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NUCLEAR PHYSICS
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Abstract The fusion dynamics of 16
32S+ 40

94Zr reaction at near
and sub-barrier energies is investigated within the context of
different theoretical approaches. The various theoretical
models like one-dimensional Wong formula, ℓ-summed ex-
tended Wong formula, the energy-dependent Woods-Saxon
potential model (EDWSP model), and coupled channel for-
mulation have been used to address the impacts of nuclear
structure degrees of freedom of the colliding pairs. The roles
of different Skyrme forces along with Wong formalism are
also tested in the analysis of the sub-barrier fusion dynamics
of the 16

32S+ 40
94Zr reaction. The influence of the low-lying sur-

face vibrational states of the collision partners is investigated
within the framework of coupled channel calculations per-
formed by the code CCFULL. In the present work, it has been
observed that the EDWSP model introduces barrier modifica-
tion effects somewhat similar to those of the coupled channel
approach, as well as those of using different Skyrme forces
and hence it reasonably addresses the observed fusion data
of 16

32S+ 40
94Zr reaction in the close vicinity of the Coulomb

barrier.

Keywords Depth and diffuseness .Woods-Saxon potential .

Heavy-ion collision . Sub-barrier fusion reactions . Coupled
channel approach . Skyrme forces

1 Introduction

The dynamics of heavy-ion fusion reactions near and below the
Coulomb barrier has received considerable attention during the
past few decades, on the theoretical as well as on the experimen-
tal front. The considerable interest behind the exploration of these
reactions is to understand the nature of nuclear structure and the
related interaction of the collision partners and subsequent com-
pound system. In the fusion process, a projectile enters into the
vicinity of target nucleus to form a compound nucleus, either by
overcoming the Coulomb repulsion or via quantum mechanical
tunneling through the potential barrier. Theoretically, the simplest
way to address the fusion dynamics is through the barrier pene-
tration model (BPM), wherein the collision partners are assumed
to penetrate through their fusion barrier and form a composite
system [1]. However, during last few decades, an anomalously
large fusion enhancement at sub-barrier energies over the predic-
tions of one-dimensional barrier penetration models has been
observed in many projectile-target combinations. In general, this
fusion enhancement has an intimate link with the coupling of the
relative motion of reactants with the internal structure of the
colliding nuclei, such as nuclear shape deformation, inelastic
surface vibrations, rotations of nuclei during collision, neck for-
mation, and nucleon transfer reactions. Strictly speaking, such
couplings will produce substantially large enhancement in the
fusion cross section at sub-barrier energies [2–5]. Although it is
very difficult to take into account all intrinsic degrees of freedom
simultaneously, an extensive effort has been made to include
some of them so that the complex behavior of the fusion dynam-
ics may be understood adequately. The relation between sub-
barrier fusion enhancement and intrinsic degrees of freedom such
as permanent shape deformation and low-lying surface vibrations
of the fusing nuclei has been well established by the various
coupled channel formulations [1–6]. However, the interplay of
neutron transfer channels has not been fully understood because
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the transfer of neutrons is insensitive to the fusion barrier and
such transfer process starts at large internuclear separation be-
tween the reactants [7–11].

For a complete description of the fusion dynamics, the knowl-
edge of nucleus-nucleus potential which consists of the Coulomb
repulsive interaction, the centrifugal term, and the attractive short-
range nuclear potential, is extensively important. The dynamics of
nuclear reactions like elastic scattering, inelastic scattering, fusion
reactions, or other reaction channels are extremely sensitive to the
shape of nucleus-nucleus potential. Therefore, different parame-
terization of nuclear potential are most widely used to explain the
various nuclear phenomena, and hence, many attempts have been
made to extract information regarding the optimum form of nu-
clear potential by analyzing a large set of experimental data
[12–15]. Generally, the fusion process is explained by using the
three-parametric Woods-Saxon potential, namely the depth, the
range, and the diffuseness, prove extremely sensitive ingredients
of the nuclear interactions. The diffuseness parameter is directly
related with the slope of the nuclear potential in the tail region of
the Coulomb barrier, where the fusion starts to take place.
Significantly large values of the diffuseness parameter (0.75 to
1.5 fm) have been used to explore the sub-barrier fusion data,
while a much smaller value (0.65 fm) is generally used to explain
the systematics of elastic scattering data [1, 7–10, 16]. This dif-
fuseness anomaly is one of the challenging issues of heavy-ion
fusion reaction, and the cause of such diffuseness anomaly is not
understand completely. Therefore, it is still not clear why the
Woods-Saxon form of the nuclear potential behaves differently
in the elastic scattering process and in the fusion process. Hence,
more intensive investigations are required to address this issue. In
this regard, several attempts have been made to understand the
cause of the diffuseness anomaly as well as the systematic failure
of the static Woods-Saxon potential by introducing the energy
dependence in the real part of nuclear potential in such a way that
it becomes more attractive at sub-barrier energies [17–21]. This
energy dependence in the nucleus-nucleus potential in turn in-
duces closely similar physical effects that arise due to the coupling
between the relativemotion and the internal degrees of freedomof
the colliding pairs. The energy dependence in the nucleus-nucleus
potential arises from the nucleon-nucleon interaction as well as
the non-local quantum effects [22]. The microscopic time-
dependent Hartree-Fock theory provides theoretical support to
the energy dependence of nucleus-nucleus potential which is orig-
inated from the various channel coupling effects [23]. Therefore,
the energy-dependent nucleus-nucleus potential may provide bet-
ter descriptions of the various dynamical aspects related with the
fusion dynamics in the close vicinity of the Coulomb barrier.
Therefore, it is reasonable to test the applicability of the energy-
dependent nucleus-nucleus potential for the description of the
sub-barrier fusion dynamics. Following this idea, the energy-
dependent Woods-Saxon potential model (EDWSP model) was
introduced, wherein the energy dependence in the Woods-Saxon
potential was taken via its diffuseness parameter [17–21].

