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ABSTRACT

We develop a numerical model based on the mild-slope equation of water wave propagation over complex
bathymetrys, taking into account the combined effects of refraction, diffraction and reflection due to protection
structures. The numerical method was developed using a split proposed version of the mild-slope equation in elliptical
form and solved by an implicit method in a finite volume mesh, this technique easily allows the modeling of the wave
transformations caused by the protection structures in coastal waters, where industrial and other economic activities
take place. Study cases controlled have been made and the results match very well with the reference solution. The
capability and utility of the model for coastal areas are illustrated by its application to the breakwater of the Laguna
Verde Nuclear Power Plant (LVNPP) and the protection structure of the Nautical Marine named “Los Ayala”.

Keywords: near-shore, wave transformation, protection structures, implicit method.

RESUMEN

Se desarrolla un método numérico para resolver la ecuacién de la pendiente suave, para el estudio de la propagacion
del oleaje en batimetrias complejas, tomando en cuenta los efectos combinados de la refraccion, difracciéon y
reflexion causados por estructuras de proteccion. El método numérico se basa en la descomposicion de la ecuacion
de la pendiente suave en su forma eliptica para resolverla por un método implicito en volimenes finitos. Esta técnica
permite la modelacion de las transformaciones del oleaje causadas por las estructuras de proteccidon en aguas
costeras, donde actividades industriales y recreativas tienen lugar. Casos de estudio controlados fueron hechos y los
resultados coinciden con la solucion de referencia. La capacidad y utilidad del modelo para aguas costeras es
ilustrado con la aplicaciéon al rompeolas de la Planta Nuclear de Laguna Verde y la estructura de proteccion en la
Marina Nautica “Los Ayala”.

1. Introduction

Recently, great deals of public concern and
interest have been directed towards the coastal
waters, where industrial activities take place.
As a result, engineers are facing an increasing
demand for solutions to coastal problems
among which are the understanding of the
water wave transformation over the complex
bathymetry, from deep water to shallow sloping
beaches, which dominates various aspects of
coastal hydrodynamics processes, especially
the generation of alongshore currents as well
as sediment transport.

The mild-slope equation (MSE) based on wave
models emerged in the late 1960s and reached full
maturity by the early 1990s. A number of free and
commercially MSE models are available today such
as CGWAVE and CREDIZ models, but it is not
possible to use them in the field because engineers
do not have enough time to create the meshes and
wait for the results in field. The key to the model
presented is the previous calculus of some important
near-shore wave processes such as wave current
and wave-wave interactions made with a research
hydrodynamic model early developed [19].
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The MSE which describes the propagation of
periodic, small amplitude surface gravity waves
over a seabed of mild slope was first established by
Berkhoff [1]. This original equation takes into
account the combined effects of refraction,
diffraction and reflection, while the influence of
wave breaking, bottom friction, currents and wind
are neglected; for this reason, we utlize a
hydrodynamic model [19] to calculate these effects.

The solution of the MSE was obtained by using the
finite-element method [8, 23], and finite-differences
schemes [5, 12]; however, this mild-slope equation
is essentially of an elliptic type and, therefore, its
solution is very difficult due to the necessity of
giving boundary conditions along the closed curve
and the requirement of solving a large number of
simultaneous linear systems of equations. Some
efforts to develop an efficient method for wave
propagation could be seen in [17] where is used
two iterative solvers based on the Bi-Conjugate
Gradient Method. Some current finite difference
methods on the hyperbolic form of the mild-slope
equation used to accelerate the computation was
presented by [22, 26] where is used predictor-
corrector scheme and the three-point finite
difference method. A compact explicit finite
difference method was presented by [14], and a
explicit scheme by [13, 10].

Some recent approaches based on finite
volume was developed by [9], the domain
transformation of the MSE in curvilinear
coordinates using a ADI| as solution method
could be seen in [24] and a spectral approach
can be found at [27]. A similar work related to
this research is the numerical simulation of
engineering wave for zhongzui bay [21].

The numerical restriction of the elliptical form of the
MSE makes it computationally costly to find the
solution for short waves over a larger area. To
overcome this problem, in this research the MSE is
split in tree equations to perform the calculations of
the phase velocity and wave height.

The proposed numerical scheme requires the
solution of a tri-diagonal and pent-diagonal systems
to solve the phases and the wave height
respectively. The type of grid used is the staggered
cell with the possibility of a grid refinement in zones
of interest. The numerical code developed was

coupled with a hydrodynamic code [20, 2, 7, 3, 4]
which provides the hydrodynamic field in the study
area. The numerical code was proved with
examples where the analytical solution exists and
have constant conditions obtaining acceptable
values with a numerical error less than 1%
compared with the exact solution.

