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Abstract

Thefunicularconcephasoftenbeenusedn differentstage®f structuralanalysisanddesign This papempresentswo newmethodsAnalytical
A-FDM, andNumericalmethod N-FDM, basedon a parametricapplicationof the original Force DensityMethod(FDM). This is anespecially
usefulway of visualizinga setof solutionsand optimizing, i.e. selectingone specificfunicular relatedto a setof constraintsTwo structural
algorithmsareimplementedterativelywith Maple® in realtime, andoutputis alsolinkedto AutoCALP. Maple® facilitatescontrolof geometrical
constraintswhile AutoCAL® helpsto showall parameterizediata.Becauseof their practicalinterest,specialemphasigs placedon masonry
structureausinga Limit Analysisapproachandpreliminarydesign. Examplesof theapplicationof bothmethodsaredepicted.
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openaccesstem distributedunderthe CreativeCommonsCC LicenseBY-NC-ND 4.0.

Keywords: Form-finding ParametricForce DensityMethod Funicular analysis MasonrystructuresPreliminarydesign

1. Introduction
1.1. Form-findingversusthe Force DensityMethod

Most unstresse@D and3D tensilebar structuresarekine-
matically indeterminate.As a result, their final equilibrium
configurationgeometryj.e. the positionof thenodesjs a priori
unknown.Thesearchor aninitial shapecompatiblewith a set
of loadsandconstraintss termedform-finding

A tensilestructurecanbe seenasa materializationof a 3D
funicular. This is alsothe casefor masonrystructuresvhena
Limit Analysisapproachis used,asthe problemhereis also
basedon the funicular concept.Thelink betweerform-finding
methodsandfunicular analysisis thereforestraightforward.

TheForce DensityMethod,FDM (Linkwitz & Schek,1971;
Schek1974 wasdevelopedn the 1970sasa form-findingpro-
cedurefor cabletensilestructuregGrundig,Moncrieff, Singer,
& Stroébel,2000.
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FDM wasselectedor thisresearcldueto four mainconsid-
erations{1) It managegquilibriumequationsn atotally direct
way, andis thereforeespeciallysuitedfor a funicular solution;
(2) equilibrium equationsare linearized,which simplifiesthe
numericalprocesseventhoughan iterativeanalysisis usually
needed(3) nopre-sizingsrequiredor thismethodthisisacru-
cial questionfor manyapproacheandparticularlyfor the two
newapplicationsaddressedand(4) thethreeequilibriumequa-
tionsareuncoupledanimportantpropertythatwill beexploited
here.

1.2. Funicular analysisversusmasonrystructures

Funicular analysisrefersto the useof a 2D or 3D funicular
asananalyticaltool atanystageof theanalyticalprocessAddi-
tional assumptionsvould alsomakeit a designtool, asin the
caseof masonrystructured_imit Analysis The funicular con-
ceptis not restrictedto linear elementsg.g. cablestructures,
but could alsobe appliedto surfaceelementse.g.for creating
membranes.

This paperwill describea wire frame model, eitherlinked
with linear elementsor representingnembraneliscretization,
with specialfocus on the casewherethereis only tensionor
internalcompressioffiorce;althoughsomeproceduresrevalid
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for bothtensionandcompressiotif properconstraintsaarecon-
sidered.

The first applicationof Limit Analysistheory (Kooharian,
1952 for theanalysisanddesigrnof masonnstructureiasbeing
notablyexpandedndconsolidatedHeyman,1966,1969.

Theassumptionssidethis frameare: (i) Constitutiveequa-
tions are rigid-plastic, with no tensile strength but infinite
compressivestrength, (ii). Friction betweenthe voussoirsis
sufficientto preventfailure dueto sliding betweenthem; (iii).
Stabilityis only considerednsidearigid multi-bodymodeland
accordingo thefirst assumptiori).

