
   

Brazilian Journal of Physics

ISSN: 0103-9733

luizno.bjp@gmail.com

Sociedade Brasileira de Física

Brasil

Bebiano, N.; Providência, J. da; da Providência, J. P.

Mathematical Aspects of Quantum Systems with a Pseudo-Hermitian Hamiltonian

Brazilian Journal of Physics, vol. 46, núm. 2, abril, 2016, pp. 152-156

Sociedade Brasileira de Física

Sâo Paulo, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=46444888003

   How to cite

   Complete issue

   More information about this article

   Journal's homepage in redalyc.org

Scientific Information System

Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal

Non-profit academic project, developed under the open access initiative

http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org/articulo.oa?id=46444888003
http://www.redalyc.org/comocitar.oa?id=46444888003
http://www.redalyc.org/fasciculo.oa?id=464&numero=44888
http://www.redalyc.org/articulo.oa?id=46444888003
http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org


GENERAL AND APPLIED PHYSICS

Mathematical Aspects of Quantum Systems
with a Pseudo-Hermitian Hamiltonian

N. Bebiano1 & J. da Providência2 & J. P. da Providência3

Received: 18 November 2015 /Published online: 5 January 2016
# Sociedade Brasileira de Física 2016

Abstract A non-self-adjoint bosonic Hamiltonian H
possessing real eigenvalues is investigated. It is shown that
the operator can be diagonalized by making use of pseudo-
bosonic operators. The biorthogonal sets of eigenvectors for
the Hamiltonian and its adjoint are explicitly constructed. The
positive definite operator which connects both sets of eigen-
vectors is also given. The dynamics of the model is briefly
analyzed.

Keywords Pseudo-HermitianHamiltonians . Non-Hermitian
Hamiltonianswith real eigenvalues . Pseudo-bosons

1 Introduction

In classical quantum mechanics, one of the most funda-
mental axioms is that the Hamiltonian H of the physical
system, which acts on a Hilbert space, is self-adjoint,
H =H*. Also, all observables are described by self-
adjoint operators. The self-adjointness ensures that the

eigenvalues of the operators are real, a relevant issue in
the basis of the theory. The appearance of quantum
systems described by non-self-adjoint operators motivat-
ed the investigation of this kind of systems in finite and
infinite-dimensional Hilbert spaces.

In the last decade, the interest of researchers on non-self-
adjoint operators having real eigenvalues has developed in
different aspects (we refer the readers to [1–16] and references
therein).

In this paper, a non-self-adjoint bosonic Hamiltonian
H acting on an infinite dimensional Hilbert space
and possessing real eigenvalues, is investigated. In
section 2, it is shown that the operator can be diagonal-
ized by making use of pseudo-bosonic operators. The
biorthogonal sets of eigenvectors for the Hamiltonian
and its adjoint are explicitly constructed. A bosonic op-
erator S is determined such that exp(-S)H exp(S) is
Hermitian, being exp(-S*) exp(S) the positive definite
operator which connects the set of eigenvectors of H*
with those of H.

Some considerations concerning the physical interpre-
tation of states with positive and negative J-norm, use-
ful for a deeper understanding of this kind of physical
systems, are presented.

In section 3, a numerical example illustrates the procedure
presented in section 2. Finally, in section 4, some discussions
are carried out.

2 Pseudo-Hermitian Hamiltonian with Real
Eigenvalues

Let be a Hilbert space endowed with inner product 〈 ·, · 〉
and related norm ‖ · ‖. Let be a dense domain of . The
operators are bosonic
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operators, i.e., they satisfy the Weil-Heisenberg commutation
relations (CRs),

ai; a
*
j

h i
¼ δi j; a*i ; a

*
j

h i
¼ 0; ai; aj

� � ¼ 0;

i; j ¼ 1; : : : ; N ;

where δij denotes the Kronecker symbol (δij equals 1 for i= j
and 0 otherwise). Conventionally, ai and ai

* are called annihi-
lation and creation operators, respectively, and they are un-
bounded. Let us consider the non-self-adjoint Hamiltonian

