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Abstract It is usually believed that the second law neces-
sarily implies the following statement: the faster we drive a
system, the larger is the energetic cost for such manipula-
tion. In the present paper, we show that this is not always
the case. The energy necessary to drive a system is quanti-
fied by the thermodynamic work performed by the external
observer. We have shown that there exists a regime in which
this quantity reveals a non-monotonic decay as a function
of the switching time. Although this effect can be more
pronounced in thermally isolated systems, we claim that it
can also be present under isothermal conditions. We illus-
trate our findings with a spin-1/2 in the presence of a
time-dependent magnetic field.

Keywords Nonequilibrium thermodynamics - Irreversible
processes - Second law of thermodynamics

1 Introduction

The second law of thermodynamics tells us about funda-
mental limits on manipulations of thermodynamic systems
[9]. It imposes, for instance, a lower bound on the energy
necessary for driving a system from one equilibrium state to
another while it is kept in contact with a heat bath. Accord-
ingly, such energetic cost, quantified by the thermodynamic
work W performed by an external observer, has to be always
greater or equal to the Helmholtz free energy difference
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AF between the two equilibrium states. This minimum
value can be achieved if the driving is carried out quasistat-
ically, i.e., if the process is performed extremely slowly.
Therefore, it seems reasonable to expect W to be slightly
bigger than AF if the driving speed is slightly bigger than
zero. However, the second law does not necessarily imply
that the faster we drive, the larger is the energetic cost. In
other words, one should not expect in general a monotonic
increase of W as the switching time decreases.

We wonder whether there is any generic feature in the
behavior of W as a function of the switching time 7. This is
in principle a very hard problem to solve because, for finite
7, the thermodynamic work depends strongly on the pro-
cess we perform and on the nonequilibrium dynamics of the
system of interest. To be more precise, for a finite-time pro-
cess, W is a functional of the protocol we have chosen to
manipulate the system, i.e., not only the initial and final val-
ues matter but also how the externally controlled parameter
is varied between these two end points. Another related and
interesting question is: what is the minimum energetic cost
for manipulating a system given t and the initial and final
values of the externally controlled parameter? The answer
to this question would establish the finite-time analog of
the lower bound predicted by the second law. Although
this problem of optimization in finite time dates back to
the proposal of the thermodynamic length [4, 19, 20, 26],
it has received renewed attention recently due to the inter-
est of optimizing the manipulation of small thermodynamic
systems [1, 7, 11, 12, 21, 22].

It is clear from the previous discussion that the search
for generic features on the nonequilibrium behavior of W
is intimately related to the physics of optimal processes in
finite time. The main theoretical tools that have been used
in this field are stochastic thermodynamics [5, 21, 23] and
linear response theory [1, 7, 11, 22]. In the present paper,


http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s13538-015-0370-7-x&domain=pdf
mailto:mbonanca@ifi.unicamp.br

Braz J Phys (2016) 46:248-253

249

we briefly review and illustrate what has been achieved so
far using the latter approach. In Section 2, we show that,
once we are restricted to close-to-equilibrium processes, it
is possible to express W as a functional of the finite-time
process. They can be grouped in two distinct regimes which
are briefly discussed in Sections 3 and 4. In Section 5, we
illustrate one of those regimes using a spin-1/2 particle in
the presence of a time-dependent magnetic field as the ther-
modynamic system of interest. We summarize and conclude
in Section 6.

2 Finite-Time Behavior of W
for Close-to-Equilibrium Processes

Our goal is to investigate the behavior of the thermodynamic
work W as a function of the switching time t. For that,
our first step is to specify under which thermodynamic con-
straints we want to study such behavior. We shall focus here
on two relevant situations: isothermal and adiabatic (in the
thermodynamic sense) processes. By isothermal we mean a
manipulation of the system while it is kept in contact with
a heat bath. The adiabatic constraint refers to a situation in
which the system is being manipulated while it is thermally
isolated from the rest of the universe.

Linear response theory describes very well close-to-
equilibrium processes [16, 17] and it demands that we
specify the underlying microscopic dynamics for each of the
thermodynamic conditions just described. For the isother-
mal setup, we can simply say that the Hamiltonian H; of the
system plus heat bath is composed of two parts,

Hy(M(1)) = Hs(A (1)) + H), . &)

The first part, H;(A(¢)), describes the time-dependent
microscopic dynamics of the system of interest due to the
switching of the control parameter X, and the second one,
Hj, takes into account both the coupling and the heat bath
dynamics. There are very well-established ways of model-
ing the term Hj, once the relevant information about the
relaxation dynamics of the system of interest is known [7,
8]. For the adiabatic setup, we just need

Hy (A1) = Hs(A(1)) @)

because the heat bath is absent.

