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GENERAL AND APPLIED PHYSICS

Ion-Acoustic Vortices in Two-Electron-Temperature
Magnetoplasma with Cairn’s Distributed Electrons
and in the Presence of Ion Shear Flow
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Received: 16 October 2015 /Published online: 11 January 2016
# Sociedade Brasileira de Física 2016

Abstract Linear and nonlinear characteristics of electro-
static waves in a multicomponent magnetoplasma compris-
ing of Boltzmann distributed electrons, Cairn’s distributed
hot electrons, and cold dynamic ions are studied. It is
found that the effect of superthermal electrons, ion-
neutral collisions, and ion shear flow modifies the propa-
gation of ion-acoustic and drift waves. The growth rate of
the ion shear flow instability varies with the addition of
Cairn’s distributed hot electrons. It is also investigated that
the behavior of different type of vortices changes with the
inclusion of superthermal hot electrons. The relevance of
this investigation in space plasmas such as in auroral re-
gion and geomagnetic tail is also pointed out.

Keywords Ion-acoustic vortices . Two-electron temperature .

Nonthermal distribution of ions

1 Introduction

In different plasma environments such as auroral ionosphere,
magneto-tail, Earth’s bow shock as well as in the laboratory,
two distinct populations of electrons (hot and cold) have been

observed ([1] and the references therein). Observations [2] of
Earth’s magnetosphere have shown the presence of highly
energetic electrons with non-Maxwellian distribution. In re-
cent years, a number of researches [3–5] showed their interest
in the study of space plasmas by considering the non-
Maxwellian behavior of energetic species. The distribution
of plasma species having more energetic/superthermal parti-
cles in the tail deviates from the Maxwellian distribution. In
nonthermal distributions like kappa distribution [6], Cairn’s
distribution [7] have been proposed by different scientists on
the basis of observed space data and theoretical models.

A lot of research work has appeared in the literature, con-
sidering the superthermality effect on the propagation of linear
and nonlinear waves [8–18]. The role of highly energetic elec-
trons on the formation of acoustic-like solitary waves has been
discussed in many references, e.g., Gill et al. [8] investigated
the role of superthermal electrons on the propagation of ion-
acoustic solitary waves and double layers with the help of
reductive perturbation method. Saini et al. [9] used a
pseudopotential method to investigate the characteristics of
arbitrary amplitude ion-acoustic solitary waves for non-
Maxwellian electrons with cold ions. El-Awady et al. [19],
investigated the propagation of nonlinear solitary waves in
nonextensive electron-positron-ion (e-p-i) plasmas.

Shan and Haque [14] investigated the role of superthermal
electrons on the propagation of ion-acoustic and drift wave-
driven vortices (which are different structures in nature as
compared to solitons, because these structures posses the vor-
ticity). Adnan et al. [15] extended this work to e-p-i plasmas
and studied the superthermality effect of electrons and posi-
trons on the characteristics of vortices. The role of
superthermal electrons on the linear and nonlinear behavior
of ion temperature gradient (ITG mode and ITG-mode driven
vortices) has been studied by Batool et al. [16] and Zakir et al.
[17], respectively.
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Recently, Rufi et al. [20−21] investigated the ion-acoustic
solitons and super solitons in a magnetized plasma having two
types of electrons. They assumed the Cairn’s distribution for
the highly energetic electrons and Maxwell-Boltzmann be-
havior of other inertialess electrons along with dynamic cold
ions. They concluded that the inclusion of nonthermal hot
electrons extends the Mach number domain to the supersonic
regime. In this paper, we considered a model similar to that of
Rufi et al. [20], along with ion shear flow along the magnetic
field lines, and investigated the role of superthermal electrons
(Cairn’s distributed hot electrons) on the characteristics of the
dipolar and street-type vortices. We also found the modified
behavior of the shear flow instability in the presence of highly
energetic electrons.

In Section 2, the model equations and the derivation of
nonlinear set of equations are presented. The linear dispersion
relation is discussed in Section 3. The nonlinear solutions in
the form of vortices are discussed in Section 4. The results are
summarized in Section 5.