The rich interplay of inelastic surface excitations of the colli-
sion partners and neutron transfer channels attracted theoreticians
to address the fusion dynamics of a variety of colliding partners.
Zhanget al. [10] analyzed the fusionof the 16

32,36S+40
90,96Zr systems

within the context of coupled channel formulation and suggested
that there exist strong octupole vibrations in the 40

96Zr nucleus.
Furthermore, the significantly larger fusion enhancement of
the 16

32S+40
96Zr system in comparison to other S+Zr combinations

arises due to the combined effects of strong octupole vibrations in
the target and neutron transfer channels. Jia et al. [11] also
discussed the fusion dynamics of S+Zr combinations within
the framework of coupled channel model and suggested that
the inclusion of inelastic surface excitations alone could not ex-
plain the sub-barrier fusion data of the 16

32S+40
94,96Zr systems. To

resolve the puzzling features of the fusion dynamics of
the 16

32S+40
94Zr system, this work compares the predictions of

different theoretical methods. The static Woods-Saxon potential
in conjunction with one-dimensional Wong formula [24] fails to
explain the fusion dynamics of this system, while the predictions
of the EDWSPmodel [17–21] successfully explain the observed
fusion dynamics of 16

32S+40
94Zr system. In addition, the role of

different Skyrme interactions such as SIII and GSkI within the
context of one-dimensional Wong and ℓ-summed extended
Wong formula [25–28] is also tested for the description of the
observed sub-barrier fusion enhancement of 16

32S+40
94Zr system.

The nuclear potential obtained by using the Skyrme energy den-
sity formalism (SEDF) opens up the possibilities of using of
variety of Skyrme forces which in turn introduce the different
barrier characteristics, and hence, the barrier modification effects
get introduced in the theoretical calculations. The barrier modifi-
cation effects in sub-barrier fusion process depend critically on
the choice of Skyrme force along with usual dependence on the
type of nuclear reaction under consideration. The old SIII force
[29–36] is weakly sensitive to neutron-proton asymmetry and
isospin effects, while the newly parameterized GSkI force [37],
which contains the tensor coupling with the spin and gradient
components, includes the appropriate isospin effects as well as
the density-dependent interactions. The theoretical predictions of
the one-dimensional Wong formula using the SIII force strongly
underestimate the experimental data, while the GSkI force could
adequately describe the fusion excitation data in the sub-barrier
region. However, at above barrier energies, the GSkI-based fu-
sion cross section overestimates the experimental data.
Therefore, the ℓ-summed extended Wong formula is applied,
which takes care of overestimation of theoretical results at above
barrier energies and consequently adequately describes the sub-
barrier fusion enhancement of the 16

32S+40
94Zr system [25–28].

To account for the effects of inelastic surface vibrational
states of the colliding pairs, coupled channel calculations for
the 16

32S+40
94Zr system are performed using the code CCFULL

[38]. The couplings to low-lying surface vibrational states of
the reactants fail to reproduce the experimental data at sub-
barrier energies. The large discrepancies between such
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calculations and the data at sub-barrier energies arise due to
existence of neutron pickup channels with positive ground
state Q values. Furthermore, the coupled channel formulation
predicted that in addition to inelastic surface excitations of the
reactants, more intrinsic channels are needed for the complete
description of the fusion dynamics of the 16

32S+ 40
94Zr system.