H ¼
X
i j

Ai ja
*
i a j þ Bi ja

*
i a j

� �
;

where A= (Aij), B= (Bij) are real matrices of order N×N, such
that

Ai j ¼ Aiδi j; Bi j ¼ Biδ j;iþ1−Bi−1δ j;i−1;

that is, A=diag (A1,A2, . . . ,AN) and

B ¼

0 B1 0 0 … 0 0
−B1 0 B2 0 … 0 0
0 −B2 0 B3 … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 … 0 BN−1
0 0 0 0 … −BN−1 0

2
6666664

3
7777775

For physical convenience, we assume that A1 >. . . >AN≥0.
Notice that A+B is called a pseudo-Jacobi matrix, since J ·
(A+B) is a Jacobi matrix for J=diag(1,−1, 1,…,− (−1)N),
that is, a real tridiagonal symmetric matrix. We observe that a
complete system of eigenvectors forH is provided by the vectors

Φn1;…;nN
¼ a*1

n1…a*N
nNΦ0;

whereΦ0∈ is the vacuum state of the operators ai, i.e., a vector
such that

aiΦ0 ¼ 0; i ¼ 1;…;N ;

and n1, . . ., nN are non-negative integers. These vectors are
orthogonal

Φp1;…;pN ;Φn1;…;nN

� � ¼ n1!⋯nN !δn1p1⋯δnNPN Φ0;Φ0h i:

Clearly, Φ0 is an eigenvector of H corresponding to
the eigenvalue 0. The spectral analysis of H requires the
determination of the remaining eigenvalues. The physi-
cal requirement that the spectrum of H is real imposes
important restrictions on the matrices A and B.We may
observe that even a self-adjoint Hamiltonian quadratic in
bosonic operators may not have a real spectrum, as is
the case of the self-adjoint operator

a*21 þ a21;

which does not have real eigenvalues.In order to deter-
mine the eigenvalues of H, we investigate the so called
equation of motion method (EMM) condition

H ;
X

i

X ia
*
i −Y iai

� �" #
¼ λ

X
i

X ia
*
i −Y iai

� �
; ð1Þ

with λ a real parameter and [X,Y] =XY−YX denoting
the commutator of X and Y. From (1), we get the block
matrix equation

Aþ B 0
0 −Aþ B

� 	
X
Y

� 	
¼ λ

X
Y

� 	
; ð2Þ

where X= (Xi),Y= (Yi) are column matrices with N real
entries. Since the diagonal block matrix

M ¼ Aþ B 0
0 −Aþ B

� 	

is real and pseudo-Hermitian, because (J⊕ J)MT(J⊕ J) =M,
its eigenvalues λ are either real or pairs of complex conjugate
numbers. The absence of complex eigenvalues required by the
physical interpretation of the model restricts the admissible
matrices A and B. The spectrum of H is real only if the eigen-
values of M are real, which is supposed to be the case. Since
the eigenvalues ofM are real, they coincide with those ofMT,
and so, these matrices are isospectral. From (2), it follows that

Aþ B 0
0 −Aþ B

� 	
Y

0

X
0

� 	
¼ −λ Y

0

X
0

� 	
;

where [X ′ T,Y ′ T]T is an eigenvector of MT corresponding to
the same eigenvalue λ, so if λ is an eigenvalue of (2), so is −λ.
We easily conclude that either X≠0,Y=0 or Y≠0,X=0, so
that we conveniently replace (2) by the eigenvalue problem
for A+B and for its transpose

Aþ Bð ÞX ¼ λX ; ð3Þ
A−Bð ÞX 0 ¼ λX 0: ð4Þ

Let us consider a set of eigenvectors of (3) and (4), namely,
X (r) = (X 1

(r),…,XN
(r) )T and X ′ (r) = (X1

′ (r),…,XN
′ (r) )T. These are

complete systems in ℝN, because the eigenvalues of A+B as
well as those of A − B, are mutually distinct. Also,
biorthogonality occurs, as

X rð Þ;X
0 sð Þ

D E
¼ X

0 sð ÞT
X rð Þ ¼ δrs:

Notice that X ′(r) =ϵr J X
(r), for J=diag(ϵ1, . . . ϵN)=diag(1, −1,

1, . . ., (−1)N +1). This is equivalent to considering the J-nor-
malization,

JX rð Þ; X sð Þ
D E

¼ X sð ÞT JX rð Þ ¼ εrδrs:
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The matrix