A high spanor greatdepthof the mortarbetweenvoussoirs
would makethefirstassumptioimpossible(i) Assumption(ii)
canbecheckeda posteriori.Thevalidity of assumption$) and
(i) runquiteparallel.Neverthelessn themajority of casesthe
saidassumptionsanbeapplied,andthenfunicular analysisis
really simple:the structureis safe (Lower Bound Theoremor
SafeTheorenif atleastonethrust-line,i.e.afunicular, canbe
tracednsidethegeometricaboundariesf thestructurgPoleni,
1748. This is in fact quite an old suppositionput onceit has
beenincludedwithin the frameworkof Limit Analysisits level
of reliability becomesclear. The useof form-findingmethods
for funicular analysisis thereforetotally justified.

The questionof addingconstraintdor selectinga particular
funicularhasbeenapproachedh differentways.Oneof thefirst
wasto uselinear programming(Livesley, 1978. In the Force
NetworkApproach FNA (O’'Dwyer, 1999 theequilibriumpath
is fixed in oneplane,in this casein the horizontalone,i.e. the
projectionof the 3D funicularin this planethereforethe thrust
is fixed. Afterwards,the ordinatesof the funicular targetare
obtainedoy linearprogrammingThis methodimits its applica-
tiontothecasewhereloadsareperpendiculato theplanewhere
theequilibriumpathis fixed (usuallythehorizontalone),which
is its mostimportantdrawback.

The ideaof fixing the 3D funicular projectioninto a plane
togetherwith thrustin the correspondinglirectionshad been
proposedor cabletensilestructuresandis knownasthe Grid
Method GM (Siev& Eidelman,1964). Theconditionof vertical
equilibriummakesit possibleto obtaincoordinategperpendic-
ularto thegrid, giving riseto a systemof linearequationsGM
wasalsolimited to the caseof load perpendiculato thegrid. A
similar approachwasusedin fixing the horizontalpath of the
funicularin agrid togethemwith thrust.Equilibriumis resolved
iterativelynodeby node(Berger,1996).

FDM is especiallysuitedfor fixing thefunicular pathin one
plane astheequilibriumequationsn threeperpendiculadirec-
tionsareuncoupled As waspointedout above this propertyis
oneof themainadvantagesf the method.

ThrustNetworkAnalysis TNA(Block, Ciblac,& Ochsendorf,
2006;Block & Ochsendorf2007;Block, 2009 is stronglycon-
nectedwith FNA, butaddsparallelhandlingof thereciprocalor
dualfigureto horizontalprojection,i.e. the force diagram,and
theuseof the FDM.

The Analytical A-FDM, and the Numerical method N-
FDM, are both describedin this article. They are based
on parametricapplication of the original FDM for obtain-
ing funicular solutions, and were independentlyproposed

by the authors(Cercadillo-Garcia& Fernandez-Cabd010;
Cercadillo-Garcia2014.

1.3. Funicular analysisversuspreliminary design

Preliminary designrefersto the applicationof a 2D or 3D
funicularfor selectingheinitial shapeof a structure assuming
thata funicular shapdeadsto high structuralefficiency.

Theuseof physicalmodelsto supporpreliminarydesignhas
beenpresentthroughoutthe history of construction.Hanging
modelshavebeenusedto tracethe funicular. The well-known
caseof Antoni Gaudimay constitutethe highestexpressionln
the1960sand1970gphysicaimodelsverereplacedy computer
models.

Tensile structuresneededcomputermodels,and funicular
analysisis now consolidatecasanindependenarea.Together
with othemewarchitecturalinessuchasusingfree(i.e.organic
forms. Computationaimprovementsare promotingand chal-
lengingthisworking line (Kilian & Ochsendorf2005.

1.4. Funicular analysisversusthe parametricmethod

Parametricrefersin partto theparametricapabilityof tools
usedin symbolic computationin e.g. Maple®; but it mainly
describego the natureof the proposednethod suchassearch-
ing for a specificfunicular, which is parameterizeth termsof
independentariables.

This paperpresentsa new method,the Parametric Force
Density Method for tracing a selected2D or 3D funicular
(Cercadillo-GarciaZ014). Thismethods developedn different
ways:Analytical A-FDM, andNumerical] N-FDM, extensions
of FDM. Theapplicationof themethoddo thefieldsof masonry
structureandpreliminarydesignarespecificallyaddressed.

The mathematicakoftware Maple® is usedto implement
structuralalgorithms,and its capability to work symbolically
is especiallyimportant. AutoCALY® is usedasa graphicaland
geometricaltool. Maple® resultsare exportedto AutoCALP
compatiblefiles, andbothenvironmentsarelinked in realtime.