The comparison of the theoretical predictions based upon the
different theoretical models like EDWSP model and Skyrme
interactions within energy density formalism, coupled channel
formulation, reflects closely similar behavior of fusion dy-
namics of the 16

32S+ 40
94Zr system, and consequently, one can

say that different approaches introduce similar kinds of barrier
modification effects (barrier height, barrier position, and bar-
rier curvature) in heavy-ion fusion reactions. A brief descrip-
tion of the method of calculation is given in Sect. 2. The
results are discussed in Sect. 3, and the conclusions drawn
are described in Sect. 4.

2 Theoretical Formalism

2.1 One-Dimensional Wong Formula

The fusion cross section within partial wave analysis is given
by

σF ¼ π

k2
X∞
ℓ¼0

2ℓ þ 1ð ÞT F
ℓ ð1Þ

Based upon parabolic approximation of the effective inter-
action potential between colliding nuclei, Hill andWheeler pro-
posed following expression for tunneling probability (Tℓ

F) [39]:

T HW
ℓ ¼ 1

1þ exp
2π
ℏωℓ

V ℓ−Eð Þ
� � ð2Þ

The above Hill-Wheeler approximation was further simpli-
fied by Wong using the following assumptions for barrier
position, barrier curvature, and barrier height [24]:

Rℓ ¼ Rℓ¼0 ¼ RB

ωℓ ¼ ωℓ¼0 ¼ ω

V ℓ ¼ VB0 þ ℏ2

2μR2
B

ℓ þ 1

2

� �2

where VB0, which is the sum of nuclear potential and Coulomb
potential, corresponds to ℓ=0 in the above expression. Using
these assumptions and Eq. (2) into Eq. (1), the fusion cross
section can be calculated as

σF ¼ π

k2
X∞
ℓ¼0

2ℓ þ 1ð Þ
1þ exp

2π
ℏω

V ℓ−Eð Þ
� � ð3Þ

Since Wong assumes that infinite number of partial waves
contribute to the fusion process, therefore, one can change the
summation over ℓ into integral with respect to ℓ in Eq. (3), and
by solving the integral, we get the following expression of
Wong formula [24]:

σF ¼ ℏωR2
B

2E
ℓn 1þ exp

2π
ℏω

E−VB0ð Þ
� �� �

ð4Þ

On integration over orientation angle θi and azimuthal an-
gle Φ, the above fusion cross section becomes

σT ¼
Zπ=2

θi;Φ¼0

σFsinθ1dθ1sinθ2dθ2dΦ ð5Þ

The VB0 in Eq. (4) is the sum of nuclear potential and
Coulomb potential, where the nuclear potential can be obtained
by various approaches. In the present work, the theoretical cal-
culations based upon Skyrme energy density formalism make
the use of nuclear proximity potential (VP) which will be
discussed in Sect. 2.2, while the theoretical calculations based
upon EDWSP model and coupled channel model make the use
ofWoods-Saxon form of nuclear potential which is discussed in
Sects. 2.3 and 2.4. It is relevant to mention here that the total
interaction potential is given by the following expression:

VT Rð Þ ¼ VP R;Ai; βλi; T ; θi;Φð Þ þ VC R;Zi; βλi; T ; θi;Φð Þ þ ℓ ℓ þ 1ð Þℏ2
2μR2

ð6Þ
where βλi, λ=2,3,4 are the static quadrupole, octupole, and
hexadecapole deformations. In 2009, Gupta and collaborators
[25] carried out the extension of Wong formula to include
ℓ-summation explicitly in Eq. (1), which is known as ℓ-summed
extended Wong formula, wherein the ℓ-summation is done up to
ℓmax, after including ℓ-summation up to ℓmax, which is determined
empirically for best fit tomeasure cross section and integrating over
orientation angles to give total fusion cross section as by Eq. (5).

2.2 SEDF

The energy density formalism defines the nuclear interaction
potential [26–28, 30–32] as

VP Rð Þ ¼ E Rð Þ – E ∞ð Þ ð7Þ

i.e., the nucleus-nucleus interaction potential as a function
of separation distance, VN(R), is the difference of the energy
expectation value E of the colliding nuclei that are overlap-
ping (at a finite separation distance R) and those that are
completely separated (at R=∞),where

E ¼
Z

Η r!
� �

d r! ð8Þ
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with the energy density functionalΗ(r) consisting of kinet-
ic, nuclear, and Coulomb interaction energy parts

