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Abstract

In this article, a new version of Kannan mapping theorem in modular space is presented. The
main result of this paper is the existence of fixed point of Kannan mapping in complete
modular spaces that have Fatou property.
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1 Introduction

In this article, existence of a fixed point of
Kannan mapping in the modular space is
proved. The theory of this space was initiated
by Nakano [9] in 1950 in connection with the
theory of order spaces and redefined and
generalized by Musielak and Orlicz [8] in
1959. In order to do this and for the sake of
convenience, some definitions and notations
are recalled from [2],[3], [4], [5], [7], [8], [9] and
[10].

Definition 1.1 Let X be an arbitrary vector
space over K(=R or C).

A functional p: X — [0, 4+) is called modular
if:

1. p(x) = 0if and only if x = 0.

2. p(ax) = p(x) for ae Kwith lal =1; vx, y €
X.

3. plax + By) < p(x) + pV)if ,f =20, +
B=1Vxy€EX.

Definition 1.2 If 3 in Definition 1.1 is replaced
by:

plax + By) <a’p(x) +B°p(y) for af=
0,a°+ p°=1withans € (0,1]

then the modular p is called an s —convex
modular; and if s = 1,p is called a convex
modular.

Definition 1.3 A modular pdefines a
corresponding modular space, i.e. the space X,
is given by

X, ={x € X|p(yx) > 0asy - 0}.

Definition 1.4 Let X, be a modular space.
1. A sequence {x,} in X, is said to be:

(a) p—convergent to x if p(xn — x) > 0
asn — oo,
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(b) p —Cauchy if p(n —xm))—> 0 as
n,m — oo,

2. X, is p—complete if any p —Cauchy
sequence is p-convergent.

3. A subset B C X_p is said to be p-closed if for
any sequence {x,}CB

with x,, - x, then x € B. BP denotes the
closure of B in the sense of p.

4. A subset B C Xp is called p —bounded if:

8,(B) = sup p(x —y) < +oo,

x,yeB
where §p(B) is called the p —diameter of B.
5. We say that p has Fatou property if:
p(x —y) <liminf p(xn — yn)
whenever
Xn 5 X, Yn 5 y

6. p is said to satisfy the A2 —condition if
:p(2xn) - 0asn — +oo,

whenever p(xn) = 0asn — +oo.

Now, we state the definition of Kannan
mapping in the modular space (see [6]).

Definition1.5T : Xp — Xp is called a Kannan
mapping, if there exist

¢c =>1land a€ [0, %), such that

p(c(Tx = Ty)) < a(p(Tx — x) + p(Ty
- )

forallx,y € Xp.

Theorem 1.6 Let Xp be complete modular space
which p satisfies the Fatou property. Suppose T :
Xp — Xp be a Kannan mapping and assume that
there exists x € Xp which p(Tx — x) < oo. Then
T has a unique fixed point.



Proof. By induction on n € N, we prove the
following inequality,

p(C(Tn+1x - T"x)) < (%)np(Tx - Xx).

Let x € X_p, for n =1 inequality holds.

Assume for n =k € EN we have

a Ak
p(C(Tk+1x - Tkx)) < (m) p(Tx — x).
Now, forn=k+1,

p(C(Tk+2x _ T"“x))
< a(p(T"”x _ Tk+1x)
+ p(T**1x — T¥*x))

Therefore
p(c(T’”Zx _ Tk+1x)) _ ap(Tk+2x _ Tk+1x)
< ap(T*x — Tkx)
ak+1

< mp(ﬁc —X),

and since

(1 — @)p(c(TF+2x — T*+1x))
< p(C(Tk+2x _ Tk+1x))
_ ap(T’”Zx _ Tk+1x)

Therefore

(1 — a)p(c(TF+2x — T**1x))
k+1

< mp(“ - X),

and this shows that

k+1

p(c(T**2x — T**1x)) < #p(?’x —x).

Now, let m > n, then we have
p(c(Tmx — T™x))

<a(p(T"x—T"1x)
+ p(T™x — T™ 1x))

< a (G tpre - ) + o - 0),
Letting n tend to infinity, then

lim p(c(T"x — T™x)) = 0.

n—oo

Consequently, {T"x} is a Cauchy sequence.
Then by completeness of Xp,thereis a z € Xp
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such that Tnx — z. Now, we show that Tz =
z. By Fatou property we have

p(Tz —z) < liminfp(Tz — T"z)
n
Since
p(Tz—T"z) < p(c(Tz—T"z))
we obtain
liminfp(Tz — T"(x)) < liminfp(c(Tz — T"x))
n n

<
liminfa(p(Tz — z) + p(T"x — T" 'x))
n

then

(1—a)p(Tz— 2) < lirr}linfa(p(T”x - T"1x))

If n tends to infinity we have Tz = z. Thus z is
a fixed point of T and z is unique.

Otherwise, if u € Xp that = u, u # zthen
pz — W) = p(Tz — Tu)

< a(p(TZ —z)+

p(Tu — w))
=0
therefore
pz —u) =0
and this means that
z=u

O

Definition 1.7 Let T be a map of X into itself,
let z € X. T is p-sequentially continuous at z,

if and only if when xn — z, then T(xn) -
T(2).

Theorem 1.8 Let Xp be a modular space which
satisfies A2 —condition. Let T be a map of X into
itself and there exists a ¢ = 1 such that:

1) ple(Tx—Ty)) <alp(x—Tx) + p(y —
Ty)); for0 < a < l'x,y € X.

2/

(2) T is sequentially continuous at a point u € X.



(38) There exists a point x € X such that the
sequence of iterates {T™x} has a subsequence
{T™ix} converging to u.

Then u is the unique fixed point of T.

Proof. T is sequentially continuous at u,
therefore we have T™*1x converges to Tu.

By 42 —condition we have
p(c(Thx — u)) - 0; p(c(T™* x — Tu)) - 0.
Suppose u # Tu.

Let
1 1
0<e <3 (p(Z (c(u — Tuw))),

then there exists a positive integer N, such that
forn; > N,

p(c(Tmix — w)) < € and p(c(T™*'x — Tu))
< €.

Now, we claim that
p(c(Tmix — T*'x)) > e;n; > N
Because if
p(c(Thix — TM+1x)) < €
then
p G (ctu— Tu))) < pleu— Trix)) +

p(c(Tmix — T"*1x)) + p(c(T™*1x — Tw))
< 3¢

and this is a contradiction.
On the other hand,

p(C(Tni"'lx _ T"i"'zx))
< a(p(TMix — TMitx)
+ p(T"i"'lx— T"i"'lx)),

Therefore

p(C(T"i"'lx _ T"i"'zx))

a
< ——p(TMix — Tt
1_Olp( x x)

Let n, > n; > N, thus
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p(c(T™ex — T™+1x))
a N\« )
< (1 — a) p(Tmx
_ Tnj+1x)

Let n;, tends to infinity, then we have
p(c(TMx — T™*1x)) > 0

this is a contradiction, therefore T(u) = u.

If z € Xp be a point such that Tz = z then

p(u—z) = p(Tu—Tz)

< alp(u— Tu) + p(z—T=z))
=0

Hence z = u, and the theorem is proved. o
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