2. Method
2.1. Original FDM

FDM stategheproblemfor apin-jointedstructureof straight
bars.Letmbethenumberof bars,nthenumberof totalnodesof
thestructurens thenumberof free or unconstrainedodesand
nc thenumberof fixed or constrainechodesL oad,p;, is located
atthenodesForthenodenumberi, their Cartesiarcoordinates
are(x, i, z)-

The Branch-nodematrix wasknown originally asthe Inci-
dencematrix, [C]. Its rowsarelinked with thebranchesr bars,
orderedfrom 1 to m, andits columnsarelinked with the nodes
(butdividing thefreeandconstrainechodesaswill be shown).
If i(m) is theinitial nodenumberof the branchm andj(m) its
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final one,with i(m) <j(m), the componentf [C] aredefined
by:

+1 for-iem
Chn=Cjj=1]-1 for— jem (1)
0 theothercases— i, j ¢ m

Thematrix[C] is partitionedin two matricescontainingfree
nodesandfixed onesseparatelyfC] =[Cs] +[C]. Usingacom-
pactform with curly brackets{...} for a columnvector,and
squarebrackets]...] for a matrix, the equilibrium equations
thentaketheform:

[Df] {x7} + D] {xc} = (px)
[Df] {yf} + [De] {ye} = {py}
[Df] {z¢} +[Del {ze} = {p:}

where[D] = [C/]'[QI[Cs] and[ D] = [C/I'[QI[Cc]. [Q] is

theDiagonalmatrix associatewith vector{g}’ = (g1, ..., gm),

andgg aretheDensityforcevaluesi.e.therelationshipbetween
theforceandthelengthof thebarnumberk : g, = t;/Iy.

)

q1

[0] = 1 3)

dm

If the loadsare known andthe g valuesare establisheda
priori, theonly unknownvariablesn Eq.(2) arethecoordinates
of the free nodes(x;, ¥, ). EQ. (2) is linear, andthe number
of equationds equalto the numberof unknowns For the case
whenall gk valueshavethesamesign(i.e. with all thebarsunder
tensiormor compressionthematrix[D] is positiveandthevalues
of (X, y, 2 canbe univocallydetermined[D] is usuallytermed
the Force Densityor Connectivitymatrix. Linear equilibrium
equationsareuncoupledsothecoordinategx s, yr, z r) would
be obtainedndependentlyThis is animportantfact (aswill be
shownin Eg. (4)).

The idea of including the relationshipbetweenforce and
barlengthin oneterm,i.e. the idea of defining gk asa vari-
able,waspointedout atthe beginningof the XX centurywhen
this variablewastermedthe Tensioncoefficient(Kotter, 1912;
Southwell,1920. The methodof Tensioncoefficientgtheterm
Tensioncoefficientis usedinsteadof Force density addressed
the analysisof pin-jointed frames,andit is not form-finding
It wasconsideredo be especiallysuitedfor three-dimensional
frames(Parkes1965.

2.2. Analternativealgorithmfor the propermanagementf
constraints

Insteadof referringto the numberof nodes(total, free or
fixed), thevariablesmustbethe numberof degree®of freedom,
DOF. Accordingto this, e.g.for directionx, nk refersto total
numberof DOF, ng to the numberof releasedOF andngy to
thenumberof constrainedOF. Forthethreedirectionsthenext
equationslefinethenumberof freeandconstrained)OF,where

C. Cercadillo-GarciaJ.L. Fernandez-CabéJournal of AppliedResearctand Technologyl4 (2016)108-124

Ny = Nk + Ny (@andthesamefor theothertwo directions) Eq. (4)
thenhasto be written, asa partitionedmatrix (for directionsy
andz therelationsaresymmetrical simply by replacingx with
thenewdirection):

Xf
Dfx D, %
—~ =~ [ = (py) @)
npengy M fellex Xc
[Dy] neyx-1
X \ /

{x}

Eq. (4) assumegi.e. in the original proposal)that free nodes
are releasedin their three componentsand that the sameis
the casefor the fixed ones.But this assumptiomotably lim-
its thepropermanagemerdf constraintsanimportantquestion
thatis especiallyimportantdueto the uncoupledcharacterof
Eq. (4). For partial constraintsthe branchmatricesand [C]
mustbe independentlestablishedor the equilibriumin each
component.

