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Optimal control problems on time scales described by
Volterra integral equations on time scales

Problemas de controle 6timo em escalas temporais descritos por

equagoes integrais de Volterra em escalas temporais

Iguer Santos

iguerluis@mat.feis.unesp.br

Abstract

In this work we consider two class of optimal control problems on time scales described by Volterra integral
equations on time scales. We have established the existence of solutions for these two class of optimal control
problems.
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Resumo

Neste trabalho néds consideramos duas classes de problemas de controle étimo em escalas temporais descritos por
equagoes integrais de Volterra em escalas temporais. Nos estabelecemos a existéncia de solugoes para essas duas
classes de problemas de controle otimo.
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1 Introduction

Results of existence of optimal controls for op-
timal control problems on time scales are to
be found in [Santos e Silva (2014), Theorem
5.2], [Liu et al. (2011), Theorem 4.3], [Peng et al.
(2011), Theorem 4.3], [Zhan et al. (2012), The-
orem 4.1] and [Zhan e Wei (2009), Theorem
4.2].

Using the theorems [dos Santos (2015), The-
orem 3.3] and [dos Santos (2015), Theorem 3.4],
we give sufficient conditions for the existence
of optimal controls to optimal control problems
on time scales described by Volterra integral
equations on time scales. To the best of our
knowledge, the optimal control problems of a
system governed by the Volterra integral equa-
tions on time scales have not been considered
in the literature.

2 Preliminaries

A time scale T is a nonempty closed subset
of real numbers. Here we use an arbitrary
bounded time scale T such that 4 = minT <
b = maxT.
Define the forward jump operator o : T —
T by
o(t) =inf{s € T:s >t}

where inf@® = sup T.

Let ¢c,d € T be such that ¢ < d. Given a
function f : T — R, we indicate the Riemann
A-integral of f on [c,d]t by

/Cdf(s)As.

For functions f : T — IR" the integration is
considered componentwise.

We study optimal control problems on time
scales described by the following Volterra inte-
gral equations on time scales

() =ult)+ [ glesxas @

w0 =u(t) + [ glesx@©)as @

where x : T — R" is the unknown function,
g: TxTxR" —- R"and f : T — R" are
given functions, and t € T. The existence of
continuous solutions to Egs. (1) and (2) can be
found in Kulik e Tisdell (2008).

Below we state the convergence results of
solutions used to establish the existence of op-
timal controls to optimal control problems on
time scales described by Volterra integral equa-
tions on time scales.

Theorem 2.1 (dos Santos (2015)). Let {gx} be
a sequence of continuous functions with g : T X
T x R" — R" satisfying

I8k (t,s,x) [ < C(1+ [x[])

on its domain. Suppose that { fi} is a sequence of
uniformly bounded and equicontinuous functions
with fr : T — R" and || fx — f|lc — 0. Suppose
also

1. gi(t,s,x) — g(ts,x)on T x T x R?;

2. there exists L > 0 such that || gx(t,s,x) —
8k(tsy)|| < Lljx —yl| for each k;

3. for each k, Py (t) is a solution of

0e(t) = fi()+ [ geltsap(s))as
teT;

4. given € > 0 and M > 0, there exists 5 > 0
such that

I8k (ts,x) = gi(tr,sx)|| < eft—t ]

whens €T, |t—t |<6, tt €T, ||x]| <
M and k is an integer.

Then there is a subsequence {{y,} C {{i} and a
function i : T — R" such that ||, — |l — 0,
and 1 satisfies

t
Pt = F() + [ g(tsp(s))as
on T.
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Theorem 2.2 (dos Santos (2015)). Take a sequence
of continuous functions gy : T x T x R" — R"
such that

18k (tsx) || < C(1+ [x[])

forall (t,;s,x) € T x T x R". Consider a sequence
of uniformly bounded and equicontinuous functions
fr: T — R" with || fy — f|lec — 0. Consider also
the hypotheses

1. gi(t,s,x) — g(t,s,x) on T x T x R?;

2. there exists L > 0 such that ||gx(t,s,x) —
8k(tsy)|l < Lljx — yl| for each k;

3. for each k, Py (t) is a solution of

Bl = )+ [ sulespilo(9)as,
t eT;

4. for each € > 0 and M > 0, there exists 5 > 0
such that

18k (ts,x) — gkt x)| <eft—t |

whenever s € T, | t —t; |< 6, t,1; € T,
|x|| < M and k is an integer.

IfC(b—a) <1, then there is a subsequence {{y} C
{¢x} and a function v : T — R" such that
19, — Pllo — O, and p satisfies

0l = £+ [ slespo(s))as

on T.