We assume that the initial state (or probability distribu-
tion, if the system is classical) of the system described either
by H; or Hy4 is always a Boltzmann-Gibbs one, i.e.,

Peq(A) = exp (=BHL(X))/Z(B, 1) 3

stands for the initial density matrix or phase-space probabil-
ity distribution, with 8 = (kp )~ ', Z(B, A) = Tre PH®)
is the partition function and k = I, A specifies the thermo-
dynamic constraint. As mentioned before, we denote by A

the externally controlled parameter as, for instance, volume,
magnetic field, etc. Work is performed on the system if A is
changed according to a predefined protocol, A(¢), starting at
fo and ending at tf = T + 1,. It is convenient to write

At) = 2o+ g(1), “

where g(t) obeys g(t,) = 0and g(¢7) = 1. Thus, A is varied
from A(tp) = A, to A(ty) = A, + A during the time interval
T = ty — t9. The work performed in the quasistatic limit,
i.e., for T — 00, does not have in principle the same value
for different thermodynamic conditions. For the isothermal
setup, the second law predicts that W = AF in this limit,
where

AF = F(B, ko +81) — F(B, 1) , (%)
is given in terms of F(B8,1X) = —1/8 InZ(B, 1). For the
adiabatic setup, the thermodynamic work goes to [2, 3]

qu = <Ef>u —{(Eo)o s (6)

where we denote by (-), an equilibrium average value taken
with respect to (3) for A = A,. The quasistatic value W is
obtained from the difference between the final, (E r),, and
initial, (E,),, average energies. In the classical regime, the
final energy E ¢ is entirely determined by the initial energy
E, and the initial and final values of X, as predicted by
the mechanical adiabatic invariant [1, 13]. In the quantum
regime, the mechanical adiabatic theorem [18] determines
the transition probabilities between initial and final energy
levels and is the relevant tool for the calculation of the final
average energy value.

The behavior of W for finite-time processes can be bet-
ter characterized by the following quantities: the irreversible
work [24],

Wir =W — AF, (7N
for isothermal processes, and the excess work [1, 22],
Wer =W — qu s (8)

for adiabatic ones. Since both W;,, and W,, are zero in the
quasistatic limit, they quantify the extra amount of energy
provided by the external agent while carrying out a finite-
time process. We adopt here the inclusive picture [14] to
calculate W,

'r dHy It dx9Hy
W= dr —% — dt — —, 9
0 dt 0 dt 9

where again k = I, A and X denotes the nonequilibrium
average of the observable X.

Linear response theory now comes into play providing
an expression for o Hy/dA. However, we must distinguish
two regimes in which expression (9) can be used. First, the
regime of slowly-varying processes [7, 11, 22] in which
81/, can be greater than one but the ratio between the
relaxation time, T, of the system and the switching time t
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is much greater than one. The other regime comprises fast
processes where A /A, is much smaller than one but t can
be comparable to 7R [1]. In what follows, we shall discuss
the behavior of W predicted by linear response for each of
these regimes.

3 Slowly-Varying Processes: 78 /7 « 1

The regime of slowly-varying processes has been discussed
exclusively for isothermal processes due to the its relevance
for free energy estimation and its connection to the adiabatic
switching method [11, 25]. For such thermodynamic condi-
tions, the nonequilibrium behavior of W is characterized by
the irreversible work, W;,,, whose expression reads

B .ot (dg\ .
Wirr = =(81) / ds | —) t°lg(s)]X[g(s)], (10
T 0 ds

where s = (t — 1) /.

The term t¢[g(s)]X[g(s)] is one of the elements of the
more general friction tensor [15, 22], the quantity one has
to deal with when the control parameter A is a vector. We
denote by t¢[g(s)] the functional dependence of the corre-
lation time (to be defined next) on the chosen protocol g(s).
Since A(t) = A, + X g(¢), the quantity
Xlg()) = (@ H?) = (o Hi) an
measures how the equilibrium fluctuations of the driving
force, 0, Hy = dHy /90X, change according to the protocol

8(s).
The correlation time 7€, for a fixed value of A, is given by

Wy (t

(h) E/ dr 2O (12)
0 v,.(0)

where W, (¢) stands for the relaxation function [16, 17],

which is related via ¢, (t) = —V,(¢) to the response

function,

$1.(1) = (0 Hr (0), ) Hi (1)), - (13)

The symbol (A, B) denotes either the Poisson bracket,
{A,B} = 0;A -0,B — 9,A - 9;B, for classical systems
or 1/ih times the commutator, [A, B] = AB — BA, for
quantum systems.

