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Abstract 

In this article, a new version of Kannan mapping theorem in modular space is presented. The 

main result of this paper is the existence of fixed point of Kannan mapping in complete 

modular spaces that have Fatou property.  
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1 Introduction 

In this article, existence of a fixed point of 

Kannan mapping in the modular space is 

proved. The theory of this space was initiated 

by Nakano [9] in 1950 in connection with the 

theory of order spaces and redefined and 

generalized by Musielak and Orlicz [8] in 

1959. In order to do this and for the sake of 

convenience, some definitions and notations 

are recalled from [2],[3], [4], [5], [7], [8], [9] and 

[10]. 

Definition 1.1 Let X be an arbitrary vector 

space over K(= R or C).  

A functional 𝜌: 𝑋 → [0, +∞) is called modular 

if: 

1. 𝜌(𝑥) = 0 if and only if 𝑥 =  0. 

2. 𝜌(𝛼𝑥)  =  𝜌(𝑥) for α∈ K with |α| = 1; ∀x, y ∈ 

X. 

3. 𝜌(𝛼𝑥 +  𝛽𝑦) ≤  𝜌(𝑥) +  𝜌(𝑦)𝑖𝑓 𝛼, 𝛽 ≥ 0, 𝛼 +
𝛽 = 1; ∀𝑥, 𝑦 ∈ 𝑋. 

 

Definition 1.2 If 3 in Definition 1.1 is replaced 

by: 

𝜌(𝛼𝑥 +  𝛽𝑦)  ≤ 𝛼𝑠  𝜌(𝑥)  + 𝛽𝑠  𝜌(𝑦) for 𝛼, 𝛽 ≥

0, 𝛼𝑠 + 𝛽𝑠 = 1 with an 𝑠 ∈  (0, 1] 

then the modular 𝜌 is called an 𝑠 −convex 

modular; and if 𝑠 =  1, 𝜌 is called a convex 

modular. 

 

Definition 1.3 A modular 𝜌 defines a 

corresponding modular space, i.e. the space 𝑋𝜌 

is given by 

𝑋𝜌 = {𝑥 ∈ 𝑋|𝜌(𝛾𝑥) → 0 𝑎𝑠 𝛾 → 0}. 

 

Definition 1.4 Let 𝑋𝜌  be a modular space. 

1. A sequence {𝑥𝑛} in 𝑋𝜌 is said to be: 

    (a) 𝜌 −convergent to 𝑥 if 𝜌(𝑥𝑛 −  𝑥) →  0 

as 𝑛 → +∞. 

    (b) 𝜌 −Cauchy if 𝜌 (𝑥𝑛 −  𝑥𝑚) ) →  0 as 

𝑛, 𝑚 → +∞. 

2. 𝑋𝜌 is 𝜌 −complete if any 𝜌 −Cauchy 

sequence is ρ-convergent. 

3. A subset B ∁ 𝑋_𝜌 is said to be ρ-closed if for 

any sequence  {𝑥𝑛}∁ 𝐵 

    with 𝑥𝑛 → x, then 𝑥 ∈ 𝐵. 𝐵𝜌̅̅ ̅̅  denotes the 

closure of B in the sense of 𝜌. 

4. A subset 𝐵 ∁ 𝑋𝜌 is called 𝜌 −bounded if: 

𝛿𝜌(𝐵) = sup
𝑥,𝑦∈𝐵

𝜌(𝑥 − 𝑦) < +∞, 

    where 𝛿𝜌(𝐵) is called the 𝜌 −diameter of B. 

5. We say that 𝜌 has Fatou property if: 

𝜌(𝑥 −  𝑦)  ≤ 𝑙𝑖𝑚 𝑖𝑛𝑓 𝜌(𝑥𝑛 −  𝑦𝑛) 

     whenever 

𝑥𝑛

𝜌
→ 𝑥,   𝑦𝑛

𝜌
→ 𝑦 

6. 𝜌 is said to satisfy the 𝛥2 −condition if 

: 𝜌(2𝑥𝑛)  → 0 as 𝑛 → +∞, 

    whenever 𝜌(𝑥𝑛)  → 0 as 𝑛 → +∞. 

Now, we state the definition of Kannan 

mapping in the modular space (see [6]). 

 

Definition 1.5 𝑇 ∶  𝑋𝜌 → 𝑋𝜌 is called a Kannan 

mapping, if there exist 

    𝑐 ≥  1 and  𝛼 ∈ [0,
1

2
), such that 

𝜌(𝑐(𝑇𝑥 −  𝑇𝑦))  ≤  𝛼 (𝜌(𝑇𝑥 −  𝑥) +  𝜌(𝑇𝑦 
−  𝑦)) 

    for all 𝑥, 𝑦 ∈  𝑋𝜌. 