Theformulationof theequilibriumequationgParkes1965;
Pellegrino& Calladine 1986 permitsonealternativefor direct
assemblyof thematriceq Ds] and[D¢]:

m
E Gk it = icotumn € irow, Yi €k, ....i €m
Dy = D; j= k#1 if — jcolumn < Lrow, Vi,j €m (5)
—4m
0 if — nodesg, jarenotconnected

Rows are linked to the free nodesand columnsare linked
to the global nodes(i.e. the free and constrainechodes) their
membersrethenegativa-orcedensityvalueof thebaror branch
mwhenthereis arelationshigbetweerthefirstnodei (m) in arow
with thefinal nodej(m) in acolumn.If afreenode whereactual
equilibriumis soughtjsin bothrow andcolumn,thecomponent
of thematrix belonggo thesumof all the Forcedensitieof the
branchego whichthatnodebelongsandfinally, it will bezero
if thenodesn arow andcolumnarenot connected.

ThereforeafterdeterminingheConnectivitymatrixor Force
densitymatrix, [D], it is possibleo resolvetheequilibriumposi-
tion of the free nodes i, andthusthe geometryof the system:

{xr} =[D17 x ({ps} — [D] {xc))
{yr} =D x ({py} = [DI{yc})
{z¢} = [Df17 x ({2} — [De] {ze))

The Force densitymatrix would be directly assembleance
connectivityis establisheth someway(Vassart Motro, 1999,
andnotnecessarilypy meanof theBranch-nodematrix (Schek,
1974. This is relevantbecausehe next alternativeprocedure,
aswill be shown,directly connectswith the typical theory of
structures.

Consideringthe equilibrium at nodei where the bars or
brancheg andj+1 are connectedp; x andp;y arethe exter-
nal loadsat thatnodei andt; andtj.jthe resultingstresseor
internalforcesatthej andj + 1 branchesespectively.

(6)



C. Cercadillo-GarciaJ.L. Fernandez-CabéJournal of AppliedResearctand Technologyl4 (2016)108-124 111

Fig. 1. Equilibriumatfreenodei.

Signcriteriaaredefinedn Figurel, andthethreeequilibrium
equationsare:

(xi — xi-1) (xi1 — xi)
Pix — j% +tj+1l+171’ =0
J J+
i — yi-1) (it1 — i)
Piy = fj% + fj+1'+1711 =0 ()
i Jj+
Pie—1; (i —zi-1) | thrl(Zi+1 —4) _,
lj li+1

Eq. (6) bringstogetheitheinternalforcest andthelengthof the
barl in onevariable the Forcedensity(e.g.qx = r/ k).

Pix +qj(xi-1 — x;) + giya(xiv1 — x;)) =0
Piy +qj(i—1 — yi) + gi+1(yi+1 — yi) =0 8)
Piz+qj(zi-1—zi) + qi+1(ziv1 — z:) = 0

If theconstraint@renotyetdefinedj.e.if thestructurasfree-
standingtheequilibriumequationsarethereforeestablishedor
thewholenodes:

(@) ()
2 \:
qk —qk
[D;] k= -
—qk qk
" ©)
Xi Pi,x
(D], = — [D4] xh = (pihe
Xj Pjx
—— N——
n-1 n-1

wherethecontributionfor abark, joining thenodes andj, with
i <j, to the unconstrained-orce densitymatrix, at the equilib-
rium atx axis,is (theorderof thevectorsbeing{px} and{x} is
consecutivelyffrom 1 to n).

By summingthe contribution of all the bars, the uncon-
strainedForce densitymatrix is obtainedto Eq. (10):

m

(D3] =>_[Di,
k=1

But in fact, only one unconstrained~orce densitymatrix,
[D"], is neededor thewhole problem,as:
(0] = |y] =[]

This is the sameprocessthat is usedfor assemblingthe
Stiffnessmatrix by meansof the Direct stiffnessmatrix. The
applicationof theboundaryconditionss understoocsafurther
stepfor gettinga solution, asit is the applicationof a particu-
lar load. The possibility of usingbasicfiguresof the theory of
structuralanalysigs desirabléfrom a conceptuapoint of view.