The study cases are the protection structure of the
Laguna Verde Nuclear Power Station located on
the coast of the Gulf of Mexico and the Nautical
Marine Los Ayala located on the coast of the
Pacific Ocean. The real meteorological parameters
and the data of the waves direction of the areas
were acquired in order to obtain more accurate
results.

2. Mathematical model
The propagation of periodic, small amplitude,

linear surface waves over a seabed of mild slope
can be described by the equation below [18]:

V(chVU)_—gajn -0, (™)

where n is the wave height, C is the phase velocity
and Cy is the group velocity.

The Eq. (1) accounts for the combined effects of
refraction, diffraction and reflection and can be
used for the computation of wave propagation in
coastal regions and for the computation of wave
transformation with a reflecting boundary such as
harbor or breakwater [6]. However, it is essentially
of elliptic form, and its solution needs a boundary
condition along the closed curve and a great
amount of computing time and storage. Therefore
for short waves over an open coast area, it is
infeasible.

The aim of the numerical solution proposed for the
Eq. (1) is to split the equation, in its phase
velocities components x and y and the wave height
n. The equations for the phase velocities Qx and
Qy in the direction x and y respectively are
expressed as:

2 %9 2)
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k denotes the wave number and h the depth.

The advantage of splitting the general Eq.(1) in the
Egs. (2), (3) and (4) is the modeling of breakwaters in
a simple manner.

Numerical scheme

The numerical solution of the Egs.(2), (3) and (4) is
performed using a staggered grid illustrated in
Figure1, in the grid wave height is calculated at the
solid grid points, labeled (i1, ), (i, j), (i+1, ), G, j-1), (i,
j+1), etc., and the velocities are calculated at the
open grid points, labeled (-, j), (i+Y%, j), (+%, i), (j-%,
i). Specifically, x is calculated at points (i-'%, j), (i+%, /)
and y is calculated at different points (j+'%, i), (-, i).
The key feature here is that wave height is calculated
at different grid points. In the Figure 1, the open grid
points are shown equidistant between the solid grid
points, but this is not a necessity.
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Figure1. Computational domain for staggered grid.
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Analogous for the Eq. (3) the discretization is

The discretization of the Eq. (2) proceeds as
expressed as:

follows:
1 22 1 1 22 1
Qle + th+l + xt+1 — Qyt+l + t+1 + Qyt+1 —
2 ot 2 . 2 op ] 2 L 2 L1 2 L1
C , 171,/+E C 1 l,j+E C l+1,j+5 C | 1+5,]—l C 1 I+E,] C 1 t+5,1+1
i-1,j+— i,j+— i+, j+— i+—,j-1 i+—,j i+, j+—
2 2 2 2 2 2
1 22
t t
5 ) 5 Ox' +
C -1, j+— C i1, j+=
1 2 o 2 1 . 22 .
i1, j+— i1, j+— Q . + Qy . +
C2 i 1 C2 1 i+—,j
1 . B 24 ﬂt a 77t i+—,j-1 I+Ej
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C2 1—1,]+5 Ax l+5,]+5 1—5,j )
i-1,j+—
1 t _ 4 77’ t
2 1l 1.1
(6) il o i+—, j+1 Ay 1+2 /+2 l+5j 3

The Figure 2 shows the computational molecule
for the calculation of QOx. (7)

(i-1j+1) - (i) (i+1j+1)

Qx(i-1,j+1/2) Qx(i,j+1/2) Qx(i+1,j+1/2)

(i-1,) (i) (i+L)
a (i-1j-1) ij-D (i+1,j-1)
(i-1j+1) (i,j+1) (i+1,j+1)
i-1,j+1/2 121
Cx%ﬁl,ﬂ -51)/ ) (g2 Qx(i+L,j+1/2)
Cx(i+1j+172)

(i) Qx(i,j+1/2) (i+1])

(i-1j-1) D (i+1j-1)

Figure2. Computational domain for the calculation of Qx
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The solution of the Egs. (6) and (7) produces a tri-  for this reason is important to have an efficient

diagonal system for every row i and j column, this  method, in this research we use the Thomas

implies that we have to solve ni x nj lineal systems,  algorithm. The Figure 3 shows the computational
molecule for the calculation of Qy.
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Figure3. Computational domain for the calculation of Qy.
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The last Eq. (8) is a fourth-order-accurate and
produces a pent-diagonal banded lineal
system. Such system requires the previous
calculated phases (Qx,Qy), and the wave
height in the previous time. We utilize a sparse
matrix iterative method to solve the system.