2 Derivation of Nonlinear Equations

Let us consider the propagation of ion-acoustic waves in a
three-component highly magnetized and collisional plasma
having two types of electrons such as cold electrons following
the Boltzmann distribution and the hot electrons following the
nonthermal Cairn’s type distribution with cold fluid ions. The
ambient magnetic field is assumed to be uniform and pointing
in the z-direction such that B0 =B0ẑ. The electric field can be
written as E=−∇φ, where φ is the electrostatic wave poten-
tial. In equilibrium, the three-component plasma satisfies the
following quasineutrality condition

nc0 þ nh0 ¼ ni0; ð1Þ
where the subscript c (h) stands for the cold (hot) species of
electrons and i is used for the ions. For nonthermal electron
population, the electron distribution function (Cairn’s type)
[7] can be written as

f h0 υð Þ ¼ nh0

3αþ 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffi
2πυ2th

q 1þ αυ4

υ4th

� �
exp −

υ2

2υ2th

� �
; ð2Þ

where nh0 represents the equilibrium density of nonthermal

electrons, υth ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Th=me

p
is the thermal speed of hot elec-

trons, and α is the nonthermal parameter. Here, Th is the equi-
librium temperature of the hot electrons expressed in the en-
ergy units. With the nonthermal electron distribution in the
presence of ion-acoustic wave potential, we replace (υ/υth)

2

by (υ/υth)
2−2eϕ/Th and integrate over velocity space; we ob-

tain the number density of hot electrons,

nh ¼ nh0 1−β
eϕ
Th

� �
þ β

eϕ
Th

� �2
 !

exp
eϕ
Th

� �
; ð3Þ

where β=4α/(1+3α). For α=0, it corresponds to Boltzmann
distribution of hot electrons. On the other hand, the other
group of cold electrons follows the Boltzmann distribution,
such that we can write

nc ¼ nc0exp
eϕ
Tc

� �
; ð4Þ

where Tc represents the temperature of cold electrons
expressed in the energy units.

To convince, we shall use the following nomenclature:
the cold electron density ratio f = nc0/ni0, αc = Teff /Tc,
αh = Teff /Th, and effective temperature Teff = Tc/( f + (1
− f )τ) with τ=Tc/Th. ni0 is the total ion number density,
and Ti and Th(Tc) are the fixed temperatures of the ion
and hot(cold) electrons expressed in the energy units. We
have expanded Eq. (3) nh = nh0(1 − f ) (1 − β(αhΦ) +
β(αhΦ)

2) exp (αhΦ). By assuming αhϕ ≪ 1, the perturbed
part of hot electrons can be written as nh1≃ ni0(1 − f )(1
− β)(αhΦ1), where the normalized electrostatic potential
Φ= eϕ/Teff. Here, we have used the quasineutrality condi-
tion in equilibrium such that ni0 = nc0 + nh0.

The linearized form of Poisson’s equation and the usage of
Eqs. (3) and (4) yield the following result,

ni1≃ f αc þ 1− fð Þ 1−βð Þαhð ÞΦ1−λ2D∇
2Φ1

¼ δΦ1−λ2D∇
2Φ1

ð5Þ

where δ= ( fαc+ (1− f )(1−β)αh) and λD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T eff=4πni0e2

p
.

The subscripts zero (0) and one (1) denote the equilibrium
and the perturbed quantities, respectively. nc1, nh1 are the
perturbed number densities of cold and hot electrons,
respectively.

The momentum equation for the cold, collisional ions can
be written as

mini0 ∂t þ vi⋅∇ð Þvi ¼ eni0 −∇ϕþ 1

c
vi � B0

� �
−mini0vinvið6Þ

Here, we have neglected the pressure gradient of the cold
ions by assuming that the phase velocity of the wave is much
larger than the thermal speed of ions and νin is the collision
frequency between the ions and neutral particles. However,
we have ignored the self-collisions as well as the electron-
ion and electron-neutral collisions, because of the small inertia
of the electrons.

