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ABSTRACT

This paper describes an improved sensorless vector control strategy for a squirrel cage induction generator used in
variable speed wind energy conversion systems (WECS). The main goal is to design a robust control algorithm
immune to generator parameter variations. In order to estimate the rotational speed of the induction generator, a
model reference adaptive system (MRAS observer) is used. It is shown that a generator parameter mismatch has a
great influence on the rotor speed estimation. In order to estimate the speed accurately, the generator stator
resistance must be identified at the same time to correct the mismatched resistance value used in the observer. The
proposed rotor speed estimator with parallel stator resistance identification is first verified by computer simulation.
Finally, the experiment is conducted in order to verify the obtained simulation results. It is proved that this control

scheme can enhance the efficiency of a variable speed WECS.

Keywords: generators, machine vector control, parameter estimation, sensorless control, wind power generation.

1. Introduction

In the last fifteen years, wind turbine power
generation has noticeably increased worldwide.
One of the simplest methods of running a WECS is
to use an induction generator connected directly to
the power grid [1, 2]. This method of operation
forces the machine to run at a constant frequency
and therefore at nearly constant speed. Wind
power pulsation is thus transferred almost directly
to the electrical grid. Furthermore, there is no
control of active and reactive powers, which are
typically important control parameters to regulate
the frequency and the voltage.

Due to the variability of wind speed, it is highly
desirable to operate a wind turbine at variable
speeds. Besides this, as the power range of the
wind turbine increases, those control parameters
become more important, and it is necessary to
introduce power electronics [3] as an interface
between the wind turbine and the grid. A variable
speed wind turbine improves the dynamic behavior
of the turbine and allows operation at the
maximum power-producing point for a given wind

speed and control of active and reactive power
flow. Other advantages are reduced mechanical
stresses, reduced torque and power pulsations,
improved power quality and reduced noise at low
wind speeds [4, 5]. These characteristics are
changing the nature of the wind turbine from
energy source to active power source.

Induction generators are widely used for wind
energy conversion systems [6]. The advantages of
cage induction generators are well known. Such
machines are relatively inexpensive, robust and
low maintenance. When induction machines
operate using vector control techniques, fast
dynamic response and accurate torque control are
obtained. For vector control purposes it is
necessary to have a signal of induction generator
rotor speed. Usually, an encoder or a tacho-
generator is used to measure the generator speed.
These speed sensors are sensitive to heat and
vibrations, require additional wiring  work,
maintenance, and thus reduce the robustness of
the overall system. Therefore, by eliminating the
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speed sensor, the reliability of the WECS is
improved and the cost is reduced.

The sensorless drive control has been widely
studied in recent years because of numerous
advantages over the drives with shaft sensors.
Such sensorless systems have been developed for
induction motor drives and are well-known among
researchers and industry [7]. However, a vast
majority of speed estimation schemes require
accurate knowledge of almost all machine
parameters such as stator and rotor resistance [8 —
10]. The accurate value of stator resistance in
general motor drives is of the utmost importance
for the correct operation of sensorless drives,
especially at full load and Ilow speeds.
Nevertheless, the most common induction
generators operate at relative high speeds (e.g.,
standard 4-pole induction generator, rated speed
1500 rpm, has speed range of 600-1600 rpm) [11],
hence the effect of incorrect operation of the speed
estimation scheme at low speeds is not expressed.
WECS with a fully loaded induction generator is
the most critical situation in practice for correct
sensorless operation in terms of parameter
mismatch. Therefore, if the stator resistance is not
accurately known, it could greatly influence speed
estimation as well as rotor flux orientation. The
steady-state speed error can lead to reduced
efficiency of the WECS, taking into account that
the speed information is necessary in order to
apply the optimum power tracking algorithm [12,
13]. Besides this, the accurate value of rotor
resistance is also important for the correct
operation of the indirect vector controller [7].

