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Abstract Low-frequency electrostatic drift waves are
studied in an inhomogeneous dust magnetoplasma con-
taining dust with components of opposite polarity. The
drift waves are driven by the magnetic-field-aligned (par-
allel) sheared flows in the presence of electrons and ions.
Due to sheared flow in the linear regime, the electrostatic
dust drift waves become unstable. The conditions of mode
instability, with the effects of dust streaming and opposite
polarity, are studied. These are excited modes which gain
large amplitudes and exhibit interactions among themselves.
The interaction is governed by the Hasegawa-Mima (HM)
nonlinear equation with vector nonlinearity. The stationary
solutions of the HM equation in the form of a vortex chain
and a dipolar vortex, including effects of dust polarity and
electron (ion) temperatures, are studied. The relevance of
the present work to space and laboratory four component
dusty plasmas is noted.
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1 Introduction

Currently, there is a great deal of interest in the physics
of dusty plasmas, i.e., plasmas with extremely massive
and charged dust grains. Such plasmas occur in laboratory,
astrophysical, and space environments such as cometary
tails [1, 2], the upper mesosphere [3], Jupiter’s magneto-
sphere [1, 4], etc. The presence of static dust modifies the
existing plasma wave spectra [5], while the inclusion of dust
charge dynamics results in new eigen modes such as dust
acoustic waves [6, 7] and dust-ion-acoustic waves [8, 9].
All of these studies are based on a commonly used dusty
plasma model that assumes electrons, ions, and negatively
charged dust. The consideration of negatively charged dust
is due to the fact that in low-temperature laboratory plas-
mas, the collection of plasma particles (viz. electrons and
ions) is the only important charging process, and the ther-
mal speeds of electrons far exceeds that of ions. However,
there can be some other important charging processes by
which dust grains become positively charged [10–12]. The
principal mechanisms by which dust grains become posi-
tively charged are photoemission in the presence of a flux
of ultraviolet photons [10], thermionic emission induced by
radiative heating [12], secondary emission of electrons from
the surface of the dust grains [11], etc. The existence of
positively charged dust in various regions of space, such
as cometary tails [1, 2], the upper mesosphere [3], and
Jupiter’s magnetosphere [1, 4], has been observed. There is
direct evidence of the coexistence of positively and nega-
tively charged dust in different regions of space, viz. Earth’s
mesosphere [3], cometary tails [1, 13], Jupiter’s magne-
tosphere [1, 4], dense molecular clouds, etc. Chow et al.
[11] have shown theoretically that due to the size effect
on secondary emission, insulating dust grains with differ-
ent sizes can have opposite polarities, the smaller ones
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http://orcid.org/0000-0003-0548-6380
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being positive and the larger ones being negative. The oppo-
site situation, i.e., larger (massive) ones being positive and
smaller (lighter) ones being negative, is also possible by
triboelectric charging [14, 15]. This is predicted from the
observations of dipolar electric fields perpendicular to the
ground with the negative pole at higher altitudes, gener-
ated by dust devils [16, 17] and sand storms [18]. The
formation of these dipolar electric fields means that nega-
tively charged smaller (i.e., lighter) dust is blown upward in
the convection, while positively charged larger (more mas-
sive) dust remains at the surface due to gravity. It is shown
experimentally, using Mars-like dust in a simulation wind
tunnel, that μ-sized dust can carry net charges of around
105e, and there can be almost equal quantities of posi-
tively and negatively charged dust in the suspension [14,
17]. The coexistence of larger (massive) positively charged
dust and smaller (lighter) negatively charged dust [19–21],
or with reversed polarity, [22] is also observed in laboratory
devices [19–22] where dust of polymer materials is used. It
may be noted here that the coexistence of the same sized
dust of opposite polarity may also occur by photoemission
if the photoemission yields of the dust-material are differ-
ent [23]. Recently, based on these theoretical predictions
and satellite/experimental observations, a number of authors
[14, 24–26] have considered a dusty plasma with dust of
opposite polarity, and have investigated linear [14] and non-
linear [24–26] electrostatic waves without [14, 24–26] or
with an external static magnetic field. Very recently, the soli-
tonic, periodic, and quasiperiodic behaviors of dust acoustic
and dust ion acoustic waves with Maxwell-distributed and
superthermal (q-nonextensive and kappa distributed) elec-
trons and ions were studied using bifurcation theory of
planar dynamical systems [27–30]. The nonlinear propaga-
tion and interaction of dust acoustic multi-solitons in a four
component dusty plasma comprised of negatively and pos-
itively charged cold dust fluids, non-thermal electrons, and
ions were recently investigated with effects of overtaking
collision and phase shifts of multi-solitons [31].