A Connectivitymatrix is of courseneededBut the Branch-
node matrix includes topology as well as the boundary
conditions;andgenerallyspeakingthreedifferentmatricesare
neededIn this alternative the topologyis definedby a unique
matrixin all casesandanothematrix(orthreevectorsmanages
the boundaryconditions,and thereforethesecan be modified
very easily andindependentlyThe constrainedForce density
matrix mustthenbe automaticallygenerated.

For instance the connectivity of the two bars depictedin

Figure 1 can be storedin a typical connectivity matrix, IF,
accordingo:

(10)

= [D"] (11)

FIs( i (i+1)
i< (i+1)
BE oG- i ’mrLPD<i

(12)

An algorithm (in pseudo-codeYor assembling[ D¥], is
(rememberinghat m is the total numberof bars),whereD_t
meansthe n-n matrix assemblyg[K] representshe elementk
of vectorq andB_IF[i,j] the elementof the matrix B_IF corre-
spondingto row i andcolumnj:

> fork from ltomdo
> D_t[B_IF[k, 1], B_IF[k, 1]]:=

D_[B_IF[k, 1], B_IF[k, 1]] + q[k] :
> D_t[B_IF[k, 1], B_IF[k, 2]]:=
D_[B_IF[k, 1], B_IF[k, 2]] — qlk] :
> D_[B_IF[k, 2], B_IF[k, 1]:=
D_[B_IF[k, 2], B_IF[k, 1]] — q[k] :
> D_t[B_IF[k, 2], B_IF[k, 2]:=
D_[B_IF[k, 2], B_IF[k, 2]] + q[k] :

(13)

> enddo
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Constrainedmatrices[D,], [Dy], [D;], can be automati-
cally generatedrom [DY] by meansof threeauxiliary vectors
({gx}), {gy}, {g2}), that define the active DOFs for the three
axes, e.g. for a systemwith four nodes,a vector {g,} =
(0 1 1 1) meanghatthedisplacementofthefirstnodeis
constrainedwhile theotherthreeremainingnodesarereleased.
With this information, the first row of the unconstrained
matrix [DY] can be removedto obtain the final constrained
one,[Dy].

Theideaof assemblinghewholeunconstrainednatrix[DY]
after deletingthe invalid rows hasbeenalsoused(Xi, Xi, &
Qin, 20117). This procedures easyto implement(the authors
haveappliedit usingMaple®).

The useof partially constrainechodesis now possibleand
easyto managea crucial question Eq. (4) canbe re-arranged
in otherways.Onealternatives to considetthe Forcedensities
asvariables.

Forthecasedepictedn Figurel (andsimilarly for theother
matrices):

)] (+1
\ \:
Xi — Xi—1 Xi — Xi+1 qj Pix
= d [Ax]{q} = {ps}
qj+1
—_——
Ny-m m1 ny-l
(14)

And for thewholestructurgd=2,to 2D andd =3, to becon-
sideredatridimensionakystem)althoughit would be possible
to combineall nextthreeequationsn a singleone,to manage
constraintst is usefulkeepthemindependenfor sometimesn
agroupof two):

[Ax]iqj/= @, (A gy ={py}. [A]{a)={p2)
dnyg-m m-1 dnys-1

(15)

Matrices [A] usedto be termedas Equilibrium matrices
eventhoughtheyarenot exactlythetypical Equilibrium matrix
of structuralanalysis,which can be directly obtainedfrom
Eq. (14) by groupingtermsof type (x; — x;—1)/!;. An educa-
tional implementationof the typical Equilibrium matrix from
Maple® canbeseenin (Fernandez-Cab@012). Anotherinter-
estingalternativewhich other authorshave pointedout, is to
considerthe lengthcomponentasa datum(Heam& Adams,
2006.

For the caseshownin Figurel, wherel; , = x; — x;_1 and
lj+1x = x; — x;41 (notethatthesescalarsgventhoughtheyare
finally projectionsof the length of the barsalongthreeglobal
axes,have signs,and that being positive or negativeleadsto

C. Cercadillo-GarciaJ.L. Fernandez-CabéJournal of AppliedResearctand Technologyl4 (2016)108-124

differentresults).

