose to obtain the
upper bounds on the critical temperatures 7., using the
decay of correlation function obtained by Simon [28]. In
Section 5, we present the numerical results for 7, and the
phase transition diagrams. The numerical results based on
the identities and the rigorous correlation inequalities are
compared to those obtained by other methods. In Section 6,
we present the conclusions.

2 Correlation Identity

In this section, we present of the spin-spin correlation identi-
ties obtained in ref [2] for the variables t;, which designates
any one of the variables (S;, oj, S;o;). These identities are
formally a generalization of Callen’s identity for the Ising
model [29].

We define the thermal average (z;) by

oy = 2w T @)

71
where each t; is restricted by 7; = {—1, 1}.
From (1) and (2), we have,
TrF({t})re PH
(Fthti) = —————7—. (3

Tre—BH
where 1; is the variable at site i and F ({t}) is any function of

the variable t different from z;. We can write H = H; + H',
where

Hi = —Si Z],‘ij — Oj ZJ,‘jO‘j —GiS,‘ ZK,‘jGij (4)
J J J

is the Hamiltonian describing site i and its neighbors j
and H’ corresponds to the Hamiltonian of the rest of the
lattice. The spin variables commute, i.e., [7;, T;] = O for
all i and j. Consequently, [H;, H'] = 0 and e BH —
e PUHITH") — o=FHig=BH' From (3) and (4) and using the
van der Waerden relation Tiz = 1, it is obtained,

(F{T)n) = (F({}) ] [lcosh(BJ;j V)
J
—i—Sj sinh(,BJ,-j Vx)].[COSh(ﬂJiij)

+0; sinh(BJ;; V)]

x[cosh(BK;;V;)
+0;8;sinh(BK;i V). fio)(x, ¥, 21{(0,0,0)}»
(5)
where
fio(x,y,2) = fanh(x) + tanh(y) tanh(z) (6)

1 4 tanh(x) tanh(y) tanh(z)’

tanh(y) + tanh(x) tanh(z)

forxy.2) = 1 + tanh(x) tanh(y) tanh(z) )

and

tanh(z) + tanh(x) tanh(y)

flos) (.3, 2) = 1 + tanh(x) tanh(y) tanh(z) ®)

Expanding the r.h.s of (5) and using riz = 1, we obtain,

(F({rhmu) = <F({r})l_[{[cosh(ﬁ1ij Vi) cosh(BJijVy) cosh(BKi; V)
J
+ sinh(ﬂ]ij Vx) sinh(ﬁ Jij Vy) Sil’lh(ﬂK,‘j Vz)]

+8[sinh(BJ;;Vy) cosh(BJ;; Vy) cosh(BK;; V)
+ cosh(BJ;; V) sinh(BJ;;Vy) sinh(BK;; V)]
+aoj[cosh(BJ;;Vy) sinh(BJ;; Vy) cosh(BK;; V)
+sinh(B8J;; Vy) cosh(BJ;;Vy) sinh(BK;; V)]
+0;S;j[cosh(BJ;;Vy) cosh(BJ;;Vy) sinh(BK;; V)
+sinh(B8J;; V) sinh(B8J;; V) cosh(BK;; V,)1})

Jo (¥, 2D1(0,0,0))- )
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Equations (5) and (9) are exact and generalize Callen’s
identity which was obtained for the spin-1/2 Ising model
[29]. In the derivation of (5) and (9), the autocorrelations
have been taken explicitly through the van der Waerden
relations (tl.2 = 1). We use this result (9) in the next
section to obtain the identities for the D2 — Z3 hexago-
nal lattice, D2 — Z4 square lattice and D3 — Z6 cubic
lattice.