This paper deals with a full-controlled WECS
equipped with an induction generator. The
induction generator is connected to the utility grid
using a back-to-back converter. It consists of two
identical PWM converters connected via DC link.
One converter is on the generator side providing
AC/DC conversion, while the other is on the grid
side providing DC/AC conversion. Such
configuration enables decoupled control of both
converters and their independent analysis. The
significance of this paper lies in the control of a
generator-side converter. The discussion deals
with a sensorless control structure based on an
indirect, rotor flux oriented, vector-control system
for variable-speed wind energy applications. A
detailed analysis is presented of parameter

mismatch influence on the stability of the system
as well as losses in generated power. An improved
method is proposed for online identification of the
stator resistance. The stator resistance estimation
is developed in conjunction with the rotor flux
based speed estimator operating in the stationary
reference frame [14, 15]. The calculation of the
error signal is based on differences in rotor flux
component values obtained as the output of
reference and adjustable models. The speed
signal, obtained from a model reference adaptive
system — MRAS, is used to control the electrical
torque of the induction generator. The proposed
robust control structure is verified by computer
simulation and experiments.

2. Variable-speed wind energy conversion
system

2.1 Basic wind turbine characteristics

In the wind energy conversion system, the power
captured from wind is defined as

Puo = (1/2)-Cp(4,B) p- Ry - Vitng (1)
where there is A = W, R/ Vwing-

Dependence of the coefficient C, on 8 is usually
provided by the wind turbine manufacturer in the
form of a set of non-dimensional curves. Because
of the relationship between C, and A, as the speed
changes for a given wind velocity, there is a
turbine speed which gives maximum output power.
This is a characteristic of various wind speeds. The
peak power for each wind speed occurs at the
point where C, is maximized. In order to maximize
the generated power, it is desirable for the
generator to have a power characteristic that will
follow the maximum C, curve [16, 17].

2.2 Control system configuration

The control structure of the variable-speed wind
energy conversion system with cage induction
generator has two levels of regulation: control of
an AC-DC-AC converter and control of the wind
turbine. The control of an AC-DC-AC converter
consists of two decoupled control channels. One of
them is used to control the grid-side converter
whereas the other is used to control the generator-
side converter using the sensorless vector control
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technique [18]. This configuration provides
maximal utilization of wind energy, injection of
reactive power into the grid and compensation of
reactive power in cases of “weak grid” or faults in
the system despite the use of an induction
machine [18]. The control of the wind turbine has
two regulators: one for speed and another one for
power. They are cross connected and give the
references to the system for the pitch and blade
control as well as a reference for the generated
active power [19].

3. Indirect sensorless vector control of the
induction generator

A control algorithm of the induction generator with
an indirect sensorless rotor flux oriented vector
control is shown in Figure 1. The torque and flux
producing stator current references i, and i are
generated from the electromagnetic torque and flux
references, respectively. In order to perform vector
control there are numerous possibilities for obtaining
the angle of orientation 64,. One is to monitor the
shaft speed and calculate the slip angle [20]. For
this solution, it is necessary to use an encoder or

some other shaft-speed sensor. As mentioned
above, the use of an encoder detracts from the
inherent robustness of cage induction machines.
The second solution, which is presented here, is
based on the sensorless control technique.

Various solutions for sensorless drives have been
proposed in the past decade. These methods
could be broadly classified into two main
categories [21]. The first approach is based on the
mathematical model of induction machines, while
the second approach considers some so-called
secondary effects such as the rotor slot harmonics
in the air-gap field and the triple harmonics stator
emf caused by saturation of the stator core, among
others. These secondary effects also offer the
potentiality for speed estimation. Among the
approaches described above, MRAS speed
estimators are the most attractive because of the
simplicity of their design [22, 23]. The use of an
MRAS observer seems to be one of the most
feasible approaches to implementing adaptive
control systems. The primary characteristic of an
adaptive system is the presence of a reference
model, which can appear under various forms.
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Figure 1. Schematic of the indirect vector control of an induction generator in shaft sensorless WECS.
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4. MRAS observer - Model Reference Adaptive
System

Adaptive control has emerged as a solution for
implementing high performance control systems,
especially when the dynamic characteristics of a
drive are unknown or have large and unpredictable
variations [7]. The method discussed in this paper
is the rotor flux based MRAS observer. By using
the MRAS observer, it is possible to reduce the
influence of parameter mismatch on the position
estimation. The observer is based on two models,
a reference (voltage) model and an adjustable
(current) model. An adaptive mechanism, in this
case a PI regulator, is used to eliminate the error.
The voltage model used to obtain the rotor flux is
defined using the following equation [9]:

. L _
Py, = ﬁ [_i ~(Rs +aLsp)- Li] (2)

Otherwise, the rotor flux can be also calculated
from the adjustable (current) model as