() G+1)
\ \
lj,x lj+l,x qj Pix
= — [Ax] {q} = {px}
qj+1
—_—— ) N———
Ny-m m-1 ny-1

(16)

Forthewholestructure:

[Add{g} = {px}. [Ay] (g} = {py} ) [Az] {g} = {p:}

(17)

In all casesthe authorsadoptthe procedureof first assem-
bling a commonunconstrainednatrix beforeusing vectorsto
addconstraintandremovenon-activeDOFs.

And of courseamixedprocedurghatcombinedvariabless
possible As will beshownin thenextsub-sectionthefollowing
combinationis of specialinterest({q}, [A]) and({qg}, [X]). This
canbemadequite straightforwardn Maple®, astheunknowns
areseteachtime for the samesetof equilibriumequations.

Using Maple® it is alsoeasyto add additionalconstraints,
e.g.geometricabnes.Thiswill beshownin theexamplesasit
is of particularinterest.

Using this generalframework,two specificprocedurespne
Analytical A-FDM, and other Numerica] N-FDM, will be
explainedin the next sub-sectionsThesetwo methodsdo not
completeall the possibilities,but illustrate two researchtech-
niques.

2.3. TheAnalyticalparametricprocedure:A-FDM

TheAnalyticalprocedurds basedn (Vassart,1997;Vassart
& Motro, 1999; Zhang & Ohsaki, 2006; Zhang, Ohsaki, &
Kanno,20086.

As was pointedout above,whenall the gk valueshavethe
samesign,i.e.thereareonly tensionor compressiorthematri-
ces[D,], [Dy], [ D.], arenon-singulariandaretermedregular)
andthe systemof equationds determined|eadingto a unique
solution, where rank[ D] = rank[Dy] = rank[D;] = n, and
det[D,] = det[D,] = det[D,] # 0.

Work in the field of tensegritiegointedout that whenten-
sionsandcompressionexistthematriced D], [ D,], [D.], tend
to be singular (Vassart& Motro, 1999; Tibert & Pellegrino,
2003. Additional constraintdaveto be addedo gaina partic-
ular solution.Anotherpossibility is to addconstraintgo reach
anundeterminedolution,i.e. a parametricone.

In generalterms,the useof FDM, in any of the alternatives
describedn Section2.2, leadsto the solutionof alinearsystem
(sometimedteratively)of theform (Eq. (18)), wherethe matrix
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[M], collectingknownfactors,canbesquareor rectangular{ b}
is avectorof knowndata;and{a} is thevectorof unknowns:

[M] {a} = {b} (18)
~N N =~

ab bl al

Whenthematrix [M] is squareandnon-singulara uniqguesolu-
tion exists,sothatrank[ M] = n, anddet[M] +# O.

Otherwisethe systemis undeterminedyhereinfinite solu-
tionsexistandsorank[ M] < n,anddet[M] = 0.Butthisisakin
to sayingthata parametricsolutionexists.

Theparametridorm canbeobtainedoy transforminghecor-
respondinqaugmentednatrix ([ M]¢ |[d]¢), intoits row-echelon
form, (rank ([M]¢ |[d]¢) < n, anddet{[M]¢ |[d]¢) = 0):

[H] | [
~— |~~~
> (19)

e e _ a—i)-b | (a—i)-1
(e ld1°) = << rled
~ | ~~
ih il
where[ H]¢ is the correspondingow-echelonmatrix, and can
alsobethe Hermiteor reducedRow-echelomatrix, which has
theimportantpropertyof beingunique.

According to linear algebra,the systemis consistentand
undeterminedvhen[H]¢ is not squarewith necessaryneans
thatrank [ H]¢ < b), andthenumberof parameters, areequal
to p = b — rank[H]®.

The use of the row-Echelonmatrix to reacha parametric
solution for the caseof staticallyundeterminedtructurescan
beseerin (Guest& Calladine 2000. Thisworkistotally linked
with (Pellegrino& Calladine, 1986. Heretheredundantforces
arethe parametershatexpresghe whole solutionof the prob-
lem.