U ¼ X 1ð Þ;…;X Nð Þ
h i

∈RN�N ;

whose columns are the eigenvectors X(i), belongs to the
real pseudo-orthogonal group, defined by the property
JUT JU= I. The matrix S given by U= exp S belongs
to the algebra, closed under commutation relation, de-
fined by the property JST J=−S, which is isomorphic to
the algebra of the operators

S ¼
XN
i¼1

si ja
*
i a j; S ¼ si j

� �
:

Consider the pseudo-bosonic operators also acting on ,

c‡r ¼
XN
i¼1

X rð Þ
i a*i ¼ eSa*r e

−S ;

cr ¼
XN
i¼1

εrεiX
rð Þ
i ai ¼ eSare

−S

being cr
‡ a creation operator, i.e., it increases the number of

bosons in the dynamical state r by one unit, and cr a destruc-
tion operator, i.e., it decreases the number of bosons in the
dynamical state r by one unit.Expressed in terms of cr

‡, cr,
the Hamiltonian becomes

H ¼
XN
r¼1

λrc
‡
r cr ¼ eS

XN
i¼1

λia
*
i aie

−S :

The vacuum Ψ0 of cr coincides with Φ0 and is the
groundstate eigenvector of H, if λi≥ 0, i=1, . . ., N . The
corresponding excited state eigenvectors are given by

Ψn1;…;nN ¼ c‡ n11 ⋯c‡ nNN Φ0 ¼ eSΦn1;…;nN ; ð5Þ

the associated eigenvalues being

En1;…;nN ¼ n1λn1 þ : : : þ nNλnN ;

where and n1, . . ., nN are non-negative integers. Similarly, the
vacuum Ψ0 of cr* coincides with Φ0 and is the groundstate
eigenvector of H*. The corresponding excited state eigenvec-
tors are given by

Ψ
0

n1;…;nN
¼ c*1

n1 � � � c*N
nN
Φ0 ¼ e−S*Φn1;…;nN : ð6Þ

The systems of eigenvectors Ψn1;…;nN and Ψ
0

n1;…;nN
are

biorthogonal:

Ψ
0
p1;…;pN

;Ψn1;…;nN

D E
¼ n1!⋯nN !δn1p1⋯δnNPN Φ0;Φ0h i

From (5) and (6) it follows that

Ψ
0
p1;…;pN

¼ e−S*e−SΨn1;⋯;nN :

We remark that the operator e−S* e−S which connects both
sets of eigenvectors is positive definite. Thus,

Ψp1;…;pN ;e
−S*e−SΨn1;…;nN

� �
¼ n1!⋯nN !δn1p1⋯δnN pN Φ0;Φ0h i; ð7Þ

i.e., the vectors Ψp1;…;pN are orthogonal with respect to the
positive norm operator

e−S*e−S :

Recall that, in the finite dimensional case, the system of ei-
genvectors of a matrix M is biorthogonal to the system of
eigenvectors of M* if the eigenvalues are real. Consider, for
instance, the case of the matrices A+B and (A+B)T. The sets
of eigenvectors of both matrices are connected by a positive
definite operator. Indeed, it is clear that

X
0 rð Þ ¼ JUUT JX rð Þ; r ¼ 1;…;N ;

and JUUTJ is obviously positive definite.
As a consequence of (7), an arbitrary Ψ ∈ H may be ex-

panded as

Ψ ¼
X
n1;…;nN

Cn1;…nNΨP1;…Pn ;

its e− S∗ e− S norm being

Ψ ; e−S*e−SΨ
� � ¼

X
n1;…;nN

Cn1;…;nN



 

2n1!⋯nN ! Φ0;Φ0h i;

an expression which is easily amenable to a probabilis-
tic interpretation.We consider CN endowed with the al-
ready mentioned inner product 〈X,Y〉J=Y*JX, for any
X ,Y ∈ CN, and respective J-norm ∥X∥J =X*JX. The
matrix A+B gives the possible dynamical states of each
bosonic particle. Some considerations are in order
concerning the physical interpretation of states with pos-
itive J -norm and states with negative J -norm. Several
interpretations connected with transition probabilities
may be possible. For instance, by analogy with the
well-known situation of π-mesons described by the
Klein-Gordon equation, we may associate positive J-
norm with positive electric charge and negative J-norm
with negative electric charge. The J-norm of some state
may be associated with the electric charge of that state.
Let us consider the state described, at the instant t= 0,
by the vector