T

pie, =S —(i—fcb]-g‘f @)
r r

In the MRAS observer, the flux obtained from (2) is
used as a reference. If we know the values of all
parameters and rotor speed, then the outputs of
both the reference model and the adjustable model
should match. Any mismatch between the speeds
of the generator and the adjustable model would
automatically result in an error between the
outputs of the two estimators. This is the error
between the rotor flux reference and the estimated
rotor flux that will be used to adjust the speed of
the adaptive model. The error between the
estimated quantities obtained by the two models is
used to drive a suitable adaptation mechanism
which generates the estimated rotor speed for the
adjustable model. The proportional-integral
controller uses error as feedback so that an
adaptation algorithm can tune the speed until error
equals zero. The adaptive model is adjusted until
satisfactory performance is achieved. The error in
the stationary d°-q° reference frame is defined as

0=V XV, = Ve Vigy ~Vrc Vv (4)

Equations (2) to (4) are used to implement the
MRAS observer. The error calculated using (4) is
driven to zero using a Pl controller. The output of
this controller is the estimated rotational speed w,
which is used later in calculating the reference for
the torque current. The implementation of the
MRAS observer is shown in Figure 2.

Reference model

4‘“5\;‘“‘5‘9 irS 3 er
Wm :L’ [1‘1%}7 (RS+O'L58) O Issd] s
V3 Lofus) | 0 Ry oLsS)is[|| ¥

Adaptive model

a1 W] .
]t ot
Vel | w T 764 Lrlisy

Vi

Al
Yrq
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Adaptive algorithm

Figure 2. Speed shaft estimation of the induction
machine using MRAS.

On the basis of previous equations and sensorless
control structure, a simulation in Matlab/Simulink is
carried out. The drive is alternately loaded and
unloaded with half the nominal torque, starting
from 1 second every 0.1 seconds. It is assumed
that the parameters are equal to the nominal one,
i.e., the parameter mismatch is not taken into
account. The simulation results are shown in
Figure 3. In the experimental realization of the
MRAS observer, the reference model cannot be
implemented using a pure integrator [7]; instead,
the transfer function 71/(p+1/p) is used in the
experiments presented in this paper.
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Figure 3. Reference, actual and MRAS estimated shaft
speed of the induction machine, rotor flux and
conversion moment of induction machine — simulation.
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5. Stationary state model
mismatch

and parameter

A problem with model-based techniques for
estimating speed is the sensitivity to machine
parameter variation effects. The estimation of
speed is normally complex and heavily dependent
on machine parameters. Parameter mismatch in
the sensorless vector drive is in some way different
when it comes to drives with sensors. For example,
stator resistance has a great influence on speed
estimation in sensorless vector drives, whereas in
drives with sensors its influence is negligible. In this
section, a stationary state mathematical model is
developed. Equations (5) to (8) represent the
mathematical model of a vector controlled induction
generator without shaft speed sensor in a variable

speed WECS. The generator shaft speed
estimation is realized based on the i - w estimator
mentioned earlier.
(Rs —Rsm )i;d [ \J (5)
r sd
(g + L)~ 0L Vg +Linirg )=
Rrird _[W"" _COJ((LW +Lm)’. +Lm’sq) 0
r’sd
(6)
i
Ryirg + (W S wJ((Ly, Ly irg + Lipisg)=0
7—r’sd
(7)
3 ,
mg = _EKL (i sq frg = sd’rq) (8)

In the above equations, Rs, is the value of stator
resistance of the induction generator, which is set
in the MRAS observer, W is the stationary value of
the estimated speed and w is the actual speed of
the induction generator rotor.

The following figures present simulation results
which are obtained based on Equations (5) to (8).
The first simulation demonstrates the influence of
stator resistance mismatch, whereas all the other
parameters are considered to be constant. The
stator resistance is supposed to be 20% higher

than the nominal one. An error can be noted in the
rotor speed estimation, as well as one in the flux
vector orientation. The error in the flux vector
orientation contributes to the higher value of flux
and lower value of flux .. In addition, the
mathematical model developed is used to analyze
the impact of changes in the rotor resistance on the
characteristic values of the controlled system. The
rotor resistance mismatch influences the estimated
speed only but does not affect the flux vector
orientation; this is shown in Figure 5. An error in the
estimated rotor speed leads to an incorrect power
reference within the variable speed WECS.