The values of 77, Qx, Qy , could be zero at time
t = 0 except at the boundaries where the
waves are incidents, this condition is
necessary to determine the new values at time
(t + At). The Figure 4 shows the computational
molecule for the calculation of the wave
height.

4. Boundary conditions

To obtain the wave propagation at open
boundaries, we utilize the Snell's law, which
permits that the waves leave the domain without
modifying their direction or magnitude. The
obstacles and buildings inside the domain are
considered wall boundaries with a reflection factor
(K;), ranging from 0.0 (no reflection) to 1.0
(completely reflected).

To calculate the wave height at the borders of any
breakwater, we formulate two expressions:

(i-1j+2)

time (t + Ab)

(i-1j+1)
(]
nG-1/2+1/2)

N 0D
@j+1)
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L . @
n(i+1/2,j+1/2) N(i+3/2,+1/2)
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(i-Lj) 7 (i)
@
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Figure 4. Computational domain for the calculation of the wave heights.
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et =+ K, )xnl o —Kon ™ (9)
(&)
n! =+ K, )xn! o —Kpg (10)
(%)
The Eq. (9) is used at the start of the

breakwater of any length and the Eq. (10) is
used at the end. The Figure 5 shows how the
boundary conditions are applied.

For the wave height of the quasi-oscillating waves
produced by the shock of the incident waves of

height ( H; ) versus the reflecting waves of height (
H, ) the new wave height could be estimated as:

where Kx is the factor of group in x, Ky factor of
group in y, x is the distance with respect to x-axis
and y the distance with respect to y-axis.

At the vertical open boundaries, the proper
condition for the Eq. (6) ati=1 and i = ni along the
line

(y = jxAy+ %) is determined as:

H. .
o = cos[(Kx,., X, cos(6,))+(Ky, Y, sin(6), j))—ZTﬂ-xtj| (11)
C’ At
Lj+—
xt+1 _ t _ 2 t t (12)
e L
c’ At
ni, j+—
xt+1 — t _ 2 t t 13
Q ni,j+— ni,j+— Ax nm’,j+7 nm-_l,j% (13)
Snell law in ij+1 Snell law in
open boundary T v open boundary
i g 01 [P [ [FL 4
I} —(1+KL)XH(%)'KL% x i :(1+KL)an‘L_cﬂ)—KLn{;
Ax

waves incident
direction

reflecting waves

waves incident
direction

Figure 5. Boundary conditions used in the open domain and near of the breakwater.
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Analogous, for the horizontal open boundary the
Eq. (7) at j =1 and j = nj along the line

1
[x =ixXAx+ 2) , are used the next equations:

C* At
th+1 =Q t _ 1’j+5 77: _nt
1, j+% 1 j+% Ax %,ﬂ, %_/%
(14)
c,
1 t oy t t
Q)}_1_—Qy_1__A—77_1__77_1_1
i+— i+—,nj Y4 1+§,nj l+5,nj—
(15)
(a) (b)
direction —
- ]
S ]
reﬂ(oniffractln |:|
AT, W

Finally, the angle frequency could be estimated by
the relation between the phases Ox and Qy as:
Qyn+1

® = tan™ —
Ox"

5. Validation of the model

(16)

To carry out the validation of the numerical code,
theoretical examples were used in order to
compare the results produced by the effects of
refraction, diffraction and reflection. In our
examples we want to reproduce the diffraction and
reflection caused by the presence of one, two or
three symmetrical break waters with different
openings.

The Figure 6 depicts the geometry of different
configuration of breakwaters and the expected
waves diagram at the exit of the openings.

(c)

(\\5

(d)

N

)
T

)

Figure 6. Diffraction-Reflection diagram produced by different configurations of breakwaters.
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In the Figure 7 we can see the effects of diffraction
and reflection over different breakwaters setup,
where the behavior of the waves agrees with the
expected solution depicted in the Figure 6. The
size of each grid cell is Ax = Ay = 10 m and the
time step At is of 1 s, the grid size is of 110 x 110,
in the in- cise (a) the breakwaters are located in
the middle of the grid with an opening of 10 m, in
the incise (b) are depicted three breakwaters with
two openings of 10 m, in the incise (c) , the

breakwater is in the middle-right and finally in the
incise (d) the breakwater is in the middle of the
domain.

In our next example we model the wave
transformation produced by the breakwaters of a
small rectangular harbor, depicted in the Figure 8,
the experimental solution (reference solution) for
this problem was presented by Unluate [25] and a
numerical solution by Lee[11] and Maa [15].