3 Correlation Function Identities Applied
in the Hexagonal, Square, and Cubic Lattices

Developing the (9) for the hexagonal, square, and cubic
lattices, we obtain equations for the spin-spin correlation
functions in which the rhs contains higher order correlation
functions. Considering F ({r}) = 7,, we have on the lhs of
the identities the correlation function of two spins at sites
0 and r, i.e, the correlation function identities for (ogo;),
(S0S;), and (Spo0Sy0,). By the symmetry of the model, we
consider (ogo,) = (SoS,). The results obtained for these
identities are:

3.1 Correlation Function Identities for the Hexagonal
Lattice D2 — Z3

3
Z a]crr +A <0102(730'r)

{opo; )=
+AY Z (Sjo;Si07)
j<I=1
+A > (08Smor)
j<l<m
+A9 (88101020307 (10)
j<l
and
3
(Soo0Sr0r) = B Y (Sj0;Sr0)
j=1
+BV > (0 S10)
j<l

+B{ S " (518:830;5:01)
j
—i—Bf) 2(6102035.; S,ar>
j
+BS (0102038152835,0) (1n

@ Springer

where the coefficients Al@ and Bl.(3) are given in ref. [2].

3.2 Correlation Function Identities for the Square
Lattice D2 — Z4

(ogo,) = A(14) Z(q,ﬁ,)
J
+Aé4) Z <ajolamar)
j<l<m
+490 > (S;058,0)
j<l
+40 > (08Smor)

j<l<m

+Ag4) Z <ajS101Smamor)

j<l<m

—|—Aé4) Z (ojSlSmeanar>
j<l<m<n
+A§4) Z <SISZS3S4UleUmUr)
j<l<m
+40 > " (818:8384007)
J
(12)

and

(Soo0Sr0r) = B\ Y (08007

J

+BY > " (0;515:01)
j<l

+BY 3" (8;0;S1SuSr0;)
j<l<m

+B§4) Z (SjojalamS,or)
j<l<m

+B§4) Z (ojS[SmSnSror)
j<l<m<n

+Bé4) Z (SjO’[O’mO'nSrO'r>
j<l<m<n

+B§4) Z (SjUjSlolSmornSrUr>
j<l<m<n

+B§4) Z (Sjaj S1018m0m Sr0r> ,

j<l<m

13)

where the coefficients Al@ and Bi(4) are given in ref. [2].
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3.3 Correlation Function Identities for the Cubic and
Lattice D3 — Z6
(S0008:0:)=B{" Y (S;0;8,0:)+ B > (Sj018,0)
j j<l
_ A6 _ +B® S:0;81SmS,0,
(opor)=A] Z<U]Gr) 3 jém( 7O R1OmSr r>
J
(6)
+B” > (0 S1SmSuSro)
(6) 4 J
+A2 Z <U] 010m0r> j<l<m<n
j<l<
(6)] m +BS(6) Z (UijG[GerG,->
+A; Z <0jalc7m<rnapa,> j<i<m
Jj<l<m<n<p +Bé6) Z <SjUZUmUnSrUr>
+A‘(‘_6) Z(Sjajslar) j<l<m<n
<l +B{ > (8j0j01S10mSuSrov)
i<l
+A§6) Z <UjSlSn1Ur) o j<l<m
j<l<m +Byg Z (SjUjSlGISmU"SrGV)
() j<l<m<n
+A 0;810181,0m0,
6 Z < JjRIOIPmOm r) +B(6) Z <SjGjSlSmUn<7pSrUr>
<l<m 9
J j<l<m<n<p
(6)
+A; ‘ Z <G./SlSme6”Gr) +Bl((6)) Z (ojS[amSnaquSrar)
j<l<m<n Jj<..<q
6
+A§) Z (0 S1Smonopor) +B{} > (Sj0j010m0u0, S 07
j<l<m<n<p Jj<..<p
©) +BS > (S;015m0nSp0gS:0v)
+Ag Z (OjSlolSmomcrnapa,) 12 JO19mOndp0GqOrOy
j<..<p J<w<q
(©)
(6) +B)3 (S0 S1SmSnSpSror)
+Aj, Z <ajSlcrlSm0nUpoqa,> 1 j;p
Jj<..<q )
+B1g Y (S1075mSuSpSySrov)
6 14 j Py
+A§1) Z (SjUjS[SmSnUr> j<..<q
6 S +B{? Z (SjajalamSnanSpopS,a,>
+A§2) Z <GjSlSmSnSpGr) Jj<..<p
j<..<p +Bl(2) Z (SjajSlmSmanal,aqS,a,>
+A§63) Z <SjUjS101Sm0mSnar> ] J<e=q
j<<p +BS > (8,0, S1010mSmSuSpSr0r)
(6) j<..<p
+AY, (075101 SmOm Su Spor)
jgp +BS > (S;0,5101Sm54Sp0q Srov)
Jj<..<q
AQ 0;8101SmSnSp0,0
A Z (0191554 Spoq07) +B() Y (810151018m0m $10uSpoy S,07)
J<<4q Jj<..<q
(6)
+AY D (0751015u0m $10nSp0p0r) +BY Y (S/615101Sm0mSu0nSpopSr0r)
j<..<p j<..<p
+A§67) Z <0jSlalSm0mSnanS,,Uqa,> (15)
j<..<q
- 6 6 . .
+ AE%) ( $15253854S5 S6Uj0r) where the coefficients A§ ) and Bl.( ) are given in ref. [2].
J
(6) .
+A < (5152535485560 010w 5 ) 4 Application of the Correlation Inequalities
j<l<m
+A§%) Z (Sl SzS3S4S5S6ajolamonapor) In this section, we apply the rigorous inequalities on the
J<o<p higher order correlation function appearing in the rhs of the