?75 — 3
S [ A A B $2 L
©@0F4-——F-—tT-I—t-I—t-
.:.65 R N N Rt
| | 1T T + 0
;—60 “‘ qC>.1,
ko] R =
D5+ ——+4—1-+HL—+—l—+ 4 52
8_50 [ I N T I A S
7Tt A i St e Mt Bl i Bl i B
o e O N BT N I O =
© [ A R &5
| | | | | | L | | -
STz s a5 678 50Pe
Moment, mc [Nm]

Figure 4. Shaft speed, currents, fluxes and field
orientation of induction generator when stator resistance
is 120% of the nominal value.
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Figure 5. Shaft speeds and fluxes of induction generator
when rotor resistance is 120% of the nominal value.

If machine parameters are not accurately known,
the speed estimation and the rotor flux orientation
are influenced. The control mechanism will
therefore fail to work in maximum power tracking
mode because of such a stationary-state speed
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estimation error. This will lead to losses in
generating power. In the non-limit zone it is
possible to find the exact amount of power loss
using the following equation:

dCp(4.5)

1 N
AP, = _”'pRtSurvafind|: da :|(w - a)ropti) (9)

2

where W, is the optimal rotor speed of the
induction generator for the given wind speed.

The error in field orientation and power loss when
the stator resistance is not constant is shown in
Figure 6. These results are obtained from dynamic
Matlab/Simulink model when the stator resistance
is constantly detuned by 20% from the nominal
value and generator power is increased from zero
to the nominal value. At a full load there is power
loss of 3% from the nominal power (parameters
used in this simulation correspond to the machine
parameters utilized in the experimental setup,
AP/Prom = 50/1500 = 3%).

2 4 6
Time, t [s] Time, t [s]

Figure 6. Error in field orientation and power losses.

From the discussion above, it is evident that the
estimation of shaft speed is highly parameter-
sensitive. Accurate acquisition of parameters is
necessary for accurate speed estimation.

6. Parallel stator resistance and rotor speed
estimation

The configuration of the proposed parallel rotor
speed and stator resistance estimation is shown in
Figure 7 and is discussed in detail further on.

For the purpose of deriving an adaptation
mechanism, it is valid to initially treat rotor speed as
a constant parameter since it changes slowly
compared to change in rotor flux. Let Ry and w
denote the true values of the stator resistance in

w reference model Rgadaptive model

75 Generator T
S

us
W

\oltage model

>

x Zy

rs
_{[Current model] b2 1

G.P\W s

w adaptive model Lw
R, reference model

Figure 7. Parallel resistance and speed estimation.

the machine and the rotor speed, respectively.
These are in general different from the estimated
values. Consequently, a mismatch between the
estimated and true rotor flux space vectors appears
as well. The error equations for the voltage and the
current model outputs in the stationary reference
frame can be represented as

L N

poy =~ R.-R,) 12 (10)

m

gy = Zf\/ _Z’\f\/ = ng + jggV (11)
S R

Péc = (JW—?)éc + jlo- w)‘ﬁfc (12)

r
Ec =V o~V =¢dc +legc (13)

where symbols, w’, w’cin (11) and (13) stand for
true values of two rotor flux space vectors.

An adaptive mechanism for speed estimation is
already known, (Figure 2), and represented as

(14)

where K,, and K, are Pl controller parameters of
the rotor speed adaptation mechanism.

For stator resistance estimation, the reference and
adjustable model, Figure 7, must be switched.
Therefore, the error quantity for stator resistance
estimation is

692
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€Rs = issd(!/}rsdv _y}fdc)+i§q(l/7fqv _'/;fsqc) (1)

The adaptive mechanism for the stator resistance
estimation is given as

K
Rs = (KpRs + ;;?s jeRs

(16)

where Kyrs and Kigs are Pl controller parameters
of the stator resistance adaptation mechanism.

The rotor speed and stator resistance can be
estimated in parallel using (14) and (16) at any
generator speed. The rotor speed adaption
mechanism is the same as in the customary MRAS
speed estimator reviewed in Section 4. The stator
resistance is estimated in the stationary reference
frame and the error quantity is obtained using two
rotor flux space vectors. The stator resistance and
the rotor speed estimation operate in parallel.

