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Noaay, tere are unctional ilot cale PotoBioReactor PBR, ic reent eriou callenge 
en erorming a caling u roce or an inutrial alication. Te aim o ti reearc a to 
ealuate te eign o eeral continuou lat late PBR connecte in erie, ile alloing contant 

circulation rom te lat to te irt unit. Scaling u eaiility uing te aunction o ne unit, intea o 
PBR olume increae i analye. An a oc matematical moel ae on ma alance an contitutie 
euation rom literature a contructe te moel integrate te illumination an ma traner eect 
on microalgae grot inetic y a comlete moel olution. Unortunately, te moel i too comle to e 
analye y conentional meto. Furtermore, it reent rolem en ealuate y numeric meto 
a te reult o not ae yical meaning an te initial conition a trong eect on te inal olution. 
Hence, ti aer reent a imle meto to analye te eign o ti in o continuou ytem. Te 
meto allo te eign arameter calculation o PBR ytem reulting yically in a imle ay itout 
aing to gue oile ytem olution. Moreoer it i alo on tat te continuou PBR in erie it a 
recirculation ytem otain goo amount o microalgae rouctiity.
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Atualmente eitem otoioreatore e ecala iloto uncionai, orm traem ria comlicae 
ara eecutar um roceo e ecalonamento ara uma imlementao inutrial. Ete traalo 
roe aaliar a conceo e rio otoioreatore contínuo e laca lana conectao em rie 

com recirculao ee a ltima uniae at a rimeira, ara analiar a iailiae o ecalonamento a 
routiiae a artir a aio e mai uniae em e e aumentar o olume o otoioreator. Para ete 
roito um moelo matemtico oi contruío aeao no alano e maa e euae contitutia 
a literatura, na uai e integram o eeito a iluminao e a tranerncia e maa na cintica e 
crecimento a microalga. Inelimente, otm-e um moelo ue  muito comleo ara er aaliao 
atra e meio conencionai. Alm io, areenta rolema ao er aaliao com mtoo numrico, 
 ue e otm reultao ue no tm elicao íica e a oluo tem uma grane eenncia a 
conie iniciai.  Portanto, ete artigo areenta um mtoo imle ara a anlie o eeno ete 
tio e itema contínuo. O mtoo ermite oter o armetro o eeno o itema e otoioreatore 
e olue com entio íico e orma imle, em ter ue tentar oíei olue o itema. Alm 
io, motra-e ue o itema e otoioreatore contínuo em rie com recirculao oerece uma oa 
routiiae e microalga. 

Hoy en ía, eiten otoiorreactore PBR e u igla en ingl a ecala iloto uncionale, ue 
reentan erio eaío al momento e realiar un roceo e ecalamiento ara una alicacin 
inutrial. Ete traao roone ealuar el ieo e ario otoiorreactore continuo e laca lana 

conectao en erie con recirculacin ee la ltima unia ata la rimera, ara analiar la iailia 
el ecalao e la rouctiia a artir e la aicin e m uniae en lugar e incrementar el olumen 
el otoiorreactor. Para eto, e a contruio un moelo matemtico aao en lo alance e maa y 
ecuacione contitutia e la literatura, en la cuale e integran lo eecto e la iluminacin y la tranerencia 
e maa en la cintica e crecimiento e la microalga. Deaortunaamente, e otiene un moelo ue e 
muy comleo ara ealuar or meio conencionale. Aicionalmente, reenta rolema al ealuare 
or mtoo numrico ya ue e otienen reultao ue no tienen elicacin íica y la olucin tiene 
una gran eenencia e la conicione iniciale. Por lo tanto, ete artículo reenta un mtoo encillo 
ara el anlii el ieo e ete tio e itema continuo. El mtoo ermite otener lo armetro e 
ieo el itema e otoiorreactore y olucione con entio íico e una orma encilla, in tener ue 
tantear la oile olucione el itema. Aicionalmente e muetra ue el itema e otoiorreactore 
continuo en erie con recirculacin roorciona una uena rouctiia e microalga.