 

Theorem 1.6 Let 𝑋𝜌 be complete modular space 

which ρ satisfies the Fatou property. Suppose 𝑇 ∶

 𝑋𝜌 → 𝑋𝜌 be a Kannan mapping and assume that 

there exists 𝑥 ∈ 𝑋𝜌 which 𝜌(𝑇𝑥 −  𝑥)  <  ∞. Then 

T has a unique fixed point. 
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Proof. By induction on n ∈ N, we prove the 

following inequality, 

𝜌(𝑐(𝑇𝑛+1𝑥 − 𝑇𝑛𝑥)) ≤ (
𝛼

1 − 𝛼
)

𝑛

𝜌(𝑇𝑥 − 𝑥). 

Let x ∈  𝑋_𝜌, for n = 1 inequality holds. 

Assume for n = k ∈ ∈N we have 

𝜌(𝑐(𝑇𝑘+1𝑥 − 𝑇𝑘𝑥)) ≤ (
𝛼

1 − 𝛼
)

𝑘

𝜌(𝑇𝑥 − 𝑥). 

Now, for n = k + 1, 

𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥))

≤ 𝛼(𝜌(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥)
+ 𝜌(𝑇𝑘+1𝑥 − 𝑇𝑘𝑥)) 

Therefore 

𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥)) − 𝛼𝜌(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥)

≤ 𝛼𝜌(𝑇𝑘+1𝑥 − 𝑇𝑘𝑥) 

≤
𝛼𝑘+1

(1 − 𝛼)𝑘
𝜌(𝑇𝑥 − 𝑥), 

and since 

(1 − 𝛼)𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥))

≤ 𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥))

− 𝛼𝜌(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥) 

Therefore 

(1 − 𝛼)𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥))

≤
𝛼𝑘+1

(1 − 𝛼)𝑘
𝜌(𝑇𝑥 − 𝑥), 

and this shows that 

𝜌(𝑐(𝑇𝑘+2𝑥 − 𝑇𝑘+1𝑥)) ≤
𝛼𝑘+1

(1 − 𝛼)𝑘+1
𝜌(𝑇𝑥 − 𝑥). 

Now, let m > n, then we have 

𝜌(𝑐(𝑇𝑛𝑥 − 𝑇𝑚𝑥))

≤ 𝛼(𝜌(𝑇𝑛𝑥 − 𝑇𝑛−1𝑥)
+ 𝜌(𝑇𝑚𝑥 − 𝑇𝑚−1𝑥)) 

≤ 𝛼 ((
𝛼

1−𝛼
)𝑛−1𝜌(𝑇𝑥 − 𝑥) + (

𝛼

1−𝛼
)𝑚−1𝜌(𝑇𝑥 − 𝑥)), 

Letting n tend to infinity, then 

lim
𝑛→∞

𝜌(𝑐(𝑇𝑛𝑥 − 𝑇𝑚𝑥)) = 0. 

Consequently, {𝑇𝑛𝑥} is a Cauchy sequence. 

Then by completeness of 𝑋𝜌,there is a 𝑧 ∈  𝑋𝜌 

such that 𝑇𝑛𝑥 →  𝑧. Now, we show that 𝑇𝑧 =

 𝑧. By Fatou property we have 

𝜌(𝑇𝑧 − 𝑧) ≤ liminf
𝑛

𝜌( 𝑇𝑧 − 𝑇𝑛𝑧) 

Since 

𝜌(𝑇𝑧 − 𝑇𝑛𝑧) ≤ 𝜌(𝑐(𝑇𝑧 − 𝑇𝑛𝑧)) 

we obtain 

liminf
𝑛

𝜌(𝑇𝑧 −  𝑇𝑛(𝑥)) ≤  liminf
𝑛

𝜌(𝑐(𝑇𝑧 −  𝑇𝑛𝑥))  

                                                                       ≤
 liminf

𝑛
𝛼(𝜌(𝑇𝑧 −  𝑧)  +  𝜌(𝑇𝑛𝑥 −  𝑇𝑛−1𝑥)) 

then 

(1 − 𝛼)𝜌(𝑇𝑧 −  𝑧) ≤  liminf
𝑛

𝛼(𝜌(𝑇𝑛𝑥 −  𝑇𝑛−1𝑥))  

If n tends to infinity we have 𝑇𝑧 =  𝑧. Thus z is 

a fixed point of 𝑇 and 𝑧 is unique. 

Otherwise, if 𝑢 ∈   𝑋𝜌 that  =  𝑢 , 𝑢 ≠  𝑧 then 

𝜌(𝑧 −  𝑢)  =  𝜌(𝑇𝑧 −  𝑇𝑢) 

                                               ≤ 𝛼 (𝜌(𝑇𝑧 −  𝑧) +

 𝜌(𝑇𝑢 −  𝑢)) 

 =  0 

therefore 

𝜌(𝑧 −  𝑢)  =  0 

and this means that 

𝑧 =  𝑢. 