A sample of simulation results is presented in
Figure 8. The actual stator resistance of the
induction generator in the sensorless vector-
controlled WECS, shown in Figure 1, is set from the
start as 20% lower than the nominal generator
resistance. The value in the estimator in Figure 2 is
set to nominal. Upon completing the transient there
is a substantial speed estimation error as well as a
substantial error in the rotor flux. The stator
resistance adaptation mechanism is switched on at
3.5s and turbine torques increase at 7s. The
activation of the stator resistance adaptation
mechanism corrects initial stator resistance error.

Resistance Rq [Q]

Figure 8. Verification of parallel speed and stator
resistance estimation by simulation: actual and
estimated speed, stator resistance in generator and
stator resistance estimated, rotor flux reference and rotor
flux d-q axis components.

The speed estimate converges towards the actual
speed and correct rotor flux orientation is established,
meaning that the rotor flux g-axis component reduces
to zero, with simultaneous equalization of the rotor
flux d-axis component at the reference rotor flux
value. Subsequent turbine torque changes have no
effect on the accuracy of either the speed estimate or
the stator resistance estimate.

7. Experimental results

Experimental verifications of the foregoing
theoretical considerations are presented and
analyzed in this section. A 1.5 kW, 380 V, nominal
frequency of 50 Hz, four-pole cage induction
generator is utilized in the experimental prototype.
One laboratory prototype inverter with 16 kHz
switching frequency and one commercial inverter
are used. On the generator side, two line currents
are measured via two Hall sensors. To avoid
noise, the measured currents are filtered by two
low-pass filters with a cut-off frequency of about
2 kHz. A speed encoder of 3600 ppr is used to
calculate the system speed. This speed signal is
not used in the control algorithms and is only used
for comparison purposes. The voltage transducer
is used to measure DC link voltage. The generator
is driven by a torque controlled 2.2 kW, two-pole
induction motor drive that simulates a wind turbine.

The experimental setup is shown in Figure 9.
Taking into account that the general principles of
work are the same and the loss structure is similar
for induction machines of different sizes, the
experimental setup yields realistic verifications of
theoretical considerations [24, 25].

Figure 9. Experimental setup.
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Control algorithms are realized using the ACE1104
developing system based on the DS1104 control
board, with a PowerPC 603e processor. The
complete software is developed in Matlab/Simulink
and Total Development Environment — TDE [26].
The control structure is programmed as a Simulink
graphic model and is implemented by Real Time
Interference — RTI on the DS1104 R&D Controller
Board. The RTl is used to connect the model to the
physical hardware. The Real-Time Workshop
converts the model to C code. The C code is then
automatically compiled to the assembly language
of the target processors, assembled, link-edited
and downloaded. Finally, ControlDesk software is
used to run, adjust and monitor the controlled
system. The sensorless control of the induction
generator in the variable-speed WECS s
implemented in three tasks and two layers. The
measure task is directly triggered by the PWM
interrupt of the slave DSP TMS320F240
subsystem. It works at a PWM frequency of 16 kHz
and generates a synchronized software interrupt
with an 8 kHz frequency. This interrupt is used to
trigger the superior current control task. The
subordinated torque control of the induction
generator works in a third task and is triggered by
the timer interrupt of the PowerPC 603e, which
occurs with a frequency of 4 kHz.

The control strategies proposed in this paper have
been tested in several experiments. First, system
response during startup is tested. Speed
estimation is performed using the MRAS observer,
shown in Figure 2. Experimental results are shown
in Figures 10 and 11. Figure 10 shows actual and
estimated shaft speed during the startup of the
induction generator.

~
o

L 60
ke
8 50
2 40
kel
3 30
o 20
)
= 10
e

0
n

3 4 5 6 7 8
BwEw Time, t [s]

Figure 10. Actual and estimated
shaft speed during startup.

At 5seconds, a drive machine is started with
constant torque of 1 Nm. It can be noted that at
startup there is a slight mismatch between actual
and estimated speeds; but after that, the estimated
speed almost perfectly matches the actual shaft
speed of the induction generator. The experimental
results shown in Figure 11 were obtained using the
estimated speed. The speed signal obtained from
the encoder was used only to check the results.
From 0 to 8 seconds, the system works without
drive machine (turbine simulator) starting torque.
After that, the torque of the drive machine was
incrementally increased. A torque step (wind step)
is not realistic but it is the most drastic change from
the control system point of view. Again, it can be
noted that at the very beginning there is a slight
mismatch between actual and estimated speeds,
but subsequently the estimated speed almost
perfectly matches the actual rotor speed of the
induction generator. The variable speed WECS is
completely stable from zero.