Palabras clave: Dieo e otoiorreactore continuo, Moelo matemtico, Fiacin el Diio e Carono, Tran-
erencia e maa, Rgimen e iluminacin

Palavras-chave: Deeno e otoioreatore contínuo, Moelo matemtico, Fiao o Diio e Carono, Tran-
erncia e maa, Regime e iluminao
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1. INTRODUCTION

Recently, microalgal culture has been acquiring 
special interest (Breuer, Lamers, Janssen, Wijffels & 
Martens, 2015), since microalgae can ¿x atmospheric 
carbon dioxide promoting the mitigation of the 
greenhouse effect. Additionally, interesting products 
such polyunsaturated fatty acids, biofuels and pigments 
could be obtained. Nowadays, PBR research is prevalent 
in order to obtain efficient and reliable culturing 
(Breuer et al., 2015). Moreover, continuous microalgae 
production in PBR will be a good prospect for 
technology, because it prevents culture contamination, 
avoiding uploading and downloading times. It also 
controls important process variables. This technology 
allows to reach major productivity and a quality 
¿nal product (Bouallagui, Touhami & Hana¿, 2013). 
However, as a disadvantage, continuous PBRs make it 
dif¿cult to achieve a reliable scale up with a strong effect 
on productivity and uncertainty about this effect (Molina 
Grima, Acién Fernández, García Camacho, Camacho 
Rubio, Chisti, 2000; García Camacho, Gallardo 
Rodríguez, Sánchez Mirón & Belarbi, 2011; Quinn, 
Turner & Bradley, 2015; Fernández, Mota, Teixeira & 
Vicente, 2015). Furthermore, the PBR construction and 
operation are very expensive (Lehr & Posten, 2009).  

Nowadays, Microalgae culture production in PBR 
is performed using batch processes (Bosma et al., 
2014). However, continuous operation would improve 
the culture performance because process variables can 
be controlled, productivity will increase and the risk 
of contamination is reduced (Gadkar, Doyle, Crowley 
& Vamer, 2003). Unfortunately, the implementation 
of continuous PBR constitutes a dif¿cult challenge, 
because it needs large scale PBR units to obtain a 
feasible product Àow and PBRs units’ productivity 
dramatically varies due to the scale up process (García 
Camacho et al., 2011). On the other hand, feasible PBRs 
design provide opportunity for the use of highly reliable 
mathematical models, since it takes into account the 
interactions between several phenomena (Posten, 2009; 
Fernández, Acién, Berenguel & Guzmán, 2014).

Microalgae grow is based on the photosynthesis 
process (Basanti & Gualtieri, 2006), where chemical 
kinetics is governed by the way the microalgae harvest 
photons and Carbon Dioxide. The gathering of light 

depends on the light source and the way it penetrates the 
PBR medium (Janssen, Tramper, Mur & Wijffels, 2002). 
Carbon dioxide ¿xation depends on a mass transfer from 
the gas phase to the medium and the aeration system 
(Molina Grima, Acién Fernández, García Camacho & 
Chisti, 1999). PBR design is characterized because it 
requires multiphenomena analysis. The importance 
of illumination and carbon dioxide ¿xation is well 
known. PBR design was worked fundamentally by 
understanding illumination (Janssen et al., 2002; Molina 
Grima et al., 1999; Molina Grima, García Camacho, 
Sanchez Pérez, Acién Fernández & Fernández Sevilla, 
1997; Carvalho, Silva, Baptista & Malcata, 2011; 
Kommareddy & Anderson, 2003; Kommareddy & 
Anderson, 2004; Acién Fernández, Fernández Sevilla, 
Sánchez Pérez, Molina Grima & Chisti, 2001) and some 
authors take into account mass transfer (Molina Grima 
et al., 1999; Carvalho & Malcata, 2001; Sierra, Acién, 
Fernández, García, González & Molina Grima, 2008). 
However their methods did not take into account the 
interactions between variables, which could be very 
important for the process because if the interactions 
are not taken into account, the process design will 
have a great uncertainty, dif¿cult to evaluate. Kurano 
& Miyachi (2005) describes a growth kinetic model 
that takes into account two variables (illumination and 
carbon source) using Chlorococcum littorale. In this 
research principle mathematical models were used 
to evaluate interactions between variables analyzing 
the continuous PBR design. However, a nonlinear 
mathematical model with multiple variables interaction 
is complex to analyze.  Moreover, it is necessary to use 
numerical methods and the solutions have strong effect 
on the initial conditions. However some solutions do 
not have physical meaning. Hence, this paper presents 
a design methodology of continuous Àat plate PBRs in 
series with recirculation system. 

The methodology is based on the splitting of the 
mathematical model in a simple set of linear equations 
and a set of nonlinear equations. Iterative algorithm 
allows the convergence to a solution. Additionally, it 
uses previous knowledge to lead the results to a physical 
feasible solution. This paper analyses the possibility 
to design a series of continuous Àat plate PBR with 
recirculation from the last unit to the ¿rst one, using a 
complex model with interactions between variables, and 
based on a mathematical model that takes into account 
variables associated with illumination and mass transfer. 
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The results seek to evaluate the feasibility of the design 
analysis. To present the method, a brief description of the 
continuous PBR process is described in section 2, and 
then the mathematical model is depicted in section 3. 
Section 4 shows the PBR design methodology followed 
by the results and main conclusions.