For low-frequency waves (∂t≪ωci, where ωci= eB0/mic is
the ion gyrofrequency), the perpendicular component of cold
ion fluid Eq. (6) with the help of drift approximation can be
written as
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vi⊥≃
c

B0
ẑ� ∇ϕ−

c

B0ωci
∂t þ vin þ vE⋅∇þ vi0 xð Þ þ vizð Þ∂zð Þ∇⊥ϕ: ð7Þ

Similarly, the parallel component of ion fluid in the pres-
ence of parallel ion shear flow can be written as

∂t þ vin þ vE⋅∇þ vi0 xð Þ þ vizð Þ∂zð Þviz
¼ −

e

mi
∂zϕþ vE⋅∇vi0 xð Þ

¼ −
T eff

mi
∂z−

∂xvi0 xð Þ
ωci

∂y
� �

eϕ

T eff

� �
¼ −c2s ∂z−Si∂y

� �
Φ

ð8Þ

where Si=∂xvi0/ωci is the parallel velocity ion shear flow pa-

rameter and cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T eff=mi

p
is the effective ion-acoustic

speed.
Using ion continuity equation and drift approximation (7),

we get

dt þ vin þ vE⋅∇þ viz∂zð Þni1
ni0

−
c

B0ωci
dt þ vin þ vE⋅∇þ viz∂zð Þ∇2

⊥ϕ

−vin
ni1
ni0

−
c∂x Inni0ð Þ

B0
∂yϕþ ∂zviz ¼ 0;

ð9Þ

where dt = ∂t + vi0(x)∂z and vE = (c/B0)ẑ ×∇φ is the usual
E×B0 drift. Here, we have used the condition |vE ⋅ ∇|≫ |vz∂z|.
It is worth to mention here that ∇×v≠0 can give rise to a
vortex-type structure in the nonlinear regime. Equations (5),
(8), and (9) form a closed set of equations.

3 Linear Dispersion Relation

To obtain a linear dispersion relation, we linearize our
set of nonlinear Eqs. (5), (8), and (9) and assume that
all the perturbed quantit ies are proportional to
exp [−i(ωt− kyy− kzz)] and finally obtain the following
dispersion relation,

ω0 þ ivinð Þ2k2⊥ρ2i þ δ ω0 þ ivinð Þ ω0 1þ k2λ2D
δ

� �
−ω*

� �
−k2z c

2
s 1−

kySi
kz

� �
¼ 0;

ð10Þ

where ω ′=ω− kzvi0(x) is the Doppler shifted frequency,
ρ i = c s /ω c i i s the effec t ive ion Larmor rad ius ,
ω* = (kycTeff∂xInni0)/(δeB0) is the modified drift wave
frequency, and Si = ∂xvi0(x)/ωci is the almost constant
ion shear flow parameter.

In the absence of collisions and background density gradi-
ents with k2λD

2 ≪1, Eq. (10) reduces to

ω0 ¼ kzcs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−kySi=kz

f αc þ 1− fð Þ 1−4α= 1þ 3αð Þð Þαh þ k2⊥ρ
2
i

;

s
ð11Þ

which shows that the ion-acoustic mode can become unstable
for kySi> kz. Figure 1 shows a plot of normalized growth rate
γ/ωci vs. kzρi by choosing the same parameters as described in
[21], i.e., ni0 = 0.1/cm

3, B0 = 0.2 G, Th=500 eV, Tc=5 eV,

f= 0.1, τ= 0.04, M= u/cs= 0.98, ky=
ffiffiffiffiffiffiffi
0:5

p
=ρs, Si= 0.5, by

varying the nonthermal electron population parameter
α=0.9 (black solid curve) and 0.1 (dashed red curve). It is
evident from the graph in Fig. 1 that the growth rate of acous-
tic mode in the presence of shear increases with the increase of
nonthermal electron population.

On the other hand, if we keep the ion drag, Eq. (10) predicts
an oscillatory instability of the ion-acoustic drift waves in the
presence of hot nonthermal and cold electrons for ω ′≪ vin.
Letting ω=ωr+ iγ, we get

γ ¼ −
vink

2
⊥ρ

2
s

δ
−
k2z c

2
s 1−kySi=kz
� �
vinδ

: ð12Þ

Equation (12) shows that in the absence of parallel ion
shear flow, the wave is purely damped, however, the ion drift
dissipative instability gives growth for |Si|ky> kz. Therefore, it
follows from Eq. (12) that ion-acoustic and drift waves can be
driven unstable by the combined effects of ion shear flow
provided the condition |Si|ky> kz is met. The ion shear flow
and ion-neutral collisions can drive the coupled ion-acoustic
and drift modes unstable for two electron species plasmas.