X ¼ c1X
1ð Þ þ…þ cNX

Nð Þ∈CN :
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According to quantal dynamics and the superposition prin-
ciple, at the instant t, the state is described by the vector

X tð Þ ¼ c1X
1ð Þeiλ1t þ : : :þ cNX

Nð ÞeiλN t:

Assuming N even, the J-norm of this vector, which gives the
total electric charge of the state, is expressed as

X ;Xh i J ¼ X*JX ¼ c1j j2− c2j j2 þ c3j j2− c4j j2−…− cNj j2:

The probability of positive electric charge states is

Pþ ¼ c1j j2 þ c3j j2 þ…þ cN−1j j2
c1j j2 þ c2j j2 þ c3j j2 þ…þ cNj j2

and the probability of negative electric charge states is

P− ¼ c2j j2 þ c4j j2 þ…þ cNj j2
c1j j2 þ c2j j2 þ c3j j2 þ…þ cNj j2 :

3 A Numerical Example

Let us consider the pseudo-Hermitian Hamiltonian
H=3a1

*a1+a1
*a2−a2*a1.In terms of pseudo-bosonic operators,

it is expressed as

H ¼ 3þ ffiffiffi
5

p

2
c‡1c1 þ

3−
ffiffiffi
5

p

2
c‡2c2;

being

c‡1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ffiffiffi

5
p

2
ffiffiffi
2

p
s

a*1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−

ffiffiffi
5

p

2
ffiffiffi
2

p a*2;

s

c‡2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ffiffiffi

5
p

2
ffiffiffi
2

p a*2

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−

ffiffiffi
5

p

2
ffiffiffi
2

p a*1;

s

and

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ffiffiffi

5
p

2
ffiffiffi
2

p
s

a1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−

ffiffiffi
5

p

2
ffiffiffi
2

p a2

s
;

c2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ ffiffiffi

5
p

2
ffiffiffi
2

p a2

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−

ffiffiffi
5

p

2
ffiffiffi
2

p a1

s
:

Moreover

c‡i ¼ eSa*i e
−S ; ci ¼ eSaie

−S ; i ¼ 1; 2;

with

S ¼ arctan
3−

ffiffiffi
5

p

2
a*1a2−a

*
2a1

� �
:

The eigenvectors of H are given by

Ψn1; n2 ¼ c‡1
n1
c‡2

n2
Φ0;

The eigenvectors of H* are given by

Ψ
0
n1;n2

¼ c*1
n1 c*2

n2 Φ0 ¼ e−S*a*1
n1a*2

n2Φ0:

Here, Φ0 is the vacuum of the operators ai, i=1, 2. These sets
of eigenvectors are biorthogonal. Finally, we note that H is
similar to the Hermitian operator,

H0 ¼ 3þ ffiffiffi
5

p

2
a*1a1 þ

3−
ffiffiffi
5

p

2
a*2a2:

Indeed, H= eSH0e
− S.

4 Discussion

In section 2, a certain non self-adjoint HamiltonianHwith real
eigenvalues, expressed as a quadratic combination of bosonic
operators, is diagonalized by means of dynamical pseudo-bo-
sons, which are determined by the EMM, with the help of a
real and pseudo-Hermitian matrix M of size 2N. A complete
system of eigenvectors of the investigated Hamiltonian,
expressed in terms of pseudo-bosonic creation and annihila-
tion operators of has been obtained. This system of eigenvec-
tors is biorthogonal to the system of eigenvectors of the ad-
joint Hamiltonian. Both systems of eigenvectors are connect-
ed through a positive definite operator explicitly constructed
in terms of bosonic creation and annihilation operators. A
bosonic operator S is determined such that exp(−S)H exp(S)
is Hermitian, being exp(−S*) exp(−S) the positive definite op-
erator which connects the set of eigenvectors ofH* with those
of H.
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