2. EXPERIMENTAL DEVELOPMENT

Continuous PBR Cultivation Description.
Figure 1 shows a graphic description of the 

continuous Àat plate PBR. In recent times, this kind 
of reactor have received great attention for microalgae 
cultivation because of its wide area of illumination, its 
lower oxygen accumulation compared to other structures 
and its good capacity for microalgae mobilization (Sierra 
et al., 2008). Furthermore, a series of Àat plate PBRs 
units is considered, because it is required to analyze 
whether the system can improve its performance when 
several PBRs are used or not (Figure 2). The number of 
Àat plate PBRs described in this series will be a design 
variable.

Each Àat plate PBR has an independent aeration 
system using a carbon dioxide and air mix; it is assumed 
that the partial pressure of carbon dioxide in the feeding 
air is known. The liquid level of the reactors is controlled 
by overÀowing. Agitation is guaranteed by the aeration 
system. The complete system has a recirculation Àow 
that connects the last reactor with the ¿rst one. Also it is 
supposed that each reactor is completely well agitated, 
then, radial or axial gradients into each reactor are not 
considered.

Chlorococcum littorale microalgae have reported 
growth kinetics depending on light intensity and 
carbon dioxide concentration. This microalgae was 
selected for culture. Light intensity and Carbon Dioxide 
concentration are critical conditions processes in the 
reactor design because they could relate photons with 
carbon dioxide mass transfer and growth kinetics 
(Kurano & Miyashi, 2005). The temperature was kept 
constant at 25 ºc, also pH level at 5.5, and illumination 
was assumed arti¿cial, therefore the irradiance intensity 
was continuous and constant with a value of 0.7 kw/m2.

Mathematical Model.
Two different systems could be identi¿ed on each 

PBR: the liquid medium (SI) and the air (SII) with 
carbon dioxide. The following equations show the mass 
balances of the liquid medium.

For system SI the material balance for the biomass is:

Where X is the biomass concentration inside the 
bioreactor, Xin is the feed biomass concentration at the 
in-Àow of the reactor, μ is the speci¿c growth rate, D is 
the dilution rate which is given by D= F/ V , where F is 
the liquid medium Àow and V is the PBR work volume.

For the same system, substrate balance is:

Where CCO2in  is the carbon dioxide concentration at 
the inÀow of the bioreactor,  CCO2 is the carbon dioxide 
concentration in the reactor and it is assumed that the 
same concentration comes out in the outÀow, KLa is the 
constant of the mass transfer, CCO2

*  is the concentration 
of CO2 in equilibrium, YX/CO2  is the biomass/CO2 

consumed yield.

As for system SII, (in this case is CO2 enriched air), 
the CO2 component balance can be represented as:



 Flat late PBR oy
2. AirCO2 uly
. Oerlo ytem
. Microalgae 
    cultiation 
    camer
. Ga itriuitor 1

2





Figure 1. Flat late otoioreactor unit. 
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Where  Fg is the Àow of gas (carbon dioxide), Vg is 
the volume of gas, CCO2 gin and CCO2 g is  the concentration 
of carbon dioxide in the gas in the inlet and outlet 
respectively. 

Equations 1 to 3 can be used for all the PBR units 
of the whole process. It means the number of unit’s 
equations must be solved simultaneously, increasing 
the analysis complexity. Material balances are the 
fundamental equations to design the PBR, but certain 
parameters must be speci¿ed, therefore the model can 
be completed with other empirical equations.

Growth Kinetics
The growth kinetics of microalgae depends on 

several variables, including: the light intensity, amount 
of CO2 available, pH level, temperature, oxygen 
concentration, inoculum concentration, nitrogen 
concentration, concentration of phosphorus and other 
nutrients. As a result of the dependency of several factors 
it is dif¿cult to ¿nd references with kinetic expressions 
incorporating all the variables. Therefore, dependence of 
the growth kinetics as a variable sensitive to the process 
was studied. Normally this variable is the light intensity 
(Carvalho et al., 2001). 