3 Optimal control problems on

time scales

We denote the set of all continuous functions
with domain T and taking values on R" by
C(T,R"). Let U C K, where K is the set of all
functions f : T — R” satisfying

1f(t) = f(s)l <Kt —s|,VEs €T

for some constant K > 0.
Consider the following optimal control prob-
lem (P;):

minh(x(a),x(b))
on all pairs (x,u) € C(T,R") x U, such that

x(t) = u(t) + fatg(t,s,x(s))As, teT
(x(a),x(b)) € E

where E C R?" is a closed set and h : R" x
R" — R is a lower semicontinuous function.

We say that (x,u) € C(T,R") x U is an ad-
missible process for (P;), if the pair (x,u) sat-
isfies the Eq. (1) and x obeys the condition
(x(a),x(b)) € E. A process (%,i) is called an
optimal process for (Py), if it is an admissible
process for (P;) that satisfies

h(x(a),x(b)) < h(x(a),x(b))
for all admissible process (x,u) of (Py).

Theorem 3.1. Let ¢ : T x T x R" — R" be a
continuous function satisfying

g (Esx) || < C(1+ [|x[])
on its domain. Suppose that

1. there exists L > 0 such that ||g(t,s,x) —
g(tsy)ll < Lllx —yll;

2. given € > 0 and M > 0, there exists 5 > 0
such that

Ig(ts,x) —g(tisx)|| <elt—t |

whens € T, | t—1t |< 6, t,f1 € T and
x| < M.

Then (Py) has an optimal process.

Proof. Denote by inf{P;} the greatest lower
bound on h(x(a),x(b)) over admissible pro-
cesses (x,u) of (P;). Hence there exists a se-
quence of admissible processes (x;,u;) of (Pp)
obeying

inf{P;} = limh(x;(a),x;(b)).
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Since {u;} is a equicontinuous sequence, from
Arzela-Ascoli’s Theorem there exists a subse-
quence of {u;}, we do not relabel, such that
|lu; — iil]|le — 0. It follows from [dos San-
tos (2015), Theorem 3.3] that there is a sub-
sequence of {x;}, we do not relabel, such that
|x; — %||e — 0. Moreover, the function ¥ :
T — R" satisfies

() = a(t) + /atg(t,s,f(s))As
onT.

As (x;(a),x;(b)) € E and E is a closed set,
we conclude that (%(a),%(b)) € E and then
(%,i1) is an admissible process for (P;). We also
have

inf{P;} = limh(x;(a),x
= liminfh(x;(a),x
> h(x(a),x(b)) > 1

i(b))
i(b))
nf{P; }

and thence (%,i) is an optimal process for (P;).
0

Now consider the following optimal control
problem (P,):
min h(x(a),x(b))

on all pairs (x,u) € C(T,R") x U, such that

x(t) = u(t) +f g(t,s,x(
(x(a),x(b)) €

Below we get the existence of solutions to
(P2).

Theorem 3.2. Assume that ¢ : T x T x R" —
R" is a continuous function satisfying

(0(s)))As, t€T

lg(ts,x)[| < C(1+[|x[])
on its domain. We also suppose that

1. there exists L > 0 such that ||g(ts,x) —
gtsy)ll < Lljx —yll;

2. for each € > 0and M > 0, there exists 6 > 0
such that
lg(ts,x) —g(trsx)|| <e|t—t |

whenevers € T, |t — 1 |< 9, t,ty € T and
x| < M.

IfC(b—a) < 1, then (P,) has an optimal process.

Proof. Let inf{P,} denote the greatest lower
bound on h(x(a),x(b)) over admissible pro-
cesses (x,u) of (P;). Thence there exists a se-
quence of admissible processes (x;,u;) of (P,)
obeying
inf{Pz} = limh(xi(a),xi(b)).

As {u;} is a equicontinuous sequence, it fol-
lows from Arzela-Ascoli’s Theorem that there
exists a subsequence of {u;}, we do not re-
label, such that ||u; — ii|]|cc — 0. From [dos
Santos (2015), Theorem 3.4] there exists a sub-
sequence of {x;}, we do not relabel, such that
|x; — X||e — 0. Furthermore, the pair (%,i)
satisfies the equation

() = a(t) + / (b5, 7(0(5)))As

on T.
Since (x;(a),x
we have

(b)) € E and E is a closed set,

lim(x;(a),xi(b)) = (%(a),%(b)) € E

and then
(P2).
Finally, since

(x,1) is an admissible process for

inf{P,} = limh(x;(a),x;(b))
= liminf h(x;(a),x;(b))
> h(x(a),x(b)) > inf{P>}

we conclude that (%,i) is an optimal process
for (P,). O
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