Sheared flow has a significant role both in linear and
nonlinear electrostatic oscillations in non-uniform magneto-
plasmas and has been discussed by several authors [32–35].
Shukla et al. [32] derived the nonlinear propagation of
low-frequency electrostatic waves in a strongly magnetized
electron–positron plasma in the presence of parallel [32]
and perpendicular [33] sheared plasma flows with massive
charged dust grains. Sheared flow driven drift waves and
the counter-rotating vortices in electron-positron-ion plas-
mas have also been studied [34]. Laboratory experiments
have been carried out that shed light on the role of veloc-
ity sheared flow on plasma stability and ion energizing in
wave-induced mechanisms [36, 37]. Rocket and satellite
observations have predicted the effect of sheared plasma

flow on auroral acceleration and transport processes [38–
42]. Collaborations among laboratory, space, and theory
research groups have resulted in joint publications on the
role of shear flow-driven waves in auroral acceleration and
transport phenomena [38, 43, 44].

Parallel-velocity shear refers to an inhomogeneity in
the radial profile of magnetic-field-aligned (parallel) drift
velocity. Different techniques have been proposed for the
production of parallel-velocity shear in a magnetized plasma
plane where the electrons and ions are injected from one
or both sides [45–47]. These methods utilize one or more
injection or termination electrodes, whose bias voltage or
work function differ at different radial positions to pro-
duce radially inhomogeneous acceleration or retardation
of ions in the direction of the applied magnetic field.
Perpendicular-velocity shear can be caused by radially non-
homogeneous radial electric fields that produce ions and
electrons with a radially inhomogeneous E × B drift-
velocity profile. These radial electric fields have been pro-
duced using biased, radially segmented, circular electrode
plates either at the electron-injection boundary [48–50]
and the electron-termination boundary [51], or at both end
boundaries [52].

The aim of current work is to investigate the behavior
of the dust drift wave (Kelvin-Helmholtz type) instability
arising from sheared flow parallel to the magnetic field in
oppositely charged dusty plasmas containing an apprecia-
ble fraction of Boltzmann electron and ions. In the presence
of sheared flow, the electrostatic modes interact among
themselves nonlinearly. The corresponding mode coupling
equations are governed by a set of nonlinear equations in
which we incorporate the transverse two-dimensional vec-
tor nonlinearity due to the polarization drift and nonlinearity
due to the coupling between the E×B and parallel opposite
dusts flow. It is shown that stationary solutions of the non-
linear mode coupling equations can be represented in the
form of a vortex street and a dipolar vortex.

2 Governing Equations

Consider an inhomogeneous magnetized dusty plasma con-
sisting of cold positively and negatively charged dust, and
inertialess electrons and ions. We assume that the nega-
tive dust particles are much more massive than positively
charged dust particles. This model is similar to the dusty
plasmas found in a cometary tail [1, 2], the upper meso-
sphere [3], and Jupiter’s magnetosphere [1, 4]. Let ni , ne,
nd+ , and nd−represent the density of ion, electron, positively
charged and the negatively charged dusts, respectively. Let
mi , me, md+ , and md− represent the respective masses
while Ti and Te represent the respective temperatures of the
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ions and electrons. At equilibrium, we have Zd+n
d+ 0(x) +