In addition, irradiance is of vital importance in 
a PBR design because it can cause photoxidation 
or photoinhibition. Additionally, irradiance is not 
homogeneous, especially in the dense cultures (Béchet, 
Shilton & Guieysee, 2013). This is because light 
intensity decreases exponentially as it penetrates the 
medium. Furthermore, the concentration of CO2 is an 
important requirement as this affects the pH level of the 
culture, and because CO2 acts as the only carbon source 
in the growth of photoautotrophic microalgae (Basanti 
& Gualtieri, 2006). Some researchers also exemplify 
substrate kinetic behavior, called inhibition caused 
by CO2. The microorganism growth could be limited 
by both substrates. Hence a model interacting growth 
that takes into account the combined effect of the two 
variables is required, hence (Nielsen, Villadsen & Lidén, 
2003; Schügerl, Rehm, Reed, Pühler & Stadler, 1991):

Where μmax is the maximum speci¿c growth rate,  
Iav is the light intensity expressed as the Àux density 
of photons and  Iopt is the light intensity at which 
μ=μmax, pCO2 is the Partial pressure of Carbon Dioxide, 
KS  is the saturation constant of substrate, and Ki  is 
the  constant inhibition. The estimated values of the 
parameters reported in (Kurano & Miyachi, 2005) were 
μmax=0.134h-1, Iopt=505mol photon m-2s-1, Ks=0.00048 
bar and Kl=0.31bar. 

The estimated optimal speci¿c growth rate is 0.12 
h-1 at  Ipot  and pCO2=0.02bar. This is the point where 
the PBR should operate to obtain the best performance. 
The design method used this point as an initial point to 
seek a reliable design process.

Light Regime
The light regime is de¿ned as the parameters and 

variables that characterize the light radiation received by 
the microalgae while they are cultured. The light must 
be provided at the appropriate intensity, duration and 
wavelength. Photons coming into microalgae harvest are 
the energy source for the development of the mechanism 
of photosynthesis. When light passes through the PBR, 
microalgae will absorb part of such light and transform 
it into chemical energy. The equation describing the 
absorption of light is called the Lambert-Beer Law, 
which states that (Greenwald, Gordon & Zarmi, 2012):

Where z is the depth of the Àat plate PBR, X is cell 
density of microalgae, α is the absorption coef¿cient, I(z) 
is the irradiance at the length z, and I0 is the irradiance of 
the light source. For the design of the PBR it is important 
to maintain suf¿cient light imposed upon the microalgae 
to saturate the active sites during the passage of the 
photon, but just enough to ensure that photoinhibition 
does not take place. Using the expression for the kinetics 
of algae growth results in an ideal irradiance is 505 μmol 
photon m-2s-1 (Kurano & Miyachi, 2005).

The irradiance at certain depth is dif¿cult to establish. 
Average radiation intensity is used to solve this problem 
(Molina Grima et al., 1997). This index is calculated by 
averaging the value of I(z):

= (CCO2 gin-CCO2g) -KLa . (CCO2
*-CCO2)dt

dCCO2g Fg

Vg
()

µ=µmax. e 1-. .Iav ( ( ))
Iopt

()
Iav
Iopt

Ki
KSpCO2

pCO2

pCO2
2

I(z)=I0e-αX (5)

Iav= (1-eαX) ()
I0

αX
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α is the medium absorbance coef¿cient. For the 
species Chlorococcum littorale the value was estimated 
using the settings reported in Berberiglu, Gómez & 
Pilon, (2009). 

Mass Transfer
In the cultivation of microalgae, it is necessary 

to evaluate the mass transfer of CO2 entering to the 
microalgae and also to know the transfer of O2 to the 
medium as a product gas (since O2 generates inhibition); 
the mass transfer along with lighting is one of the most 
studied phenomena in PBRs (Carvalho & Malcata, 
2001; Sierra et al., 2008; Kurano & Miyachi, 2005). 
The mass transfer is improved through aeration systems 
and good agitation.

The study of the mass transfer allows the inclusion 
to assess parameters such as gassing power, gas Àow, 
agitation, and the average bubble diameter (Sierra et 
al., 2008). All these parameters are designed to ensure 
ef¿cient mass transfer between the gas and the liquid. 
The equation commonly used to evaluate the mass 
transfer is:

Where NCO2  is the mole Àux transferred from gas 
to the liquid medium, the concentration of CO2 in 
equilibrium (CO2*) according to Henry's law at 25 ° C 
is equal to 0.1525g/lt. The gas volume in the reactor is 
estimated by the gas Àow and the gas hold-up (ε), this 
parameter is de¿ned as:

The gas hold-up empirical expression is obtained 
from the literature. Equation (9) is characterized from a 
Àat plate unit presented in Sierra et al., (2008). Equation 
(9) relates the gassing power with the gas Hold-up.