4 Nonlinear Analysis

In the nonlinear case, to find a localized vortex-type solution,
we first use the following normalization for mathematical as
well as numerical simplicity: the time variable with inverse of
ion cyclotron frequency ωci

− 1, the space coordinates with the
effective ion Larmor radius ρi= cs/ωci, the ion fluid velocity

with effective ion-acoustic speed cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T eff=mi

p
, and the

Fig. 1 (Colored online): The growth rate is plotted as a function of kz
from Eq. (11) by choosing some typical parameters given in the text. The
top black curve for α= 0.9 and below the red curve for α= 0.1
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perturbed ion number density with its total equilibrium num-
ber density. In the normalized form, the ion continuity and
momentum equations for collisionless plasma can be
expressed as follows:

∂tni þ ∇⋅ nivið Þ ¼ 0; ð13Þ
∂t þ vi⋅∇ð Þvi ¼ −∇Φþ vi � ẑ; ð14Þ

Using drift approximation in the ion continuity equation
and letting ni=ni0 +ni1, (where ni1≪ni0, and ni0, ni1 are the
equilibrium and perturbed number densities of ions, respec-
tively), we obtain

Dt ni1−∇2
⊥Φ

� �
− ∂xInni0ð Þ∂yΦþ ∂zviz ¼ 0;

where Dt=dt+ ẑ×∇⊥Φ ⋅ ∇+ viz∂z. Using (5), the above equa-
tion can be rewritten as

Dt δΦ− 1j þ λ2D=ρ
2
i

� �
∇2
⊥Φ

� �
− ∂xInni0ð Þ∂xΦþ ∂zviz ¼ 0: ð15Þ

Here, we have assumed ∇⊥
2≫∂2/∂z2.

The parallel component of ion momentum equation is

Dtviz ¼ −∂zΦþ Si∂yΦ; ð16Þ

Next, we shall proceed to obtain the possible stationary
solution [22] of Eqs. (15) and (16). We introduce a new frame
(x, ξ), such that ξ= y+ ηz− ut, where u is the translational
speed of the vortex and η is the angle between the wave front
normal and xy-plane. It may be noted here that we have as-
sumed that |ẑ×∇⊥Φ ⋅ ∇|≫ |viz∂z|. Equation (15) in the trans-
formed frame can be written as

−Uℒ ϕviz ¼ − η−Sið Þ∂ξΦ; ð17Þ

whereℒϕ=∂ξ− (1/U)(∂xΦ∂ξ−∂ξΦ∂x) is a differential operator
andU=u−ηvi0≠0. It can be easily verified that in the station-
ary frame Eq. (17) is exactly satisfied by

viz ¼ 1

U
η−Si0ð ÞΦ: ð18Þ

Inserting viz from Eq. (18) into Eq. (15), we get

Uℒ ϕ δϕ− 1þ λ2D=ρ
2
i

� �
∇2
⊥Φ

� �
− ∂xInni0ð Þ∂ξΦþ η

U
η−Si0ð Þ∂ξΦ ¼ 0;

which on simplification gives

δ−
Un*

U
−
η η−Si0ð Þ

U 2

� �
∂ξΦþ 1þ λ2D

ρ2i

� �
∂ξ−

1

U
ẑ� ∇⊥Φ⋅∇

� �
∇2
⊥Φ ¼ 0;

ð19Þ

where Un* =∂xInni0. For δ−Un*
U − η η−Si0ð Þ

U2

	 

¼ 0, we obtain the

following equation

∂ξ∇2
⊥ϕ−

1

U
J ϕ;∇2

⊥ϕ
� � ¼ 0; ð20Þ

where ∇⊥
2 =∂x2 +∂ξ2. The above equation is satisfied by

∇2
⊥Φ ¼ 4Φ0

R2 exp −
2

ϕ0
Φ−Uxð Þ

� �
ð21Þ

where Φ0 and R0 are arbitrary constants. The analytical solu-
tion of Eq. (21) is

Φ ¼ Uxþ Φ0In 2coshxþ 2 1−
1

R2
0

� �
cosξ

� �
: ð22Þ

For R0
2>1, the vortex profile given in Eq. (22) resembles

the Kelvin-Stuart Bcats eyes^ that are chains of vortices [23].

The vortex chain speed is U ¼ Un* �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Un*ð Þ2 þ 4η η−Si0ð Þ

q� �
=2.