(b)

(c)

(d)

Figure 7. Snapshots of the normalized wave height with different breakwaters
configurations, reproduced with the numerical model.
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y/Hi 0

numerical
receiver

s

x/Hi

Figure 8. Small harbor geometry.

The mini experimental harbor geometry is of
0.3212 m in length x 0.0605m of wide and 0.2576
m of depth, the angle of incident of the waves is
zero degrees and the initial wave height is 0.01 m,
the initial parameters summary of the numerical
test are depicted in the Table 1.

H(m) 0.01

T(s) 1 At

0 (degrees) 0.00

h(m) 0.2576

AX (m) 0.10

Ay (m) 0.10

W x L (m) 4.497 x 1.845
MP x NP 45x 20
Computing time (s) 41

W,L are the width and height of the study domain
MP,NP are the number of cell in the direction
x and y respectively

Table 1. Parameters used for the coastal
area of the LVNPP

The Figure 9 shows the contour of the wave height
obtained with the numerical code developed when
the waves are stable; the boundary condition at the
wall was considered with a reflection coefficient of
1.0 that means a total reflecting wall.

Later a quantitative comparison between the
solutions obtained by Unluate [25] and Maa [15]
was made. The Figure 10 shows normalized wave
height obtained at the receiver compared with the
reference solution and the numerical solution
obtained by Maa with a max relative error of
0.75%, the technique used to approximate the
error could be seen in [16].

6. Numerical experiments in the breakwater of
the LVNPP

The numerical simulation was carried out in the
coastal area of the LVNPP. It is the only electric
power generating nuclear plant in Mexico and
produces about 4.5% of the country’s electrical
energy. LVNPP has an original installed capacity of
1,365 Megawatts (Mw). It consists of two units

Vol.9 No.2 August 2011
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y/Hi 0 o

-15

X/Hi

Figure 9. Relative wave height distribution into the small harbor.

General Electric Boiling Water Reactors (BWR-5)
using Uranium (U235 Isotope 3% enriched) as
fuel. Unit-1 (U-1) started its operation on July 29th,
1990. Unit-2 (U-2) started its operation on April
10th, 1995. The plant is owned and operated by
the national electric company of the Mexican
government (see Figure 11).

The generation of electric power at the plant is
based on the technology of nuclear fission of
uranium atoms, which takes place in the reactor.
The energy released by the nuclear fission is
transferred as heat from the fuel to the cooling

water, which boils into steam. The water discharge
of the cooling system is carried out in a trough

channel with a flow rate of 63 m?®s and a mean
speed of 1.4 m/s.

The type of the cooling system is considered open
and actually the intake of the water is superficial,
the breakwater which protects the intake have two
piers, and the main problem is the blockage and
the recirculation of hot water has caused
deficiencies in the cooling system.

The grid of the study domain is shown in the
Figure 12, it is conformed by 5,896 cells with a
constant size of Ax = Ay = 250 m. The initial
parameters for this simulation are defined

in the Table 2.
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8.0 { T T T T T T T
: — === obtained numerical solution using a regular domain
; reference solution
H . 5 " .
j i = « ==« « numerical solution by Maa using an extended domain
i : | solution by Maa using a regular domain
R 1| i Ea s o ; : —
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Figure 10. Time evolution of the wave height at the numerical receiver.

.
,"GULF OF
MEXICO

picture taken from the web site vivirmexico.com

Figure 11. Location map of the study area and the protection
structures coordinates 19° 43' 06.67" N 96° 24' 04:96" W.
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1-15

-20

-25

protection structure
or breakwater

Figure 12. Bottom topography contour (LVNPP).

H(m) Bottom topography
T(s) 1 At

0 (degrees) 82.07 NE

h(m) 1.35m

AX (m) 250

Ay (m) 250

W x L (m) 22 km x 16.75 km
MP x NP 88 x 67

Computing time (s) 160 s

W,L are the width and height of the study domain
MP,NP are the number of cell in the direction x and y respectively

Table 2. Parameters used for the coastal area of the LVNPP.
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In the Figure 13 is shown the result for the
coastal area, we can see the refraction effects
when the waves are near the coastline produced
by the bottom topography.

Due to the importance of the protection structure
area is necessary to make a refinement of the
grid within the breakwater, this refinement is
make with 600 cells with a size of Ax = Ay = 5 m.
In the Figure 14 is shown the bathymetry of the
breakwater area.

S—

0—

=10

To verify the model, as first step, is proposed a
breakwater geometrically idealized (see Figure 15),
this mean a controlled scenario to represent the
wave transformations into the breakwater. This
idealized breakwater is very close to the way and
localization of the real breakwater to observe the
behavior of wave propagation.