Speed estimation applying the MRAS type
estimator analyzed in this paper can lead to
inaccuracy because of parameter variation. It can
lead to losses in generated power and endanger
drive stability. Figure 12 shows experimental results
when the stator resistance of the induction
generator is increased to 120% of the nominal
value.
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Figure 11. Actual and estimated speed and flux and
torque currents with w estimated feedback.
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operate initially with a detuned stator resistance

@
o

o

40

E " in certain steady state, and the stator resistance
R estimator is then switched on (at 20 seconds).
31‘)’ Figure 14 illustrates the process of speed
§ %0 estimation and stator resistance estimation for
2. nominal load operation of the induction generator.
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Figure 12. Estimated and actual shaft speed and power
reference when Rs=1,2'R,.
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The experimental system is allowed to operate with
a detuned stator resistance in the generator and in
the MRAS observer. From 0 to 6 seconds, the
system works without starting torque of the drive
machine. After that, the torque of the drive machine Figure 13. Estimated and actual shaft speed and power
was set to 1.8 Nm, then at 14 seconds 3.7 Nm and reference when Rin=1,2-R;

at 22 seconds 7.3 Nm. A significant deviation can
be observed between the estimated and actual

Power reference, P [W] g
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(2
shaft speed as the generator load is increased. An (\%85
error in the estimated speed causes an error in the §8°
active power reference. g

]
The other important parameter that appears in (2) E’U
and (3) is the rotor time constant. The rotor :/;5“65 _ : :
resistance also varies due to heating in the 10 2 time t[s] 30 40

. B : . LA"A_R"Y ’
electrical drive. Figure 13 shows experimental _
results when the rotor resistance is detuned to the S
nominal value. From 0 to 5 seconds, the system o e
works without starting torque of the drive machine. §s.a
After that, the torque of the drive machine is set to £ 08
1.8 Nm, then at 13 seconds 3.7 Nm, at 19 seconds g o4 | A
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7.3 Nm. It can be concluded that variation in rotor
resistance influences speed estimation, which is
reflected in the incorrect active power reference.

=R.ER, Time, t [s]

Figure 14. Experimental verification of parallel estimation
scheme — estimated and actual generator shaft speed,
estimated and actual generator stator resistance
(adaptation mechanism is activated at 20 seconds).

Finally, a proposed parallel stator resistance and
rotor speed estimation algorithm are experimentally
validated. The experimental system is allowed to
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The initial detuning in the stator resistance is 20%.
As can be seen in Figure 14, the activation of the
stator resistance adaptation mechanism quickly
compensates the initial error in the estimated stator
resistance value, and therefore compensates the
initial speed estimation error.

8. Conclusion

This paper has presented a sensorless vector
control strategy for an induction generator and
effects of parameter mismatch in a variable speed
WECS. The MRAS observer, based on the voltage
model and the current model, is used to estimate
the shaft speed. Speed estimation applying the
MRAS observer can lead to inaccuracy because of
the parameter variation. The mismatch of the stator
resistance influences the flux vector orientation and
the estimated speed. The mismatch of the rotor
resistance influences the estimated speed only. An
error in the estimated speed leads to losses in
generated power and together with an error in flux
vector orientation can endanger the stability of the
WECS. Inorder to improve the efficiency of a
WECS, a parallel MRAS estimator is presented. It
enables a simultaneous estimation of the rotor
speed and the stator resistance of the induction
generator. The proposed parallel MRAS system is
slightly more complex than its counterpart with
speed estimation only and enables accurate speed
estimation. The effectiveness of the structure
developed is verified by simulation and by
extensive experimental testing. The capability of
the WECS to start from zero speed in sensorless
mode is demonstrated.

Appendix - explanation of symbols
1. Superscripts:
* Reference value.

S Stationary reference frame.

2. Subscripts:

S, r Stator or rotor quantities.

v,C Outputs of the voltage, current models.

n Nominal value.

3. Other:

A Above symbol denotes estimated
value.

_ Underlined variables are space

vectors.
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