Where:

Where, ρL is the liquid density. To evaluate the mass 
transfer coef¿cient, the empirical equation proposed by 

Hughmark for individual bubbles is used for microalgae 
culture in bubbled PBRs (Carvalho & Malcata, 2001), 
and it is recommended especially when the bubbles have 
large diameters (over 2.5 mm):

Where,DCO2 is diffusivity of CO2, ReB is the Reynolds 
number of the liquid, μL refers to the liquid medium 
viscosity,dB is the diameter of the bubble, g is gravity 
and KL  is the mass transfer coef¿cient.

The Reynolds number is given by equation (12) and it 
is associated with the bubble diameter (dB), Vt  the single 
bubble velocity, and the density and viscosity of the 
liquid. The bubble diameter depends on the area between 
the phases and the mass transfer coef¿cient showing 
opposite dependence. As a consequence, the capture of 
gas was more sensitive to the bubble diameter than to 
the coef¿cient of mass (Chisti, 1989). Hence the bubble 
size, the gas Àow rate and pressure of the CO2 should 
be adjusted to the requirements of each speci¿c culture.

PBR Design Methodology.
The nonlinear system previously depicted can be 

solved using numerical methods, but the results have 
a big dependence upon initial conditions. Moreover, 
some results do not have physical meaning as most of 
them do not have a real application. Due to the previous 
results, this research designed a new method to avoid this 
problem, simplifying the solution search and obtaining a 
solution with physical sense. In this section a method for 
the design of a series of Àat plate PBRs with recirculation 
using mathematical model is shown. The method is used 
to obtain the PBR dimensions, inlet Àow, total Àow, 
liquid recirculation, gas Àow, and number of PBRs. A 
summary of the proposed method goes as follows:

i) PBR unit pre-design: speci¿cations at optimal 
growth conditions.

ii) Biomass concentration in PBR units with 
constant growth kinetics: the speci¿c growth 
kinetics was assumed, such as optimum and 
constant. The constant growth kinetic assumption 
allows building the system equations and how 
to set linear equations which are easier to 
evaluate.

NCO2=KLa.(CCO2*-CCO2) ()

=
Vg

VgV
()

=3.32  10-4
0.( )Pg

V
()

Pg=LFg
V
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
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iii) Estimating the speci¿c growth rate: Biomass 
concentration was used to evaluate the speci¿c 
growth rate on every PBR unit using equation 
6.

iv) Biomass concentration in PBR units with 
new growth kinetics: it was assumed that the 
speci¿c growth rate was constant. But, speci¿c 
growth kinetics calculated for every PBR unit 
in series in the third step was used to solve the 
linear equations system.

v) Iterate until error < tolerance:  the biomass 
concentration was used to estimate the speci¿c 
growth rate, and to calculate new biomass 
concentration values.  Iterations were executed 
until the committed error was lower than a 
de¿ned tolerance.

The following subsections will depict in detail the 
proposed method, explaining the equations used and the 
values obtained in each step.

PBR pre-design.
In this step, equations 1, 2, 3, 4, 6, 8, 9, 10, 11 and 

12 were solved using Newton’s method  and some 
assumptions were  considered to ease the solution task,   
as  follows :

i) Speci¿c growth rate on each PBR unit is equal 
to the dilution rate at the optimal speci¿c growth 
rate.

ii) The average irradiance is equal to the optimum 
irradiance.

iii) The diameter of the bubble is made greater than 
2.5 mm for better mass transfer.

iv) The gas volume was assumed to be 20% of the 
liquid volume, and the PBR is square at the 
front.

The main objective of this part was to ¿nd feasible 
initial conditions based on the best case; the design 
method depends on this initial condition to ¿nd feasible 
solutions. Table 1 shows the employed model parameters. 
The values were taken from different authors (Carvalho 
& Malcata, 2001; Kurano & Miyachi, 2005; Greenwald 
et al., 2012; Chisti, 1989) or calculated assuming that we 
operate at the assumed conditions previously described. 
If it reaches steady state and establishes optimal growth 
rate conditions, the analysis will be conducted like a 

single chemostat without biomass input, i.e., equation 
13, since it is the operation that would give higher 
productivity. This analysis is shown in equations 13 
and 14.

The Àux was found through the dilution equating 
to the speci¿c growth rate in optimal conditions for a 
continuous system. Also, a volume of 150 L is assumed.

The obtained solution de¿nes some PBR dimensions, 
Àows (total and gas), carbon dioxide concentrations in 
the liquid and gas and biomass concentration (Table 2).

Biomass concentration in PBR units with constant 
growth kinetics.