(14)

exact identities obtained in the previous Sections 3.1-3.3,

@ Springer
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in order to obtain the upper bounds on the critical tempera-
tures 7., by means of the decay of the correlation functions,
as described by Simon [28].

In the higher order spin correlation functions with strictly
negative coefficients, we used the generalization of Grif-
fiths’s inequality [23, 24] for the Ashkin-Teller model [25],

ie. ([T;w) = 0 for Griffiths I and (IT, [ 7) =

(I =) <]_[j rj> for Griffiths II.

In the higher order spin correlation functions with strictly
positive coefficients, we used Newman’s inequality [26]
(F) <), (ritj){0F/97;), where F is a product of spin
variables (7). Putting the above information together, we
may replace the identities (10)—(15) by the inequality

(t07r) <

> @@, (16)

{j:1j1=k}

where (xﬁz)(T) represents the coefficients of the spin-spin
correlation functions, where Z is the coordination number
of the lattice. The expression (16) when iterated leads to the
exponential decay of spin-spin correlations [28] whenever

Y i<k @57 (T) < 1. Defining T, such that,
Z a}Z)(TC) =1, (17)
{j:lj1<k}

the critical temperature 7, must satisfy the bound 7. < T.

The above procedure, i.e, the application of the correla-
tion inequalities on the two-spin correlation equations and
the use of the decay of the correlation functions, give the
rigorous upper bounds on the critical lines of phase transi-
tion, denoted by (AP), (PE) (PD) and (BAF), appearing
in the phase diagrams in Fig. 1 discussed in Section 5.

The Ashkin-Teller model presents four different phases
in the 2D lattices, hexagonal (Z = 3), and square (Z = 4)
lattices, all separated by critical lines of second-order phase
transitions. In the cubic lattice (Z = 6), the model presents
phase transitions of first and second order, tricritical points,
bifurcation points and a new phase, which does not appear
in the 2D phase diagrams. This phase appears between the
Baxter phase and the paramagnetic phase, where (o) or (S)
is ordered.

The phases shown by the model, described in terms of
the magnetizations, are:

Paramagnetic phase (Para): (S) = (o) = (0S) =0,
Baxter phase (Baxter): (S) #0, (o) # 0and (cS) # 0,
(0 S)-phase ({(cS)): (S) =0, (o) =0and (cS) # 0,
(0S)arp-phase ({(oS)ar): (S) = 0, (¢) = 0 and

(0S)ar #0,and
(o)-phase ({(c) = (S)), only in the cubic lattice : (o) # 0
and (o §) = 0.

@ Springer

The application of the correlation inequalities on the
identities for each phase transition line in the hexagonal,
square, and cubic lattices are presented in the following
subsections.