Η r!
� �

¼ ℏ2

2m
τp r!
� �

þ τn r!
� �h i

þ Η sky r!
� �

þ Η coul r!
� �

ð9Þ

For the kinetic energy part, the extended Thomas-Fermi

(ETF) approach including all terms up to second order in the

spatial derivatives (ETF2) is applied [32]. The nuclear interaction

part with Skyrme interaction Ηsky(r) [30–32, 40] is defined as

Η sky rð Þ ¼ 1

2
t0 1þ 1

2
x0

� �
ρ2− x0 þ 1

2

� �
ρ2p þ ρ2n

� �� �
þ 1

12
t3ρ

α 1þ 1

2
x3

� �
ρ2− x3 þ 1

2

� �
ρ2p þ ρ2n

� �� �

þ 1

4
t1 1þ 1

2
x1

� �
þ t2 1þ 1

2
x2

� �� �
τρ−

1

4
t1 x1 þ 1

2

� �
−t2 x2 þ 1

2

� �� �
ρnτn þ ρpτp

� �

þ 1

16
3t1 1þ 1

2
x1

� �
þ t2 1þ 1

2
x2

� �� �
∇ρð Þ2− 1

16
3t1 x1 þ 1

2

� �
þ t2 x2 þ 1

2

� �� �
∇ρp

� �2
þ ∇ρnð Þ2

� �

þ W 2
0

4

2m

ℏ2
ρp
f i

2∇ρp þ ∇ρn
� �2

þ ρn
f i

2∇ρn þ ∇ρp
� �2

� �

ð10Þ

where t0, t1, t2, t3, x0, x1, x2, x3, and α are the Skyrme force
parameters which are fitted by different authors to ground
state properties of various nuclei. The last term in Eq. (10)
describes the semi-classical expansion of spin-orbit densities
up to second order in ℏ2. The Coulomb energy density which
includes direct and exchange contribution in Slater approxi-
mation can be written as

Η coul rð Þ ¼ e2

2
ρp rð Þ

Z
ρp r0ð Þ
r−r0j jdr

0−
3e2

4

3

π

� �1
3

ρp rð Þ
� �4

3 ð11Þ

Using Eqs. (7)–(9), the total energy of nuclear system can be
obtained in terms of neutron and proton densities under Skyrme
interaction associated with ETF approximation [30–32].
Recently, Agrawal et al. [37] modified the Hamiltonian density
(see Eq. (10)) on the following two accounts with six additional
constants, two each for x3i, t3i, and α1:

(i) The third term in Eq. (10) is replaced as

1

2

X3

i¼1

t3iρ
αi 1þ 1

2
x3i

� �
ρ2− x3i þ 1

2

� �
ρ2n þ ρ2p

� �" #
ð12Þ

(ii) A new term due to tensor coupling with spin and gra-
dient is added as

−
1

16
t1x1 þ t2x2ð Þ J!

2
þ 1

16
t1−t2ð Þ J

!2

p þ J
!2

n

� �
ð13Þ

The total Hamiltonian density given in Eq. (10) is the sum
of the spin-orbit density-independent Hamiltonian density
H(ρ, τ) and spin-orbit density-dependent Hamiltonian density

Η ρ; J
!� �

. In present work, we intend to calculate the nuclear

interaction potential by employing different forces in SEDF

approach to address the fusion excitation function data in the
domain of the Coulomb barrier.

2.3 EDWSP Model

It will be discussed later in Sect. 3 that in the fusion
of 16

32S+ 40
94Zr reaction, the use of different types of Skyrme

interaction introduces similar kinds of barrier modification
effects that arise from the coupled channel approach and the
EDWSP model. The fusion dynamics of 16

32S+ 40
94Zr system is

systematically analyzed further within the context of EDWSP
model and coupled channel approach. In EDWSP model, the
energy dependence inWoods-Saxon potential induces the var-
ious kinds of barrier modification effects and adequately ad-
dresses the fusion enhancement/fusion suppression in closely
similar way as evident from the coupled channel formulation.
The EDWSP model is used along with one-dimensional
Wong formula, while the staticWoods-Saxon potential is used
within the view of the coupled channel approach. Therefore,
the form of static Woods-Saxon potential is defined as

VN rð Þ ¼ −V 0

1þ exp
r−R0

a

� �� � ð14Þ

withR0 ¼ r0 A
1
3
P þ A

1
3
T

� �
. The BV0^ represents depth of poten-

tial, and Ba^ accounts for the diffuseness parameter of nuclear
potential. In EDWSP model, the depth of real part of Woods-
Saxon potential is defined as