ni0(x) = Zd−n
d− 0(x) + ne0(x), where n

dj
0(x) is the unper-

turbed nonuniform number density of the j th dust species
(j = + for positive dust and − for negative dust). In the
presence of an inhomogeneous flow of the j th species along
the magnetic field lines ẑVdj 0(x) having gradients along
the x-axis (sheared flows, which are maintained by exter-
nal sources, generate a negligibly small sheared magnetic
field), for an obliquely propagating perturbation, the plasma
may become unstable due to sheared flow instability. This
instability may arise because of the fact that adjacent layers
of the streaming fluid have different velocities and it devel-
ops when the change in the perpendicular velocity exceeds
some critical value. The equilibrium sheared flow can be
maintained by external forces, such as a body force, a con-
stant electric field, etc. Let the equilibrium magnetic field be
B0 = B0ẑ +B0y(x)ŷ with assumption that B0y << B0 so
that the equilibrium magnetic field should be homogeneous.
ẑ and ŷ are the unit vectors along the z and y directions
respectively. But this B0y is still the source term for the
Vdj 0(x) in a self consistent way. Some authors [53] have
incorporated the effect of B0y for a parallel sheared driven
instability, and it has been shown that it has very small
impact on the dispersion properties of the wave concerned.
Therefore, according to the aforementioned assumption, we
assume that in the unperturbed state, the dust species are
freely streaming along the magnetic field lines with an
inhomogeneous velocity Vdj 0(x). This concept has been
used by Jovanovic and Shukla [54] for nonlinear inertial-
Alfvén structures driven by parallel sheared flows. Thus,
owing to the above facts, the motion of the two oppositely
charged dust components is described by their continuity
and momentum equations,

∂ndj

∂t
+ ∇ · (ndjvdj

) = 0, (1)

(
∂

∂t
+ vdj · ∇

)
vdj = qdj

mdj

(
E + vdj × B0

)
, (2)

where vdj = vdj ⊥ + ẑvdj z + ẑVdj 0(x). The cold dust steady

state requires E0 �= 0 and Vdj 0(x) = −(1/B0y)
∂φ0

∂x
where

φ0 is the equilibrium electrostatic potential. The ions and
electrons have smaller inertia compared to dust particulates
and therefore follow the Boltzmann distribution

ni = nio exp

[
− eφ

KBTi

]
(3)

ne = neo exp

[
eφ

KBTe

]
(4)

The above (2) for j th dust component can be written

d
j
t vdj = − qdj

mdj

∇φ ± �cdj

(
vdj × ẑ

)
, (5)

where �cdj
= Zdj

eBo

mdj
c

is the dust gyrofrequency, and

d
j
t = ∂

∂t
+ vE · ∇⊥ + (

vdj z + Vdj 0(x)
) ∂

∂z
. In the case of

low-frequency perturbations (in comparison with the dust
gyrofrequency), the parallel components of opposite dust
fluid velocities are described by

Dtvdj z − cV́dj 0

B0
∂yφ =

Zd
j
e

m
d
j

∂zφ, (6)

whereV́dj 0 = ∂xVdj 0 is the shear flow velocity and |Dt | =∣∣∣∣∂t + c

B0
ẑ × ∇φ · ∇

∣∣∣∣ with the assumption that |Dt | �
(
Vdj 0 + v

dj
z

)
∂z [32]. The perpendicular velocities in a cold

plasma can be written as

vdj ⊥ ≈ c

B0
ẑ × ∇φ+

Zd
j
c

B0�cdj

(
∂t + c

B0
ẑ × ∇φ · ∇+(Vdj 0+vdj z

)
∂z

)
∇⊥φ

≈ vE + vpdj
(7)

where vE is the E×B drift and vpdj
is the dust polarization

drift. Here, φ is the electrostatic potential. The continuity
(1) for negatively charged dust is

DtZd−nd− + vE · ∇⊥Zd−n
d−o + Zd−n

d−o

(∇⊥ · vd−⊥
)

+Zd−n
d−o∂zvd−z =0, (8)

and, similarly, the corresponding continuity equation for
positively charged dust is

DtZd+nd+ + vE · ∇⊥Zd+n
d+o + Zd+n

d+o

(∇⊥ · vd+⊥
)

+Zd+n
d+o∂zvd+z = 0. (9)

Using (7–9), it follows that

Dt

(
Zd−nd− −Zd+n

d+

)
+ c

B0
(Zd+n

d+o+Zd−n
d−o)κei∂yφ

= − c

B0

(
Zd+n

d+o

�cd+
+ Zd−n

d−o

�cd−

)

Dt

(
∇2⊥φ

)

−∂z

(
Zd+n

d+ovd+z − Zd−n
d−ovd−z

)
(10)

where the κei = ∂x

(
ne0 − ni0

)
/(Zd+nd+o + Zd−nd−o)

is the inverse inhomogeneous scale length and �cdj
=∣∣Zdj

eB0/mdj
c
∣∣ is the dust cyclotron frequency. Using the

Poisson’s equation

∇2φ = 4πe
(
Zd−nd− − Zd+n

d+ + ne − ni

)
, (11)

with (10) and linearized form of (3–4) we get

Dt

[

∇2 +
(

ω2
pd+

�2
cd+

+ ω2
pd−

�2
cd−

)

∇2⊥ − k2
D

]

φ

= −
(

ω2
pd+

�cd+
+ ω2

pd−
�cd−

)

κei∂yφ − 4πe(Zd−n
d−o∂zvd z

−Zd+n
d+o∂zvd+z) (12)
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Here, ωpdj
=
√√√√4π(Zdj

e)2n
dj

0

mdj

is the j th dust plasma fre-

quency and kD =
√

4πe2ne0

kBTe

+ 4πe2ni0

kBTi

.is the effective

inverse Debye Length.