4.1 Phase Transition Line (AP)

To determine the phase transition line (AP) that separates
the Baxter phase (Baxter) and the paramagnetic phase
(Para) in the hexagonal, square, and cubic lattices, we use
Griffiths II in the correlation functions with strictly nega-
tive coefficients (Afz) < 0) and Newman’s inequality in
the correlation functions with strictly positive coefficients
(A% > 0), in the (10), (12), and (14). We get,

3 3 3 3 3
o = (AT + (14D = || - 140) (o102)

—1A(0102)% 14 ) (18)
4 4 4 4 4

ol = (A + (—1aP| = 141 = 145" ) (0102)
4 4 4
+(—1AP 1 = 1AL = 1AY) (010)?
4
~1451(0162)* 1,4y (19)

and

MON. [A(é)~|—5A(6)+2A(6)+3A(6)—|—3A(6)+A(6)
1AL — 1AL]) (0102)
14D (0102)?

AQD (@102 (20)

+345) + (149 -
+(—14g"1 = 1A -

6 6
+H—IAR T - 1A -

As mentioned before, by the symmetry of the model, we
considered (S152) = (01072) in the preceding results.

4.2 Phase Transition Line (PE)

The phase transitions lines (PE) separates the phases (Bax-
ter) and ((So')) in the hexagonal, square, and cubic lattices.
Therefore, the phase transitions occur on the variables o
and S. As no phase transition occurs in the variable So,
we consider Syor = 1 in (10), (12), and (14), to obtain
the phase transitions only for the variables ¢ and S. Using
Griffiths II in the correlation functions with strictly nega-
tive coefficients (Aﬁz) < 0) and the Newman’s inequality in
the correlation functions with strictly positive coefficients
(A% > 0),in (10), (12), and (14), we get,

3 3 3 3 3 3
o =[AP + AP + 40 + (=140 1= 14D ) (0102

2y
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(4) 4 “) 4 4
=[A]7 + A7 + A + A

4 4 4 4
+(=1AP = 1A =147 =145 D) (010215, (22)

and

(6) [A(6)+5A(6)+A(6)+A(6) +2A(6)+3A(6)+3A(6)
1AL (0102)

1A\Y]) (0102)?
D (0102)* ] p - (23)

By the symmetry of the model, we considered (S152) =
(o102) in the preceding results.

+ASQ +34%) + (-4 -
(§) 6 6

F(—1AD] =149 =149 -

+(—1AY

4.3 Phase Transition Line (P D)

To determine the phase transition line (P D) that separates
the ((So))-phase and the paramagnetic phase (Para) in
hexagonal, square, and cubic lattices, we use Griffiths II in
the correlation functions with strictly negative coefficients
(Bi(z) < 0) and the Newman’s inequality in the correlation
functions with strictly positive coefficients (Bi(Z) > 0), in
the (11), (13), and (15). We get,

3 3 3 3 3
o = [BY + (=1By| — 1B - 1B{)) (0102)

—1B 1 (61510282 1y (24)

4 4 4 4 4 4 4
o\ = (B +(— 1B |- 1B |- BV |- 1B |- |B)) (102)

+2BYY — |B{V (0151625210, (25)
and
=B{" + B + B\ + B{Y + 5B
+(= 1B = 1B = 1B = 1B — |BE)) (0102)
+(=1B)) (01510282) + (=B 1= 1B ]) (0102)* ] 1y -
(26)

By the symmetry of the model, we considered (S152) =
(0102) in the preceding results.

4.4 Phase Transition Line (BAF)

The phase transitions lines (BAF) separates the ((So) 4 r)-
phase and the paramagnetic phase (Para) in the hexagonal,
square, and cubic lattice. To study this phase transition line,
we used Lebowitz inequalities [27], that ensure Griffiths
inequalities on an antiferromagnetic phase, in the correla-
tion functions with strictly negative coefficients (B l.(Z) < 0)
and Newman’s inequality in the correlation functions with

strictly positive coefficients (Bl.(z) > 0), in the (11), (13),
and (15). We get,

3 3 3 3 )
o = (B + (1B |- B | - 1B ]) (0102)

lar 24F 3AF 4aF
3
—1B | (0151025 .- 27)