V 0 ¼ A
2
3
P þ A

2
3
T− AP þ ATð Þ23

h i
2:38þ 6:8 1þ IP þ ITð Þ A

1
3
PA

1
3
T

A
1
3
P þ A

1
3
T

� �
2
64

3
75 MeV

ð15Þ
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where IP ¼ NP−ZP
AP

� �
and IT ¼ NT−ZT

AT

� �
are the isospin

asymmetry of projectile and target nuclei, respectively. The
EDWSP model includes the effects of the surface energy as
well as the isospin asymmetry of colliding pairs [17–21]. The
various channel coupling effects responsible for sub-barrier
fusion enhancement are the surfacial effects, and during col-
lisions, they modify the surface diffuseness as well as the
surface energy of the collision partners and hence bring the
requirement of larger diffuseness parameter to address the
fusion excitation function data [1–3, 7–11, 16]. If a series of
projectile is bombarded on a target isotope or vice versa, the
isotopic dependencies of fusion excitation functions are di-
rectly reflected which must be incorporated in the theoretical
description. In addition, all the nuclear structure effects like
static and dynamical deformations and nucleon transfer chan-
nels are highly sensitive to surface region of nucleus-nucleus
potential. These nuclear structure effects are directly linked
with the diffuseness of Woods-Saxon potential and hence
can be accommodated by variation of diffuseness parameter.
Therefore, the EDWSP model takes care of all such static and
dynamical aspects of heavy-ion collisions via energy-
dependent diffuseness parameter. The energy-dependent dif-
fuseness parameter is defined as

a Eð Þ ¼ 0:85 1þ r0

13:75 A
−1
3

P þ A
−1
3

T

� �
1þ exp

E

VB0
−0:96

0:03

0
BB@

1
CCA

0
BB@

1
CCA

2
66666666664

3
77777777775
fm

ð16Þ

In theoretical calculations, this expression provides a wide
range of diffuseness parameters depending upon the value of
range parameter (r0) and bombarding energy of colliding
pairs. The range parameter r0 is an adjustable parameter, and
its values are optimized in order to vary the value of diffuse-
ness of nuclear potential. From this article, one can say that the
energy dependence in the nucleus-nucleus potential intro-
duces the similar channel coupling effects that arise due to
intrinsic degrees of freedom of collision partners.
Furthermore, the variations of nucleon densities in the interior
region of nucleus strongly depend upon the type of Skyrme
force, while in the surface regions, the different kinds of
Skyrme interactions lead to closely similar variations of nu-
cleon densities [31–35]. It will be shown later that the theo-
retical calculations based upon SEDF and EDWSP model
yield quite similar results in sub-barrier fusion dynamics,
which clearly reveals that the various static and dynamical
physical effects in the collision of heavy ion have strong im-
pact in surface region only and such effects can be adequately
incorporated by inducing the energy dependence in the

nucleus-nucleus potential or alternatively by opting the appro-
priate Skyrme interaction.

2.4 Coupled Channel Model

Theoretically, the standard way to address the various channel
coupling effects that arise due to coupling between relative
motion and internal degrees of freedom of colliding nuclei is
to solve the coupled channel equations. In theoretical calcula-
tions, it is very difficult to handle all the intrinsic channels but
it is useful to include the dominant effects of relevant channels
[38, 41, 42]. Therefore, the set of coupled channel equation
can be written as

−ℏ2

2μ
d2

dr2
þ J J þ 1ð Þℏ2

2μ r2
þ VN rð Þ þ ZPZT e2

r
þ εn−Ecm

� �
ψn rð Þ

þ
X
m

Vnm rð Þ ψm rð Þ ¼ 0

ð17Þ

where r! is the radial coordinate for the relative motion
between fusing nuclei. μ is the reduced mass of the projectile
and target system. The quantities Ecm and εn represent the
bombarding energy in the center of mass frame and the exci-
tation energy of the nth channel, respectively. The Vnm is the
matrix elements of the coupling Hamiltonian, which in the
collective model consists of Coulomb and nuclear compo-
nents. For the coupled channel analysis, we used the code
CCFULL [38], wherein the coupled channel equations are
solved numerically by using the two basic approximations.
The first approximation is no-Coriolis or rotating frame ap-
proximation which has been used in order to reduce the num-
ber of the coupled channel equations [38, 41, 42]. The second
approximation, which is well applicable for the heavy-ion
reactions, is the ingoing wave boundary conditions.
According to IWBC, there are only incoming waves at the
minimum position of the Coulomb pocket inside the barrier
and there are only outgoing waves at infinity for all channels
except the entrance channel. By including all the relevant
channels, the total fusion cross section is defined as

σF Eð Þ ¼
X
J

σ J Eð Þ ¼ π

k20

X
J

2J þ 1ð ÞPJ Eð Þ ð18Þ

where PJ(E) is the total transmission coefficient correspond-
ing to the angular momentum J. In the code CCFULL, the
vibrational couplings in the harmonic limit are taken into ac-
count [38]. The operator in the nuclear coupling Hamiltonian
for vibrational couplings is given by