PBR design has a recirculating Àow from the last 
reactor that mixes with the fresh medium and feeds the 
¿rst reactor. The total PBR system is formed by a set 
of continuous Àow bioreactors in series, such that the 

μ = D (1)

rs = D(CO2in-CO2)KLa.(CO2
*-CO2out) (1)

ma -1

ot -1

IoptWm2

IoWm2

ar

i ar



g  m

 m

DC2 m2  

g    m

d m

CO2in g  m

CO2gin g  m

  YCO2
g g CO2

t m

gm

CO2outg  m

0.1            urano & Miyaci, 200
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0.117        urano & Miyaci, 200

0.7

0.000        urano & Miyaci, 200

0.1              urano & Miyaci, 200

.              Bereroglu et al., 200

7
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biomass leaving the ¿rst reactor is the input to the next 
reactor. Moreover, the diluted substrate concentration 
from the ¿rst reactor is the concentration input to the 
second. This is repeated sequentially for each PBR in 
series as it is shown in Figure 2.

The respective mass balances were established and 
then a set of linear equations were organized in a nxn 
matrix, where n is the number of reactors. In addition, 
the growth rate was the same for all reactors. Although 
this is not the real situation, it is an assumption made 
to obtain an initial condition of biomass concentration 
on each PBR unit in series.

The linear equation system (15) is solved to obtain the 
biomass concentration in every PBR unit (X0=[X1,X2,…
,Xn ]T ); this linear equation system facilitates the entire 
system solution. The biomass concentration results are 
shown in Figure (3). Biomass concentration values 
were very high because an optimum case was assumed. 
Since microalgae speci¿c growth rate is the maximum 
possible, the results reach a high biomass concentration 
value. However, specific growth velocity depends 
on biomass concentration and nutrients availability, 
which will produce a decrease in the growth rate. Usual 
biomass concentration in this kind of PBRs culture is 
into the 100 g/m3 to 600 g/m3 (Concas, Steriti, Pisu & 
Cao, 2014; Concas, Pisu & Cao, 2013). That is why 
it is necessary to estimate the speci¿c growth rate in 
every PBR unit.

Estimating the Speci¿c Growth Rate.
The biomass concentration pro¿le obtained in the 

previous section (X0) by equating 15 solutions, (Figure 3) 

is used to evaluate the new values of speci¿c growth rate 
for each reactor with equations 2, 6 and 8. As the amount 
of biomass increases on each unit, the biomass affects 
carbon dioxide concentration and in turn, the speci¿c 
growth rate and also the lighting in the PBR. Each PBR 
unit biomass concentration value is used in the above 
equations generating a variable speci¿c growth rate in 
each unit (μ1,μ2,…,μN ). Different dioxide concentration 
values in each unit are calculated too.

Biomass Concentration in PBR units with new Growth 
Kinetics

Using previous speci¿c growth rate results with the 
mass balance equations modi¿ed and reassembled in 
the new linear system carries

In this way the new matrix is constructed and the 
linear equations are subsequently solved. As a result, 
new biomass concentration values (X1=[X1,X2,…,Xn]T ) 
for every PBR unit are calculated with the variation of the 
speci¿c growth rate on each PBR; this matrix equation 
facilitates ¿nding a solution. 

The algorithm was solved for the system of equations 
through MATLAB®, as this software is widely used 
and accepted by the scientific community for its 
performance in the treatment of matrices, allowing for 
a wide reproduction of the results.  The solution of the 
system of equations was resolved with the “fsolve” 
function, using the initial conditions for 10 reactors 
and the options for their operation; these requirements 
were found across of the OPTIMSET function, with a 
maximum of one thousand iterations.

R
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Figure 2. Continuou PBR in erie it recirculation ytem, recirculation lo rom n-t ytem i mie it re meium eore te irt ytem.
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Iterate until Error < Tolerance
Now we can calculate the error using the initial 

biomass concentration vector X0 and the new probable 
X1. The error can be calculated as:

Then the new assumption is used as the initial 
condition to estimate new speci¿c growth rate values in 
step 3. The iteration step is repeated until convergence 
is reached by evaluating the difference between biomass 
concentration initial values and the new guessed 
solution, de¿ning a tolerance of 1x10-16. Final results 
are showed in Figures 3, 4 and 5.

3. RESULTS AND ANALYSIS.

The PBR pre-design was the ¿rst step in order to set 
several design variables. The PBR was set at a volume 
in 150 L, using optimal conditions to evaluate the Àux, 
PBR depth, gas Àow and gas/liquid Carbon Dioxide 
concentration. This ¿rst result is showed in Table 2.

The concentration values changed once the method 
was performed. The PBR pre-design variables were used 
to evaluate the matrix equation (16) and the biomass 
concentration in each unit. The concentration pro¿le 
was obtained and it is shown in Figure 2.  