□ 

Definition 1.7 Let 𝑇 be a map of 𝑋 into itself, 

let  𝑧 ∈  𝑋. T is ρ-sequentially continuous at z, 

if and only if when 𝑥𝑛 →  𝑧, then 𝑇(𝑥𝑛) →
𝑇(𝑧). 

 

Theorem 1.8 Let 𝑋𝜌 be a modular space which 

satisfies 𝛥2 −condition. Let 𝑇 be a map of 𝑋 𝑖nto 

itself and there exists a 𝑐 ≥  1 such that: 

(1) 𝜌(𝑐(𝑇𝑥 −  𝑇𝑦))  ≤ 𝛼(𝜌(𝑥 −  𝑇𝑥)  +  𝜌(𝑦 −

 𝑇𝑦)); for 0 <  𝛼 <  
1

2
; 𝑥, 𝑦 ∈  𝑋. 

(2) 𝑇 is sequentially continuous at a point 𝑢 ∈  𝑋. 
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(3) There exists a point 𝑥 ∈  𝑋 such that the 

sequence of iterates {𝑇𝑛𝑥} has a subsequence 

      {𝑇𝑛𝑖𝑥} converging to 𝑢. 

Then 𝑢 is the unique fixed point of 𝑇. 

 

Proof. 𝑇 is sequentially continuous at 𝑢, 

therefore we have 𝑇𝑛𝑖+1𝑥 converges to Tu. 

By 𝛥2 −condition we have 

𝜌(𝑐(𝑇𝑛𝑖𝑥 −  𝑢))  → 0;  𝜌(𝑐(𝑇𝑛𝑖+1𝑥 −  𝑇𝑢)) →  0. 

Suppose 𝑢 ≠  𝑇𝑢.  

Let  

0 <  𝜖 <
1

3
 (𝜌(

1

4
 (𝑐(𝑢 −  𝑇𝑢))), 

then there exists a positive integer 𝑁, such that 

for 𝑛𝑖 >  𝑁, 

𝜌(𝑐(𝑇𝑛𝑖𝑥 −  𝑢)) <  𝜖  𝑎𝑛𝑑  𝜌(𝑐(𝑇𝑛𝑖+1𝑥 −  𝑇𝑢))

<  𝜖. 

Now, we claim that 

𝜌(𝑐(𝑇𝑛𝑖𝑥 −  𝑇𝑛𝑖+1𝑥)) >  𝜖 ;  𝑛𝑖  >  𝑁 

Because if  

𝜌(𝑐(𝑇𝑛𝑖𝑥 −  𝑇𝑛𝑖+1𝑥)) ≤  𝜖  

then 

𝜌 (
1

4
(𝑐(𝑢 −  𝑇𝑢))) ≤  𝜌(𝑐(𝑢 −  𝑇𝑛𝑖𝑥)) +

𝜌(𝑐( 𝑇𝑛𝑖𝑥 − 𝑇𝑛𝑖+1𝑥)) + 𝜌(𝑐(𝑇𝑛𝑖+1𝑥 − 𝑇𝑢))                       
                                    <  3𝜖                                                                                     

and this is a contradiction. 

On the other hand, 

𝜌(𝑐(𝑇𝑛𝑖+1𝑥 −  𝑇𝑛𝑖+2𝑥))

≤  𝛼(𝜌(𝑇𝑛𝑖𝑥 − 𝑇𝑛𝑖+1𝑥)

+  𝜌(𝑇𝑛𝑖+1𝑥 −  𝑇𝑛𝑖+1𝑥)), 

Therefore 

𝜌(𝑐(𝑇𝑛𝑖+1𝑥 −  𝑇𝑛𝑖+2𝑥))

≤
𝛼

1 − 𝛼
𝜌(𝑇𝑛𝑖𝑥 −  𝑇𝑛𝑖+1𝑥) 

Let 𝑛𝑘 > 𝑛𝑗 > 𝑁, thus  

𝜌(𝑐( 𝑇𝑛𝑘𝑥 − 𝑇𝑛𝑘+1𝑥))

≤ (
𝛼

1 − 𝛼
)

𝑛𝑘−𝑛𝑗

𝜌( 𝑇𝑛𝑗𝑥

− 𝑇𝑛𝑗+1𝑥) 

Let 𝑛𝑘 tends to infinity, then we have 

𝜌(𝑐( 𝑇𝑛𝑘𝑥 − 𝑇𝑛𝑘+1𝑥)) →  0 

this is a contradiction, therefore 𝑇(𝑢)  =  𝑢. 

If 𝑧 ∈  𝑋𝜌  be a point such that 𝑇𝑧 = 𝑧 then 

𝜌(𝑢 − 𝑧)  =  𝜌(𝑇𝑢 − 𝑇𝑧) 

                                                   
≤  𝛼(𝜌(𝑢 −  𝑇𝑢)  +  𝜌(𝑧 − 𝑇𝑧)) 

=  0 

Hence 𝑧 =  𝑢, and the theorem is proved. □ 
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