ÔV ¼ βλffiffiffiffiffiffi
4π

p RT a†λ0 þ aλ0
� �

ð19Þ

where RT is parameterized as rcoupA
1
3 , βλ is the deformation

parameter, and aλ0
† (aλ0) represents the creation (annihilation)
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operator of the phonon of vibrational mode of multipolarity λ.
In general, the nuclear coupling matrix elements are evaluated
as

V Nð Þ
nm ¼ nh jVN r; Ô

� �
mj i−V 0ð Þ

N δn;m

Thematrix elements ofÔV between the n—phonon state |n〉
and the m—phonon state |m〉, which are needed for the vibra-
tional coupling, is defined as

ÔV nmð Þ ¼ βλffiffiffiffiffiffi
4π

p RT δn;m−1
ffiffiffiffi
m

p þ δn;mþ1
ffiffiffi
n

p	 
 ð20Þ

The Coulomb coupling matrix element for vibrational cou-
plings is computed by the linear coupling approximation and
is defined as

V Cð Þ
V nmð Þ ¼ βλffiffiffiffiffiffi

4π
p 3

2λþ 1
ZPZTe

2 Rλ
T

rλþ1
� ffiffiffiffi

m
p

δn;m−1 þ
ffiffiffi
n

p
δn;mþ1

	 

ð21Þ

The total coupling matrix elements are obtained by taking
the sum of Vnm

(N) and Vnm
(C).

3 Results and Discussion

This work systematically analyzed the fusion dynamics
of 16

32S+40
94Zr reaction within the framework of the following

three different approaches: role of different Skyrme forces with-
in the one-dimensional Wong and ℓ-summed extended Wong
formula, the static Woods-Saxon potential and the EWSDP
model along with Wong formula, and the coupled channel ap-
proach wherein static Woods-Saxon potential is used to enter-
tain the effects of intrinsic degrees of freedom of colliding pairs.
In Wong and ℓ-summed extended Wong formula, the role of
different Skyrme forces is tested to describe the sub-barrier
dynamics of 16

32S+40
94Zr reaction within SEDF. The SEDF has

advantage of using different Skyrme forces, which in turn lead
to the different barrier characteristics (barrier height, barrier
position, and barrier curvature). The details of calculations
based upon different Skyrme forces are shown in Figs. 2 and 3.
The barrier modification effects that arise due to use of different
Skyrme forces in the fusion dynamics are shown in Fig. 1.

Here, the two Skyrme forces, namely, SIII and GSkI, are
exploited for explaining the fusion enhancement of 16

32S+40
94Zr

system. The reason for choosing SIII and GSkI forces among
the available is that SIII is well-established old Skyrme force
which has been successfully tested to address the fusion exci-
tation function of many nuclear systems. On the other hand,
GSkI is a new force which is parameterized by the experimen-
tal data on the bulk properties of nuclei ranging from normal
to isospin-rich ones, and fitting procedure of GSkI requires
three additional parameters. So in order to carry out the

influence of the force parameter, we have opted one old
established SIII force and another one latest having inclusion
of isospin component and spin-orbit coupling, etc., i.e., GSkI
force. Calculations have been done by using both spherical as
well as deformed choices of colliding nuclei [43]. Barrier
characteristics are main input in Wong model which get mod-
ified within inclusion of different Skyrme forces, thereby af-
fecting the fusion probability and fusion excitation function
across the barrier. In view of this, Fig. 1 is plotted, which
shows the variation of total interaction potential VT(R) for
two Skyrme forces SIII and GSkI by taking spherical as well
as quadrupole deformed choices of colliding nuclei shown,
respectively, in Fig. 1a, b. It is clear from graph that GSkI
force has lower barrier height and larger barrier position as
compared to SIII force. In other words, the barrier character-
istics get modified within the change of Skyrme force. This
kind of observed barrier modification is independent of defor-
mation effects and in turn plays a significant role to address
fusion enhancement at sub-barrier region as discussed in
Figs. 2 and 3.