Although an exact solution of the nonlinear equations can
only be obtained with the help of numerical simulations,
which are beyond the scope of our present investigation.
Here, we shall present some interesting analytical solutions
which highlight the importance of new results. On the other
hand, if we retain the Jacobian nonlinearity, we have

∂ξ∇2
⊥Φ−

1

U
J Φ;∇2

⊥Φ
� �

−ψ1∂ξΦ ¼ 0; ð23Þ

where ψ1 ¼ −δ þ Un*
U þ η η−Si0ð Þ

U2

	 

1þ λ2D

ρ2i

	 
−1
. The solution

of Eq. (23) can be written as

∇2
⊥Φ−ψ1Φ ¼ f Φ−Uxð Þ ð24Þ

The function f(Φ−Ux) =F* (Φ−Ux) is assumed to behave
linearly, where F is some constant. Thus, Eq. (24) gives us

Fig. 2 (Colored online): The typical contour plots for the normalized
electrostatic potential ϕ in (x, ξ) plane from Eqs. (26) and (27) are
drawn by choosing some typical parameters given in the text. The said
curves correspond to a Mach number M = u/cs= 0.98, Si= 0.1. Here, all
the distances are normalized with ρi
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∇2
⊥Φ−ψ1Φ ¼ F* Φ−Uxð Þ: ð25Þ

Equation (25) can be transformed in (r, θ) coordinates, and
its solution in the outer (r<R0) and inner (r>R0) regions of a
circle of arbitrary radius R0 can be written as

ϕout r; θð Þ ¼ C1K1 ψ1rð Þcosθ ð26Þ
and

Φin r; θð Þ ¼ C2 J 1 ψ2rð Þ þ ψ2
1 þ ψ2

2

ψ2
2

 !
U r

" #
cosθ; ð27Þ

respectively, where ψ2
2=− (ψ1

2 +F),F=− (ψ1
2+ψ2

2) and K1, J1
are modified and ordinary Bessel functions, respectively. The
arbitrary constants C1 and C2 can be evaluated from the con-
tinuity of the solution Φ,∂rΦ, and ∇⊥

2Φ at the boundary of the
circle r=a0 as

C1 ¼ U
a0

K1 ψ1a0ð Þ; C2 ¼ U −
ψ2
1

ψ2
2

 !
a0

J 1 ψ2a0ð Þ; ð28Þ

and ψ2 from the following nonlinear solution

K2 ψ1a0ð Þ
K1 ψ1a0ð Þ ¼ −

ψ1 J 2 ψ2a0ð Þ
ψ2 J 1 ψ2a0ð Þ : ð29Þ

The above Eqs. (26) and (27) along with arbitrary constants
admit the dipolar vortex solution. The contour plot of the so-
lutions (26) and (27) is plotted in Fig. 2 for the same parameters
as discussed earlier. We find ρi=6196.3 cm. It can be seen that
like the vortex street solutions, the nonlinear dipolar structures
are also formed on a short scale length, i.e., of the order of
Larmor radius i. Equation (26) implies that the dipolar solution

will be bounded if ψ1 >0, that is −δ þ Un*
U þ η η−Si0ð Þ

U2

	 

> 0.

Thus, the boundedness condition of the dipolar solution mod-
ifies in the presence of Cairn’s factor (α) which is contained in
δ. Similarly, the range of Mach number will also change with
the superthermal effects of electrons.

5 Summary

In this paper, linear as well as nonlinear propagation of
electrostatic waves has been investigated in the presence
of Cairn’s distributed hot electrons and ion shear flow
parallel to the ambient magnetic field. The linear disper-
sion relation is derived, and the instability condition
(|Si|ky> kz) due to shear flow is also discussed. The growth
rate of the instability is plotted for the space plasma pa-
rameters, and its variation with the superthermal electrons
is shown. It is noticed that the growth rate increases with
the superthermality factor of electrons. On the other hand,
various types of coherent nonlinear vortex solutions (such
as monopolar, dipolar, and vortex street) are found in a
collisionless plasma limit. It is observed that the inclusion
of the superthermality effect modifies the condition of
existence and boundedness of vortex solutions (see e.g.,
Fig. 3). The results of the present investigation may be
beneficial to understand the dynamics of two temperature
electrons of space plasmas.
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