3 Linear Dispersion Relations

Equations (6) and (12) are the governing equations for
nonlinearly coupled electrostatic waves in a non-uniform
opposite dust magnetoplasma containing Boltzmann elec-
trons and ions in the presence of parallel sheared dust flows.
In the linear limit, we neglect the nonlinear terms in (6)
and (12) , assuming that the perturbation is proportional to
exp[i(kyy + kzz − ωt)], after some algebraic manipulation
we obtain the following dispersion relation

ω2

[

k2+k2
y

(
ω2

pd+
�2

cd+
+ ω2

pd−
�2

cd−

)

+k2
D

]

+
(

ω2
pd+

�cd+
+ ω2

pd−
�cd−

)

κeikyω

=
(
ω2

pd+ +ω2
pd−

)
k2
z + ω2

pd+
�cd+

(
δV́

d−o−V́
d+o

)
kykz, (13)

where δ = Zd−nd−0

Zd+nd+0

. We have considered Boltzmann

electrons and ions in an opposite polarity dusty plasma
embedded in an external magnetic field B = B0ẑ where
B0 is the strength of the magnetic field and ẑ is a unit vec-
tor along the z−axis. In the presence of low-frequency (in
comparison with the dust gyro frequency), the dispersion
relation (13) for opposite charge dusts is modified as

ω2 − ωω∗ − a
(
ω2

pd+ + ω2
pd−

)
(1 − bA±) = 0, (14)

where ω∗ = −

(
ω2

pd+
�cd+

+ ω2
pd−

�cd−

)

κeiky

k2 + k2
y

(
ω2

pd+
�2

cd+
+ ω2

pd−
�2

cd−

)

+k2
D

is the

dust drift frequency, A± = (V́
d+o − δV́

d−o)

�cd+
, k2 =

k2
y + k2

z , a = k2
z

k2 + k2
y

(
ω2

pd+
�2

cd+
+ ω2

pd−
�2

cd−

)

+k2
D

and b =

ky

kz

(
ω2

pd+
ω2

pd+ + ω2
pd−

)

. The roots of (14) are

ω = ω∗
2

± 1

2

[
ω2∗ + 4a

(
ω2

pd+ + ω2
pd−

)
(1 − bA±)

]1/2

(15)

Equation (15) with the + sign represents an accelerated
mode and with the − sign it represents a retarded mode.
Our interest is in the accelerated mode which shows an
oscillatory instability for

V́d+0

�cd+δ
>

⎛

⎝ ω2∗
4ab

(
ω2

pd+ + ω2
pd−

)
δ

+ 1

bδ
+ V́

d−0

�cd+

⎞

⎠ .

For V́
d−0

= V́d+0 = V́o and μ(= V́o

�cd+
), Eq. (15) is reduced

to a new form

ω= ω∗
2

±1

2

[
ω2∗ + 4a

(
ω2

pd+ + ω2
pd−

)
{1 − b (1 − δ) μ}

]1/2
,

(16)

which is the dispersion relation for the coupled drift dust
acoustic (CDDA) waves with sheared flows. The negative
dust concentration and shear flow affect the frequency of
the dust acoustic wave. Equation (15) exhibits an oscillatory
instability of the CDDA wave if

V́o

�cd+
>

(
ώ2∗
4ab

+ 1

b
+ δV́o

�cd+

)

, (17)

Furthermore, relation (17) can be written as

V́o

�cd+
>

neo − nio

Zd+n
d+o

(
ώ2∗
4ab

+ 1

b

)
,

which shows that negative dust particles play a stabiliz-
ing role in the instability and reduce the frequency of this
electrostatic mode. For an inhomogeneous plasma, relation
(15) will result in an unstable dust acoustic mode. This
again shows that increasing the concentration of negative
dust increases δ, which decreases the instability which is
exactly the same result as observed in [55]. For a homoge-
neous plasma and using the long wavelength approximation