Figure 2 shows the variation of fusion cross section as a
function of center of mass energy (Ec. m.) using Wong formula
[24]. One can see that the fusion excitation functions calculat-
ed using SIII force within spherical choice of nuclei strongly
underestimated the fusion data at below barrier energies and
overestimate the data at above barrier energies. Although the
inclusion of deformation effects slightly improve the results,
still the experimental data could not be addressed. This dis-
crepancy is due to non-inclusion of the isospin and spin-orbit
coupling effects in SIII-based interaction. In other words,
there is minor improvement particularly in below barrier re-
gion but still a significant variance is observed with respect to
the experimental data. In order to incorporate the isospin and
spin-orbit coupling effects, a new Skyrme force GSkI [37],
which exhibits significantly different properties in comparison
to SIII force, has been applied to explain the sub-barrier fusion
dynamics of chosen reaction. Since GSkI force is obtained by
fitting several properties of isospin-rich nuclei, so it is more
appropriate for description of heavy-ion fusion reactions. It is
clearly observed that GSkI reproduces experimental data at
below barrier energy except at few energies in deep sub-
barrier region whereas it still overestimates the fusion data at
above barrier energies. Therefore, one may conclude that the
use of GSkI force could address the below barrier fusion ex-
citation functions quite adequately but at the expense of bad
comparison at near and above barrier region. It is rele-
vant to mention here that the use of different Skyrme
forces enables us to have a variety of barrier character-
istics and hence the addressal of fusion cross section
gets significantly influenced due to barrier modification
imparted. This barrier modification helps us to address
the fusion enhancement/fusion hindrance somewhat sim-
ilar to that of coupled channel approach.
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In order to address the disagreement of fusion data in above
barrier region, we have applied the ℓ-summed extendedWong
formula with deformation effects included, and the same is
depicted in Fig. 3. The prediction of ℓ-summed extended
Wong formula within the context of SIII force is strongly
suppressed by the experimental data. However, the GSkI force
reasonably describes the fusion enhancement of this system at
below barrier region. Also, the comparison improves signifi-
cantly at above barrier region. It is important to note here that
the barrier modifications, which mirror the variation of barrier
characteristics that originate due to different Skyrme forces

(SIII and GSkI), are responsible for the addressal of fusion
enhancement at sub-barrier energies. Concludingly, in com-
parison to Wong formula, ℓ-summed extended Wong formal-
ism takes care of overestimation at above barrier energies. In
ℓ-summed extended Wong formula, we choose ℓmax value
empirically, while in simple Wong formula, ℓ dependence is
taken from ℓ=0 to ∞. Therefore, comparison improves across
the barrier region for GSkI force as reported in Fig. 3.

After investigating the fusion excitation function
of 16

32S+ 40
94Zr reaction in view of Wong and ℓ-summed Wong

formalism within choices of different Skyrme interactions and
analyzing the role of deformation effects of colliding nuclei,
we intended to explore the fusion dynamics of chosen reaction
in view of the static Woods-Saxon potential and the EDWSP
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along withWong formula. Theoretical predictions based upon
the static Woods-Saxon potential along with Wong formalism
are substantially underestimated by the experimental data
of 16

32S+ 40
94Zr reaction, which clearly indicates that the static

Woods-Saxon potential is not adequate to account the fusion
enhancement of 16

32S+40
94Zr system. In the essence of giving

single fusion barrier between fusing nuclei, the predictions of
static Woods-Saxon potential in conjunction with Wong for-
mula unable to address the observed fusion enhancement of
this system as evident from Fig. 4.

However, the EDWSP model, wherein the energy-
dependent diffuseness parameter induces spectrum of barriers
of variable barrier heights, accurately describes the fusion en-
hancement of this system over a wide range of incident ener-
gies (see Fig. 5). The barrier height varies as a function of
incident energy; henceforth, the different kinds of static and
dynamical physical effects get automatically introduced in the
theoretical calculations. All the entrance channel coupling ef-
fects like static and dynamical deformations and nucleon
transfer channels are included via nucleus-nucleus potential.
Therefore, the EDWSP model along with one-dimensional
Wong formula provide much better description of sub-
barrier fusion dynamics in comparison to simple Wong for-
mula. Using Eq. (15), the value of depth parameter (V0) comes
out to be 95.45 MeV, while the range parameter
(r0 =1.118fm) has been taken as free parameter to reproduce
the experimental data. In EDWSP model calculations,
a=0.97fm is the largest value of diffuseness parameter which
results in the lowest barrier (FB=76.0 MeVatEc.m. =68 MeV
and a=0.97fm (see Fig. 5) and thus can be accounted for the
shifting of maximum flux from relative motion to fusion

channel. With the increase of incident energy, the
value of diffuseness parameter decreases from a=0.97fm
to a=0.85 fm, and consequently, the height of corresponding
fusion barr ier increases from FB = 76.0 MeV to
FB=78.40MeV. This reduced barrier height (smaller than that
of the Coulomb barrier) is in turn responsible to address the
sub-barrier fusion enhancement. At above barrier energies,
wherein fusion cross section is almost insensitive to the various
channel coupling effects (internal structure of colliding nuclei),
the value of diffuseness parameter gets saturated to its mini-
mum value, and hence, largest fusion barrier is produced at this
value of diffuseness parameter. The largest fusion barrier
(FB=78.40MeV at Ec. m. = 95 MeV and a=0.85fm) produced
in the EDWSPmodel calculations is still smaller than that of the
Coulomb barrier (80.47MeV). Therefore, in the EDWSPmod-
el, the lowering of fusion barrier between colliding nuclei can
be ascribed for the prediction of larger sub-barrier fusion exci-
tation function in comparison to that of static Woods-Saxon
potential and hence adequately explain the observed fusion
enhancement of 16

32S+40
94Zr reaction.