4 4 4 4 4 4
o = (B® (-1 |- 1B 1B |- 1B |

lar 24F 3aF dar SAF
~BP ) (0102) ar +2B5Y.
—1B§Y 1(01810282) aFligary (28)
and
o = [B® + B +BS +BY +5B%
+(—1B | — 1B | - |Bij;| 1BS |
|B6AF|) (0102) aF + (—|B |) (018510282) aF
+(=IBjg. | - |B3. D) <olaz>ip](,3m. (29)

5 Phase Diagram and Numerical Results

The coefficients of the correlation inequalities obtained in
Sections 4.1-4.4 contain correlation functions of two spins
separated by two lattice parameters ({71 12)). The two-spin
correlations results were obtained in the Ashkin-Teller one-
dimensional model , and they are given by,

(e(4K2+2K4) _ eZK4 )2

(0102)(1p) = (e2Ks 1 22Kz 4 o@K2+2K))2 (30)
and
(e2K4 _ 2 e2Ka | o(4K2H+2Ky) 2
(S1015202)1p) = (e2Ks 1 2 e2K2 | o@K2F2K4))2 G
We substitute (7172)=(t1™2)1py in the coeffi-

cients presented in Sections 4.1-4.4. Using condition
Z{/ 1 j1<k} (x (T) < 1, we obtain the exponential decay of
the correlatlon function. Therefore, with the (17), we get the
rigorous upper bound on the critical temperature 7, < T .
In Fig. 1, we present the phase diagrams of the model for
the hexagonal (D2 — Z3) and square (D2 — Z4) lattices.
Each diagram presents four different phases separated by
critical lines of second-order phase transitions (AP), (PE),
(P D), and (BAF). The phase transitions were studied as a
function of (K, = BJ) and (K4 = BK). The critical points
are designated by the pair (K4, K»), which will be presented
with four significant digits for a good precision (the four
digits comes out of the calculations). The points represent-
ing the Ising limit (K4 = 0), the Potts limit (K4 = K>), and
the (K4 — oo)-limit are designated by the notation: C;?,

@ Springer
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D2-73

. Baxter

T
0.5

Fig. 1 Phase diagram for the model in the hexagonal (D2 — Z3) and
square (D2 — Z4) lattices. The Ising limit (K4 = 0) or (K2 = 0), the
Potts limit (K4 = K3), and the (K4 — o0)-limit are designated by
the notation: C, D, and AF for the Ising limit; P for the Potts limit and
E for the (K4 — oo)-limit. Those points, given by the pair of num-

bers (K4, K2), have the following values C\> = (0, 0.5002), D =

D;SZ), and AF ,(xZ) for the Ising limit; P (@ for the Potts limit
and E@ for the (K4 — 00)-limit, where Z stands for the
coordination number of the lattice.

The phase (o) in 3D is limited by a first-order phase
transition line. We cannot obtain this transition line using
correlation inequalities; so, we do not present the phase dia-
gram for 3D. However, we present the 3D results in Table 1
for the Ising model limit (K4 = 0 or K, = 0), the four-state
Potts model limit (K, = K4) and the (K4 — 00) limit. In
the paper [2], we studied the effective field and in that case
it is possible to obtain the phase (o) and lines of first-order
transition.

The separation of the ordered phases for the hexagonal
(D2—Z3), square (D2 — Z4), and cubic (D3 — Z6) lattices,
are described as follows:

(b)

D2 -74

Baxter

(0.5003,0), AF\Y = (=0.5003,0), C\? = (0,0.3371), DY =
(0.3371,0), AFY = (~0.3371,0), P® = (0.3877,0.3877), PW =
(0.2736, 0.2736), E® = (00,0.2501), and E® = (00, 0.1658), for
the hexagonal and square lattices, respectively

(i) Baxter phase: The Baxter phase is limited by two
different critical lines of phase transitions, (A P) and
(PE), defined by the points A, P, and E . The line
(AP) separates the Baxter phase and the paramag-
netic phase and the line (PE) separates the Baxter
phase and the (o S)-phase. With K4 — 0, the lines
tend to values of K, given by Cg) = (0,0.5002),
c = (0,0.3371), and C\¥ = (0,0.1833) which
are the Ising limits. The point P located in the dot-
ted line K> = K4 coincides with the four-state Potts
model, with values P® = (0.3877, 0.3877), P® =
(0.2736, 0.2736), and P© = (0.1599, 0.1599). The
point A approaches the dotted line K, = —K4 when
K4 — —oo. The point E tends to half of the value
of Cys, i.e., half of the Ising value and it is given