(
k2

k2
D

<< 1) relation (15) will be become

ω = csdkz√
1 + ρ2

sdk2
y

(

1 − m
d+

m
d−

δ
ky

kz

A±

)1/2

where csd =
√√√√ω2

pd+ + ω2
pd−

k2
D

is the dust acoustic speed

due to both positive and negative dusts, while ρsd =√√√√
(

ω2
pd+

�2
cd+

+ ω2
pd−

�2
cd−

)

/k2
D is the dust gyro-radius impacted

by the electron and ion temperatures. Instability of dust
acoustic waves will occur if

A± >
m

d−
m

d+ δ

(
kz

ky

)
.
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4 Sheared Flow Driven Drift Vortices

We now discuss the quasi-stationary nonlinear solutions of
the (6–7) as well as (10). In the quasi-stationary frame, we
let ξ = y + αz − ut where α and u are constants giving
the angle and speed of the nonlinear structures. Thus in the
stationary frame (6) for positive and negative ions can be
written as

Dξφv
dj

z = − zdj
e

mdj
u

(μj ∓ α)∂ξφ (18)

where Dξφ =
{
∂ξ − c

B0u

(
∂xφ∂ξ − ∂ξφ∂x

)}
and μj (=

V́
dj

o

�cdj

). Equation (18) shows that the accelerated mode

will be unstable for μ > μc and stable for μ < μc,
where it is obvious that for μ >> μc the growth rate
of instability reaches a maximum value which is roughly

(ab)1/2 (ne0/zd−nd−0

)1/2
(μ)1/2 ωpd+. This means that the

maximum growth rate of instability is directly proportional
to the square root of μ and the dust number density. It can
be shown that (18) is exactly satisfied by

vdj z = − zdj
e

mdj
u

(μj ∓ α)φ, (19)

Transforming (12) into the stationary frame and eliminating
vdjz, we obtain

Dξφ

(
∇2⊥φ − �φ

)
= 0, (20)

where � = 1

ρ2
sd

[

1 − v∗d

u
− c2

sdα

v2∗d

(

α − ω2
pd+A±

ω2
pd+ + ω2

pd−

)]

,

with v∗d = κei

k2
D

(
ω2

pd+
�cd+

+ ω2
pd−

�cd−

)

is being a modified drift

speed. For the derivation of (20), it is assumed that ∇2⊥ =
∂2
x + ∂2

ξ � α2∂2
ξ . Equation (20) is a modified Hasegawa-

Mima (HM) equation affected by the Boltzmann distributed
electrons and ions as well as by dusts parallel sheared flows.
The (20) analytically treats both a vortex street and a dipolar
vortex solution, i.e., for � = 0 and � �= 0 respectively, we
will discuss these in turn.

4.1 Vortex Street Solution

In order to analytically determine the vortex street solution
of (20), we substitute � = 0, so that (20) is satisfied by
using a travelling like wave function

∇2⊥φ = L1L2

L3
exp

[
− 2

L1

(
φ − uBo

c
x

)]
, (21)

where L1 and L2 are arbitrary constants and L3 measures
the size of the vortex street. The exact or analytical solution

of (21) is given by

φ = uBo

c
x+L1 ln

[
2 cosh (L2x) + 2

(
1 − L−2

3

)
cos(L2ξ)

]

(22)

For L3 > 0, the vortex profile given by (22)
resembles the Kelvin-Stuart “cat’s eye” which repre-
sents a row of identical travelling vortices. The param-
eter L1 characterizes the amplitude of the vortex street.
The vortex chain speed in the case of opposite dust is

u = v∗d

2

⎡

⎣1 ±
{

1 − 4c2
sdα

v2∗d

(

α − ω2
pd+A±

ω2
pd+ + ω2

pd−

)}1/2
⎤

⎦.