Equation (10) agrees with the common intuition that
claims the faster we drive, the bigger the energetic cost is.
This expression predicts that the power spent along any pro-
cess increases with the speed squared and W;,, decreases
monotonically as the switching time increases. Indeed, the
prefactor in (10) contains all the t-dependence of Wi,
and what is left can be understood as a simple geometrical
factor whose minimum value is known as the thermody-
namic length [20, 22]. See, for example, [7] for a detailed
explanation about how such minimum can be found.

@ Springer

Although (10) has been derived for isothermal processes,
it is also valid for adiabatic conditions as long as the integral
in (12) converges. In other words, the necessary condition
for the excess work to be expressed by (10) is that the
relaxation function of the thermally isolated system decays
sufficiently fast. Since it is not guaranteed that such decay
always exists, (10) does not describe the regime of slowly-
varying processes for all sorts of thermally isolated systems.
Nevertheless, the adiabatic conditions require anyway two
modifications of (10): first, all the equilibrium average
values entering that expression have to be re-obtained con-
sidering the Hamiltonian H4 instead of Hj; second, the
time-dependent observables entering (13) must be solutions
of the equations of motion for Hamiltonian Hy. Fortu-
nately, one does not need to solve the quite often impossible
problem of finding such solutions. Phenomenological con-
siderations have been proven extremely useful to capture the
relevant physical behavior of ¢, (¢) [7, 16, 17].

4 Fast but Weak Processes: AL /1, < 1

The expression for W,, in this regime has been derived for
thermally isolated systems in [1]. As mentioned before, it
comprises those processes in which A /A, is necessarily
small but T can be comparable to the relaxation time tX.

The expression for the excess work reads

%

W .

ex / de ds' g(s) Wo(t(s —s")) &(s"), (14)
2 Jo Jo

where £(s) and g(s") denote the derivatives with respect to
s = (t —tg)/t and s’ = (¢’ — 19) /7 respectively. In contrast
to the previous regime, the relaxation function W, is not a
functional of the protocol A(¢). It is obtained for a fixed A:
the initial value A,.

The behavior of W,, as a function of 7 is much more
involved in this case. It depends not only on the functional
form of the speed but also on its convolution with the relax-
ation function W,. In fact, (14) is a much more complex
quadratic form of the speeds than (10). Thus, it is again
unadvised to claim that faster processes necessarily demand
more energy. It has been shown recently that there are ther-
mally isolated systems for which this is not the case [1, 10].
In the next section, we illustrate this effect with another
example.

Equation (14) has another important difference com-
pared to (10). It does not demand a sufficiently fast decay
of the relaxation function. It remains valid even when the
relaxation function does not decay at all, as shown in
[1]. Hence, (14) describes both small and large thermody-
namic systems undergoing either isothermal or adiabatic
processes. The information about the thermodynamic con-
straints comes through the relaxation function, as mentioned
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before: average values and time-dependent observables have
to be obtained according to the appropriate Hamiltonian.

5 Example: Fast Driving of a Spin-1/2

To illustrate the physics for (14), we will study the finite-
time behavior of the thermodynamic work performed on
a spin-1/2 driven by a time-dependent magnetic field. The
Hamiltonian of this systems reads
hy

Hy(r) = —50 B, 15)
where the subscript A refers to adiabatic conditions, &
denotes the Pauli matrices and é(t) stands for the time-
dependent magnetic field.

We will restrict ourselves to those processes that preserve
the norm of é, i.e., we will only consider finite-time rota-
tions of the magnetic field. Using spherical coordinates, we
have then

B(t) = (B, sin [p(t)] cos [0(1)], B, sin [p(1)] sin [0(1)],
B, cos [p(1)]) . (16)
Hence, the set of allowed processes is easily parametrized

by the angles ¢(¢) and 6(¢), whose time dependence, in
analogy with (4), are more conveniently expressed as

O(t) = Qo + 8¢ gy (1), (17
and
() =6, +380gy(t), (18)

with the boundary conditions g, ¢(f,) = 0 and gy ¢(1f) =
1.

As described before, adiabatic processes are performed
once the spin is thermally isolated and prepared in the state
(3) as aresult of its equilibration with a heat bath at constant

a

0 2 4 6 8 10 12 14
T W,
Fig. 1 Thermodynamic work as a function of the switching

time tr for a linear, g,(t) = (¢t — t,)/7, and b nonlinear,
gp(t) = (t — 1))/t + sin(2m(t —1,)/7), protocol. The symbol

field E(IO_ ) = I§0. Therefore, the initial angles ¢, and 6,
can be both set equal to zero without loss of generality.