The results of the wave propagation are shown in the
Figure 16 for different simulation times, we can see
that the diffraction and reflection phenomena are
diminished by the breakwater structure.

breakwater

Figure 13. Wave height distribution in the coastal zone (LVNPP).

262
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Figure 14. Bottom topography contour of the breakwater area
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Figure 15. Geometry of the idealized breakwater.
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(c) (@)

Figure 16. Snapshots of the wave height distribution into the breakwater idealized at
16 s (a), 34 s (b), 50 s (c) and 64 s (d) of simulation.

Once the simulations over the idealized experiment with the real bathymetry and the real
breakwater were done and shown results with  breakwater form. The simulation result of the
patterns well defined, we carry out numerical stable waves is depicted in the Figure 17.

Vol.9 No.2 August 2011
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Figure 17. Stable wave height distribution into the breakwater (LVNPP).

In the Figure 18 we can see that the waves height
into the breakwater is minimal, we find just a small
disturbance in the free surface raging from 0.05 to

0.1 m, this pattern is consistent with the average
data acquired in the meteorological stations.
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Figure 18. Stable wave heights contour distribution into the breakwater (LVNPP).
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7. Numerical experiments in the nautical marine

The nautical marine under study is located in the
south of the state of Nayarit Mexico, municipality of
Compostela in the town Los Ayala (see Figure 19).

The objective of the simulation is to modeling the
wave transformation originated inside the protection
building due to effects of incident wave with
direction NW predominant in the zone. In order to
monitor the wave heights that occur inside, ten
numerical receivers were placed at some points
inside and outside of the building. In the Figure 19
is depicted the location of the numerical receivers.

The data about the wave height, period and angle
of incidence are shown in the table 3.

H(m) Bottom topography
T(s) 8.5At

0 (degrees) 68 NW

h(m) 1.73m

AX (M) 5.0

Ay (m) 5.0

W x L (m) 740 mx725m
MP x NP 148 x 145
Computing time (s) 180's

W,L are the width and height of the study domain
MP,NP are the number of cell in the direction x and y
respectively

Table 3. Parameters used for the coastal area
of the Nautical Marine

© 2009 Europa Technologles

T s, oor :

Figure 19. Location map of the nautical marine and the position of the numerical receivers,
coordinates 21° 01' 46.83" N 105° 17' 48.34" W.
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The mesh of the study domain is conformed by
21460cells (145 x 148) with a constant size of Ax =
Ay = 5m (see Figure 20).

In the Figure 21 we can see the different wave height
inside the protection structure and in the Figure 22
the corresponding contour plot. We can see an
average wave height of 10 cm and only in some
points this height is exceeded but not exceeding 20
cm, so the protection structure works as we expect.

The Figure 23 shows the waves height of the
numerical receiver; in the graph we can observe

the variations of waves height inside the
nautical marine. At points 1 and 2 we can see
relatively higher heights compared with the
rest of the points produced by the reflexion
effects, however do not represent any risk to
navigation. Among the points 3 and 8 none is
over 6 cm of height, thus the configuration of
the protection structure satisfied the conditions
of navigability in normal weather conditions.
The points 9 and 10 show an increase in wave
height, however these values do not exceed
15 cm and there is no risk in the entry to the
nautical marine.

x (m)

Figure 20. Bottom topography of the Nautical Marine area.
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Figure 21. Stable wave height distribution into the nautical marine.
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Figure 22. Stable wave heights contour distribution into the nautical marine.
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Figure 23. Stable wave height in the numerical receivers.

8. Final remarks

In this research we develop a very fast numerical
code for the study of the wave propagation over
irregular bottom topographies. The model has
produced consistent results with controlled cases
and the result for the coastal area of the LVNPP is
very acceptable compared with the data acquired
in situ. The model was also probed in a nautical
marine giving the expected results.

The aim of the model is to split the governing
equation, in its phase velocities components and
wave height, reducing significantly the computing
time and the complexity of the implementation
using sparse matrices. We can solve the system
over a grid of 5896 cells in just 120 s using sparse
matrix algorithms in a standard workstation. The
model is capable of reproducing the effects of the
reflection and diffraction with accuracy and the
refraction could be reproduced only for domains

with cells greater or equal to 10> m. In future work
we will present the sediment transport and particle
transport coupled with the wave transformations.

9. Nomenclature

C: Phase velocity (m/s)
Oyx: Phase velocity in the x direction (m/s)
QOy: Phase velocity in the y direction (m/s)

n: Wave heights (m)

w: Angle of frequency (angle in radians)
@: Wave potential function

n: Group factor

K,: Reflection factor
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