In addition to above, the effects of inelastic surface vibra-
tion of colliding nuclei on fusion dynamics of 16

32S+ 40
94Zr sys-

tem are tested within the context of coupled channel calcula-
tions obtained by using code CCFULL. The 16

32S nucleus is
non-magic, while the 40

94Zr nucleus is semi-magic nucleus,
and both collision partners allow the low-lying inelastic sur-
face vibrations as dominant mode of couplings. The deforma-
tion parameters of colliding nuclei as required for the coupled
channel calculations are taken from ref. [11]. Quantitatively,
no coupling calculations, wherein both collision partners are
considered as inert, are unable to predict the required order of
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magnitude of fusion enhancement at sub-barrier energies. The
coupling to one-phonon 2+ and 3− vibrational states of collid-
ing nuclei significantly enhances the magnitude of sub-barrier
fusion excitation function with reference to no coupling case
but fails to provide the close agreement with experimental
data. This suggests the importance of coupling to higher
multiphonon vibrational states. The inclusion of two-phonon
vibrational states of type 2+ and 3− vibrational states along
with their mutual coupling improve the results quantitatively,
but more intrinsic channels are needed to account the observed
fusion data. Although the coupling to low-lying 3− vibrational
state of target is expected to have strong impact on the fusion

dynamics of this system, the sub-barrier fusion enhancement
is almost insensitive to addition of higher multiphonon vibra-
tional states such as three-phonon and four-phonon vibrational
states as evident from Fig. 6.

Therefore, one may conclude that the theoretical predic-
tions based upon static Woods-Saxon potential are substan-
tially smaller than that of experimental data, whereas the pre-
dictions of the EDWSP model accurately describe the fusion
dynamics of 16

32S+ 40
94Zr system in whole range of energy and

hence clearly mirror that the energy dependence in Woods-
Saxon potential simulates various kinds of channel coupling
effects occurring in the fusion dynamics of S-induced reaction
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(Fig. 6). The similar kinds of effects are introduced alterna-
tively via use of different Skyrme forces within SEDF
approach.

4 Conclusions

In the present work, we have analyzed the role of barrier
modification effects introduced by the different theoretical
approaches in the sub-barrier fusion dynamics of
the 16

32S+ 40
94Zr system. The different Skyrme forces such as

SIII and GSkI are used in the one-dimensional Wong and
ℓ-summed extended Wong formula. In addition, the static
Woods-Saxon potential and the EDWSP model are used in
conjunction with the one-dimensional Wong formula. The ef-
fects of the intrinsic degrees of freedom of the colliding sys-
tems, such as inelastic surface excitations, are investigated by
coupled channel calculations. It is observed that the predic-
tions of the Wong formula with the static Woods-Saxon po-
tential and SIII Skyrme force are substantially underestimated
particularly in the sub-barrier region. The one-dimensional
Wong formula with the GSkI force describes the fusion en-
hancement in the sub-barrier region but overestimates the data
at above barrier energies. However, the ℓ-summed extended
Wong formula with GSkI force reproduces the sub-barrier
fusion data of the 16

32S+ 40
94Zr system quite adequately.

In consolidation of this, the role of low-lying surface vibra-
tional states of the collision partners in the fusion of
the 16

32S+ 40
94Zr system is tested within the context of the

coupled channel approach, including only inelastic surface
excitations. It fails to reproduce the fusion excitation function
data at sub-barrier energies. This demands the addition of
neutron transfer channels to account for the observed fusion
enhancement. However, the predictions of the EDWSPmodel
accurately describe the sub-barrier fusion enhancement of
the 16

32S+40
94Zr system. In EDWSP-based calculations, the sig-

nificantly larger diffuseness parameter ranging from
a = 0.97fm to a= 0.85fm is required to describe the sub-
barrier fusion data. Therefore, the present work suggested that
the energy dependence in Woods-Saxon potential and the use
of different Skyrme forces introduce similar kinds of barrier
modification effects (barrier height, barrier position, and bar-
rier curvature) as reflected from the coupled channel approach
and hence provide adequate explanation of sub-barrier fusion
enhancement of the 16

32S+40
94Zr system.
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