Linear response theory provides a good description of
W,y as long as ¢ and §6 are kept sufficiently small. In this
regime, one can easily show that the thermodynamic work
(9) reads

v
with Hy4 given by (15). Hence, the angle 6(¢) plays no role
in the linear response regime. Following [1], it is straight-

forward to show that the relaxation function entering (14) is
given, in this case, by the response function

do 9H,
dt —*"—Ao (19)

Poo () = ((8HA(0), 8, HA(D))),, 4
Bhy B,
2

h 2 .
= E(VBO) tanh ( ) sin (y Bot) . (20)

Using ¢y, (1) = —‘130 (1), we obtain the following expres-
sion for the relaxation function

<ﬁ2‘”") cos (wyt) , (1)

where we have defined w, = y B,. The previous expression
is an oscillatory function, meaning that this system never
relaxes back to equilibrium by itself. Although this behav-
ior might sound inappropriate for a thermodynamic system,
we will see next that it leads to results compatible with stan-
dard thermodynamic requirements. Working out the linear
response expression for (19) using (21), one obtains
2
_ G0 hoy (ﬂhwo

1 1
2 2 )/0 ds/o ds” g,(s)

x 08 [@oT(s — 5")] o (), (22)

hw,
W, (1) = )

W stands for the thermodynamic work W divided by the pre-factor,
((59)?/2)(hw, /2) tanh (Bha, /2), of (22)

@ Springer
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Fig. 2 Thermodynamic work as a function of the switching time
for the relaxation function (23) and the linear protocol g, (1) =
(t —t,)/7t. As the ratio o/w increases, the qualitative behavior of W
changes from a non-monotonic to a monotonic behavior. The symbol
W stands for the thermodynamic work W divided by the pre-factor,
((59)?/2)(hw, /2) tanh (Bha, /2), of (22)

ie, W = W, because W, is zero. This result agrees
with the quantum adiabatic theorem that predicts a null qua-
sistatic work along those processes in which the norm of
E(t) is preserved.

Figure 1 shows the behavior of W given by (22) for
two types of protocols. Besides the finite-time zeros of W,
meaning that no energy is spent if one drives the system
during specific switching times, a very pronounced non-
monotonic behavior shows up as t varies. In Fig. 1b for
instance, there is a specific value of t for which W is one
order of magnitude higher than the infinitely fast driving for
t — 0. However, the thermodynamic work indeed decays
to zero in both cases as T goes to infinity, in agreement with
what one expects to happen in the quasistatic limit.

6 Discussion and Conclusions

The non-monotonic behavior just discussed above is also
present when the system of interest is a thermally isolated
harmonic oscillator with time-dependent spring constant
[1]. In fact, such feature of W is not restricted to small
systems or to adiabatic conditions for (14) neither assumes
specific thermodynamic constraints nor requires a small
number of degrees of freedom. As discussed in [1], the
relaxation function must be sufficiently oscillatory in order
to produce such behavior. For instance, one can verify that
for the following phenomenological ansatz [7],

W, (1) = W,(0) e (cos () + < sin (a)|t|)> @
w

Equation (22) leads to a non-monotonic behavior if o/w
is small enough. Moreover, Fig. 2 shows a crossover from
non-monotonic to monotonic behavior as the ratio o/w
increases. Considering that the Fluctuation-Dissipation the-
orem relates W, () to equilibrium time-correlations of the

@ Springer

driving force, the non-monotonic behavior of W should
show up whenever these time-correlations are weakly
damped. To give a concrete example where this might hap-
pen, the phenomenological expression (23) is quite often
used to describe the relaxation dynamics of weakly interact-
ing magnetic moments modeled by the Bloch equations [6,
27].

In summary, we briefly discussed two regimes where one
can find generic features on the finite-time behavior of the
thermodynamic work. We showed that, for weak but fast
close-to-equilibrium processes, the energetic cost of manip-
ulating the system of interest not necessarily increases as the
switching time decreases. We could relate this effect to the
behavior of the equilibrium time-correlations of the system
using linear response theory. We conclude that whenever
such correlations survive long enough, the thermodynamic
work will show a non-monotonic behavior no matter the size
of the system or if it is all the time interacting with a heat
bath. We believe that quantum systems at low temperatures
are good candidates to observe such effects.
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