For L3 = 1, Eq. (22) becomes a solution in the form of a
zonal (a large scale) flow [32]

φ = uBox

c
+ L1 ln [2 cosh (L2x)] (23)

4.2 Double Vortex Solution

When � �= 0, we get a double vortex solution and thus (20)
is satisfied by the Ansatz

∇2⊥φ = C1φ + C2x, (24)

where C1(= � − c

uB0
C2) and C2 are constants. To get the

double vortex solution of (24), we transformed it to polar
coordinates (r , θ) such that x = r cos θ , ξ = r sin θ where
r = √

x2 + ξ2 and θ = tan−1(ξ/x). We divide the (r , θ)

plane into an outer region (r > R) and an inner region
(r < R) of an arbitrary circle of radius R, called the vor-
tex radius. In the outer region, to maintain boundedness of
the solution, we must have C2 = 0 in order to avoid the
direct dependence of the space variable x. Thus the solution
of (24) for r > R becomes [56]

φout(r, θ) = Q1K1 (λ1r) cos θ , (25)

where Q1 is a constant, K1 is the first-order Mac-Donald
function and λ1 = √

�. Since λ1 should be positive, for
a well-behaved outer solution it is necessary that � should
also be positive. Now for the inner region solution (r < R),

we have C2 �= 0, and assuming that

(
� − c

uB0
C2

)
= −λ2

2,

Eq. (24) then has homogeneous and nonhomogeneous parts.
The homogeneous part becomes of the ordinary Bessel type
and is treated as for the outer region. Thus the total solution
for the inner region turns out to be

φin(r, θ) =
(

Q2J1 (λ2r) + Q3

λ2
2

r

)

cos θ , (26)

where Q3 = uB0
(
λ2

1 + λ2
2

)

c
, Q2 and λ2 are constants and

J1 is the Bessel function of order one. The constants of
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integration Q1, Q2, and λ2 can be found from the physi-
cally justified continuity conditions of φ, ∂rφ, and ∇2φ at
the boundary of the circle, i.e., at r = R. For a given λ1,
the constant λ2 can be determined by using the transcen-

dental equation
K2 (λ1R)

λ1K1 (λ1R)
= − J2 (λ2R)

λ2J1 (λ2R)
, which may

be obtained from continuation of ∇2⊥φ at the vortex inter-
face. Here, J2 and K2 are the Bessel and modified Bessel
functions of the second order. The constants Q1 and Q2

are determined from the matching of electrostatic potential
and electric field at the vortex interface and their respective
values are

Q1 = uBo

c

R

K1 (λ1R)
,

Q2 = −uBo

c

λ2
1

λ2
2

R

J1 (λ2R)
.

5 Results and Discussion

We have plotted the dispersion relations by using some typ-
ical parameters of four component dusty plasmas, as used in
laboratory plasmas [57], as Te = 0.08 eV, Ti = 0.5Te, B0 =
0.3T, nd−o = 106/cm3, nd+o = 0.7 nd−o, ne0 = 0.2 nd−o,
ni0 = 0.5 nd−o, ky ∼few centimeter, let it be �10 cm,
md+ ∼ 2 × 10−18kg, md− ∼ 2.3 × 10−18kg, Zd+ = 5,

Zd− = 6, κei = −0.005 and

∣∣∣∣∣
V́d±0

�cd±

∣∣∣∣∣
∼ 0.4. The graphi-

cal analysis of the two modes of relation (15) are presented
in Figs. 1 and 2 by using the above mentioned numerics
for coupled drift-dust acoustic (DDA) waves with popula-
tions of opposite polarity and sheared flow of negative and
positive dusts. Figure 1 shows the signification of dust num-
ber density on the wave frequency against the parallel wave

number kz for fixed perpendicular wave number ky . The
condition kz < ky is employed here to plot the dispersion
relation. It is obvious from Fig. 1 that ω of the forward
and backward propagating DDA waves is increasing with
increased values of negative dust number density nd−o. It
means that most of the dynamical role to drive the coupled
drift-dust acoustic waves is carried out by the negative dust
particles. Thus negative dust steadies the DDA mode con-
trary to positive dust, which enhances the instability in the
system and as a result the DDA waves grow exponentially,
extracting energy from the equilibrium density gradient and
starting interactions with each other.

The plots of the frequency ω as a function of kz for both
forward and backward propagating DDA modes are shown
in Fig. 2, for three values of ion temperature. The plots show
an increasing trend with respect to kz, and for increased
values of Ti the frequency ω increases with respect to kz.
Temperature effects of both ions and electrons show that for
DDA mode these temperatures play a vital role in compres-
sion and rarefaction of both positive and negative dusts. It
signifies that the acoustic mode in such a four component
plasma is being changed in character because of electrons
and ions temperature.

We now parametrically investigate the effects of sheared
flow and dust polarity on the behavior of DDA mode by
employing the above-mentioned parameters by using a 3D
plot in Fig. 3. The plot shows that frequency ω decreases

with increased values of both sheared flow
V́d±0

�cd±
and ky .