 Figure 3 shows biomass concentration if the 
speci¿c growth rates are constant and not affected by 
the PBR variables. The speci¿c growth rate does not 
vary from PBR to PBR. The biomass concentration 
values represent an unreal scenario because real growth 
is limited by the medium variables. High biomass 
concentration was obtained because it was assumed as an 
optimal growth rate; in spite of it, is not a real situation. 
However, these results help us as a ¿rst guess or initial 
condition to approach to the real solution.

After obtaining the concentration of biomass with 
constant speci¿c growth rate (Figure 3) and replacing 
these values in the equations associated with the biomass 
concentration (equations 2, 6 and 8), a variable speci¿c 
growth rate and CO2 concentrations on each unit were 
obtained. Speci¿c growth rate was decreased while 
numbers of PBR units were increased.  When biomass 
concentration increases, less average light and low liquid 
CO2 concentration is produced.

Afterwards, the variable values of speci¿c growth 
rate on each PBR unit are introduced into the new matrix 
(equation 18), generating a new concentration pro¿le. 
Then the iteration process is performed until the error 
(equation 19) is lower than 1x10-16. The results are 
shown in Figures 4, 5 and 6.

The initial and ¿nal concentration is used to calculate 
the reÀux R and the inlet Àow F; biomass and total mass 
balances at the mixing point show that R=4 L/h and inlet 
Àow is F=29 L/h. This considering that the Ft is going 
to double its value that yielded by the optimal system.

Figure 5 represents the solution of biomass 
concentration for each PBR. In this case the effects of 
carbon dioxide and the irradiance variation are taken 
into account as the microalgae growth takes place. 
Figure 5 demonstrates almost linear growth. Also, high 
concentrations are reached and the system seems stable 
in all PBRs. Figure 4 shows that  the speci¿c growth rate 
decreases but in a smaller proportion to  each reactor, 
without reaching complete inhibition or shortage.

error =X1-X0 (1)

CO2SgL

F m

L m

CO2GS gL

Fg m

0.077

0.01

0.01

0.07

0.071
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The dissolved carbon dioxide concentration in liquid 
outÀow per PBR is shown in Figure 6. This parameter 
decreases as it moves from PBR to PBR; this is due to 
the increasing numbers of cells in each unit. At each 
stage they demand more nutrients and since the gas 

Àow is constant, the concentration of carbon dioxide 
in the liquid decreases. Despite this pro¿le the cells 
continue to grow because they still have enough food. 
Only when food concentration reaches zero, the biomass 
concentration pro¿le will begin to decline.

As a result it was found that 10 reactors are required. 
The PBR Àat plate unit should have a volume of 150 L, 
where dimensions are 9.15 cm depth, 1.28 m long and 
1.28 m high. Final productivity is 15.46 g/m3 h.

To minimize uncertainty, arti¿cial radiation was used 
as it remains constant over time. We evaluate a different 
case, where the light source is higher (I0 = 1.48 kW/m 2), 
and assuming the use of arti¿cial light.

The new  predesign case changes the dimensions 
of the PBR (depth 19.6 cm, width and height 89cm) 
and the conditions of PBR as gas Àow (Fg); initial 
biomass concentration (Xin) and carbon dioxide gas 
concentration(CO2Gs) were 104.7 L/h, 0.011 g/L  and 
0.1153 g/L, respectively. Biomass concentration results 
are shown in Figure 7. The graphic demonstrates that 
biomass concentration is lower than the previous case. 
This is possible because PBR Àat plate unit is larger 
than the previous one and it could affect the growth rate.

The gas Àow that has the carbon source for the 
microalgae is initially constant. With the increase of 
biomass concentration, more CO2 would be necessary 
and might become a limiting growth nutrient. We 
evaluated what would have happen if the gas Àow (Fg) 
was  increased at the entrance of each PBR gradually. 
The ¿rst reactor had a nominal aeration Àow, but the 
second one had an increase of 2 L /h in the nominal 
Àow. The same increase is performed in the subsequent 
Àat panel PBRs. The result of the simulation is shown 
in Figures 7 and 8. Thus the ¿nal biomass concentration 
to elapse 10 PBR is 110 g /m3 resulting in a productivity 
of 21.26 g/m3 h. The concentration is greater than that 
shown in Figure 4 since each PBR has more food 
availability for microalgae due to the increase of the gas 
Àow. The CO2 concentration in the liquid will be higher 
because the CO2 in the gas comes out faster. However, 
we did not consider the effect on pH which could have 
a negative impact on microalgae growth.
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Figure 4. Seciic grot rate into eac PBR  i ariale ecaue i 
limite y te PBR ariale.