Table 1 Critical temperature 7, obtained by the correlation inequalities (Bounds) and by other methods

Honeycomb (D2-73) Square (D2-74) Cubic (D3-76)

Points Crs P E Crs P E Crs P E
Exact 0.6584 - - 0.4407 [30] 0.2746 - - -

Series/MC [3] - - - - - - 0.2168 0.1616 -
MEFA [3] - - - 0.25 0.206 - - - -

EFA (Ising) [22] 0.4753 - - 0.3236 - 0.1971 - -
CEFA (Ising) [31] 0.5494 - - 0.4016 - 0.2097 - -
MFRG [6] - - - 0.346 0.275 - - - -
MFRG [7] - - - 0.3861 - - 0.2091 0.1701 -

RG [7] - - - 0.4304 0.2795 - - - -

MC [11] - - - - - - - 0.1571 -

MC [32] - - - - - - 0.2216 - -
Bounds(Ising) [33] - - - 0.3317 - - 0.1833 - -
EFA [2] 0.4753 0.4007 0.2376 0.3236 0.2788 0.1618 0.1971 0.1761 0.0985
Bounds (Present Work) 0.5002 0.3877 0.2501 0.3317 0.2736 0.1658 0.1833 0.1599 0.0916
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by E® = (00,0.2376), E® = (00, 0.1618), and
E©® = (0, 0.0916) .

(i) (o S)-phase: The critical line PD limits the phase
(0 S) and the paramagnetic phase with point P coin-
ciding with four-state Potts model. In 3D, the point P
is different from the bifurcation point that the model
presents between the critical lines of phase transi-
tions (PE) and (PD), see ref. [2]. In the limit K, — 0,
the curves tend to the Ising limits Dg) = (0.5003, 0),
DY = (0.3371,0), and D' = (0.1833, 0).

(iii) (o S)4p-phase: The critical line (BAF) limits the
phase (0S),F and the paramagnetic phase in the
region where K4 has negative sign. In the limit K4 —
—oo point B tends to the dotted line K» = —Kj4
and with K5 — 0 the curves tend to the points
AFY = (=05003,0), AFY = (—0.3371,0),
and AF® = (~0.1833,0), which are the Ising
limits.

In Table 1, we show the numerical results for 7, obtained
by the present method and those obtained by other methods.
For this analysis, we consider the values of the Ising model
limit (K4 = 0 or K, = 0), the four-state Potts model limit
(K> = K4) and the (K4 — 00) limit.

The Ising limit of the Ashkin-Teller model shows the
same results obtained by the Ising model for square and
cubic lattices [33], as it should.

6 Conclusions

The Ashkin-Teller model has a range of phases which
depend on the relationship between the coupling J;; of the
two independent spin-1/2 Ising variables S and o and the
coupling K;; between the two variables o S. The different
phases of this model exhibit second-order phase transitions
in the hexagonal and the square lattices and transitions of
first- and second-order in the cubic lattice. We used the spin
correlation identities for the Ashkin-Teller model, obtained
in ref. [2], which are exact in all dimensions and we have
made use of rigorous correlation inequalities to obtain the
phase diagrams. The coupling constants obtained for those
bounds are calculated for d = 2 (honeycomb and square
lattices) and d = 3 (cubic lattice). All lines of phase tran-
sitions obtained by this work are consistent with results
obtained by other methods. The importance of the present
work is due to the fact that it is rigorous. The results were
obtained after using rigorous spin correlation inequalities in
spin correlation functions identities. For this reason, they
provide rigorous upper bounds on the critical temperatures
of the model. Moreover, the numerical results for the critical

coupling obtained by the present method, which represent
the rigorous bounds, are better than the results obtained
by approximated methods [2, 3]. Other methods (MFRG,
MC, RG and Series) give better numerical results for the
critical coupling, although not based on analitical rigorous
procedures.
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