Thus the effect of the sheared flow is such that it affects
the dynamics of DDA modes and can distort the structure,
and at large values there is a possibility that it will lead
to collapse these mode structures. We conclude that solu-
tions of DDA modes in the presence of sheared flow can be
attained under certain prevailing assumptions, and beyond

Fig. 1 The frequency of the
drift-dust-acoustic wave ω

against kz with the effect of
negative dust number density
nd−0, such that nd−0 = 106

(dashed line) 2 × 106 (solid
line) and 4 × 106 (dotted line).
The wave number kz is scaled to
kz/10−3 and frequency ω is
ω/104. All other parameters are
the same as mentioned in
Section 5
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Fig. 2 The frequency of the
drift-dust-acoustic wave ω

against kz with the effect of the
ratio of ion to electron

temperature, such that
Ti

Te

= 0.5

(dashed line),
Ti

Te

= 0.3 (solid

line), and
Ti

Te

= 0.1 (dotted

line). The wave number kz is
scaled to kz/10−3 and frequency
ω is ω/104. All other parameters
are the same as mentioned in
Section 5

those assumptions there is a possibility that these modes will
not exist.

Figure 4 shows the contour plots in the (x, ξ) plane,
which are based on (24) and (25) by utilizing the above data.
It shows that for positive values of x the electrostatic poten-
tial shows a “hill,” with the values of the contour increasing
equally from 0.12 to 1. For negative values of x, a “well,”
structure is observed, with the values of the contour decreas-
ing from −0.12 to −1. Since the drift velocity is defined by
1/B0ẑ × ∇φ, the fluid velocity shows a clockwise behavior
for the positive x (i.e., potential hill) and counterclockwise
nature for the negative x values (i.e., potential well). The
nonlinear drift and acoustic dipolar vortex structures are

formed on spatial scale lengths of the order of ρsd , which is
an effective Larmor radius due to both positive and negative
dusts.

To summarize, we have investigated both the linear and
nonlinear properties of low-frequency electrostatic waves
containing equilibrium density gradient and plasma flow
inhomogeneities in a nonuniform four components dusty
plasma. Our analysis has shown that free energy stored in
the sheared flow can be coupled with dust drift and dust
acoustic waves. It is also shown that positive and negative
sheared flow in a plasma can produce an instability. The
differential flow gradient can be caused because of an inho-
mogeneity in the density gradient. This type of instability

Fig. 3 Bird’s eye view of the
effect of sheared flow A± on the
frequency of the drift-dust-
acoustic wave ω as a function of
ky for fixed value of kz ∼ 10.
All other parameters are the
same as mentioned in Section 5
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Fig. 4 The contour plots of the electrostatic potential φ corresponding
to solutions of (24) and (25) are plotted in the (x, ξ) plane by choosing
some typical parameters as given in the text. For positive values of x,
the electrostatic potential shows a “hill,” with the values of the contour
increasing evenly from 0.12 to 1. For negative values of x, a “well”,
structure is observed, with the values of the contour decreasing from
−0.12 to −1

has the same mechanism as the Kelvin-Helmholtz instabil-
ity, where the inhomogeneous flow among the consecutive
layers has invoked a slippage mechanism. In the linear por-
tion, we have derived a new type of dispersion relation,
which shows the dependence of the frequencies of for-
ward and backward propagating DDA waves on dust density
as well as ion and electron temperatures. In the nonlinear
part, the sheared plasma flow and inhomogeneity in density
causes the electrostatic perturbations to interact and trans-
fer their free energy within the wave spectra. In this case,
the drift-acoustic modes interact with convective cells. This
coupling causes a self-organized state in which vorticity
is formed in either Kelvin-Stuart “cat’s eyes” type solu-
tions, which are chain vortices, or admits to a double vortex
solution. These convective non-linear vortical structures are
caused by mode coupling equations which contain vector
nonlinearity. The speed of the vortices strongly depends on
different equilibrium plasma parameters such as density,
temperature, and magnetic fields. The solutions of these tur-
bulences are always obtained in the form of vortex street and
double vortices. Our approach in this opposite dust polarity
work is more analytical, but these analytical results should
be useful in understanding the physical wave phenomena
and associated nonlinear structures in space and labora-
tory plasma in the presence of Boltzmann electrons and
ions.
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