Figure 5. Bioma concentration at te outlo o eac ioreactor uing 
ariale eciic grot rate.

Figure 6. CO2 concentration in te liui outlo er PBR, ig ene 
culture conume more CO2 into te PBR, reucing caron ource 

aailaility.
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Figure 8 shows that CO2 concentration is lower 
than in the previous scenarios due to high microalgae 
concentration consuming carbon dioxide faster. In other 
words, as the CO2 is fed in larger quantities; it is also high 
consumed because of the high biomass concentration. 

Figure 7. Bioma concentration at te outlo o eac ioreactor it 
artiicial ligt.

Figure 8. Bioma concentration at te outlo o eac ioreactor arying 
te ga lo eeing more caron ource i ue y te culture ic 
imroe te ioma rouctiity.

Figure 9. CO2 concentration in te liui outlo er PBR arying te 
ga lo eeing caron ource i conume a ioma concentration 
ecome iger.
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Previous simulation tells us that the obtained solution 
from the method agrees with the process´s physical 
reality. This method can be used to design real PBR in 
series with recirculation. Moreover, design results are 
promising to be implemented in a real continuous PBR 
system. Since the model has not been validated yet, the 
result must be analyzed with care.

Comparing some values from literature, our results 
are lower than the actual reports (Bosma et al., 2014; 
Olivieri, Salatino & Marzocchella, 2013); for example, 
concentration reported in Bosma et al. (2014) expects a 
biomass concentration between 200 g/m3 to 5 000 g/m3, 
the values reported are obtained by different kinds of 
PBRs from the AlgaePARC®. Moreover, Olivieri et al. 
(2014) reports that biomass concentration is really high 
in SUBITEC PBR® ranging from 2 000 g/m3 to 5 000 
g/m3. Comparing these results with our design we can 
see that the obtained design can manage realistic values. 

4. CONCLUSIONS

● Industrial application of PBR for microalgae culture is 
still a dif¿cult task to ful¿ll, because PBR construction 
and operation costs are high and productivity 
performance is low. Additionally, the scale up of PBR 
is a hard task, sometimes impossible to achieve. One 
way to improve productivity is by using continuous 
PBRs, but again, we would need bigger PBR that 
cannot be constructed in this moment. We propose the 
alternative use of several PBRs in series. The main 
idea is to use small PBRs in series that would work 
in a continuous way, improving their productivity 
performance. Mathematical models were built to 
establish multi-phenomena interactions between 
the important variables, light, mass transfer and 
growth kinetics. However, the obtained model is 
very complex to analyze. This work shows a simple 
methodology used to design continuous PBRs in 
series with recirculation, composed by several Àat 
panel reactors. The methodology employs previous 
PBR knowledge to estimate an initial condition. Then 
the model is split between a set of linear equations 
system and a set of nonlinear equations system. An 
iterative method is applied to obtain the ¿nal solution.

● The method used helped us to obtain a reliable result, 
because the direct solution of the equation using 
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numerical methods was very dependent upon the 
initial conditions. We analyzed the system design and 
found that it is possible to improve productivity using 
several Àat plate PBRs in series with recirculation. 
Then, when changing some conditions, we found that 
the design method can deal with the complexity of 
the system and predicts, in the real physical sense the 
possible changes the PBR could have. i.e. the method 
solutions agree with the expected behavior.
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NOMENCLATURE

μ Speci¿c growth rate
μmax Maximum speci¿c growth rate
I Light intensity
Iopt Light intensity where µ= µmax

I0 Irradiance of the light source
pCO2 Partial pressure of CO2

Ks Saturation constant
Ki Inhibition constant
Xe Biomass concentration at the entrance
Xs Biomass concentration at the outlet
CO2

* Concentration of CO2 in balance
CO2e Concentration of CO2 in the inlet liquid
CO2s Concentration of CO2 into the liquid outlet
CO2ge Concentration of CO2 in the inlet gas
CO2gs Concentration of  CO2 in the gas at the outlet
Kla Constant mass transfer
rs Substrate consumption rate
D Dilution
F Inlet Flow before mixing point
R Recirculation flow
V Volume of liquid
Fg Gas Flow
Vg Volume of gas
α Coefficient of absorptivity
L Depth photobioreactor
ɛ Gas Hold-up
μL Viscosity of the liquid
ρL Density of the liquid
dB Bubble diameter
Vt Individual bubble speed
DCO2 CO2 diffusivity
Xn Biomass concentration in the reactor n
Ft Inlet Àow at each PBR unit