Thealgorithmfor Analyticalparametriccontrolis described
below,andto dateit hasonly beensuccessfullyappliedto loads
havingthesamedirection,suchasdeadoad,whichis obviously
animportantlimitation.

e STEPL. Definethe systemof parallelload by meango any
meshI” perpendiculato thesystem(alongaline in 2D, I'1 p,
orin aplanefor 3D, I'>p).

e STEP2. Definetheloador, in the casewherethe difference
betweerthereferencendfinal configuratiorit is notrelevant
(asis thecasefor masonrystructureor preliminarydesigns)
theloadratio (i.e.aloadvector{p} proportionalto theactual
one).

e STEP3. Definethe generalunconstrainednatrix, [MY].

e STEP4. Apply boundaryconditions the degreeof freedom
for eachnode/directiorandremovethe rows of [MY] corre-
spondingo fixednodespbtainingthegeneramatrix[M], for
thetheoreticalmatrix equation]| M]{a} = {b}.

For a specificmethod,asis the caseof [Ay] or [A,] in
2D, andthe matrices,[A.],[A,] or [A,],[A,] in 3D. It is
alsopossibleto combinevariablesof type[A] and[ A]. When
using[Al, if all thetermsin thelinearequationsaredivided,
at both sidesof the equation,e.g. by the spanof the struc-
ture, the shapeis controlledin a non-dimensionaay, i.e.

theproportionis finally thevariable,andnot a specificsetof
coordinategAndreu,2009.

e STEP 5. Obtain the Echelon matrix (or reducedEchelon
matrix), [ H]¢, to givethesolution.Whenthematrix[M] is not
squarefirstly it will benecessarto determingheaugmented
Row-echelomatrix, ([ M]¢|[d]).

e STEP 6. The designercould add geometricalconstraints
in order to reduce parametersp, and improve manage-
ment of the problem, when too many parametersaveto
bedefined,p = b — rank[ H]¢. The systemis undetermined
when rank[H]¢ < m (less than the numberof bars), and
thereforethe numberof parametersiecessaryor onevalid
solution,shouldbe equalto p = m — rank[ H]®.

e STEP 7. Imposethe boundaryconditionson the original
unconstraineéquation D,]{y} = {p,} to 2D or ([ D.]{z} =
{p.} to 3D) asa function of the selectecharameter/syhich
finally givesa parametricepresentationf the whole geom-
etry.

e STEPS. A specificfunicularcanbe drawby othercomputer
tools, suchasAutoCAL®, which offers easyvisualizationof
thewhole geometryor setof admissiblefunicular.

Noticethatthis methodis especiallysuitedto thecasewhere
the geometryof the structureis known, andthereforethe load
vector can be definedat the beginningof the processThis is
particularlysofor analysisof masonrystructures.

Supposingone bi-dimensionalarch/cablewith both ends
totally fixed, if the Force densitiesvereknown,the matrix [M]
is squareandnon-singular If Force densitiesaretakenasvari-
ables,the differencebetweenthe numberof bars,m, andthe
numberof nodesp, is alwaysone,m=n — 1, whichmeanghat
thewholesetof admissibldunicularis controlledwith justone
parameterp.

For a general3D case,the numberof parametersan be
huge.One way to reducethis numberis to keepin mind that
if an arch/cableis containedin a planebut placedin space,
the whole setof admissiblefunicular is againcontrolledwith
just one parameterThis canbe very usefulwhendefiningthe
meshI'zp. The otherpracticalway of reducingthe numberof
parametersaswaspointedoutin the algorithm,is to addgeo-
metrical constraints(see Section3 for additional detailsand
examples).

2.4. TheNumericalparametricprocedure:N-FDM

Schek (1974) usesthe generaltheory of optimization to
resolvethe questionof applyingthe FDM with additionalcon-
straints,e.g. the length of a setof branchef their stresses.
But from a practicalpoint of view, this implementatiorcanbe
extremelycomplex.

As an alternative the forces(or lengths)of eachbark are
regularizedotheaveragealue tmeq(0rimed), by everyiteration
asaniterativeprocesgDansik,1999.

In the caseof lengthregularizationthe new Force densities
atiteration(r + 1), gx(-+1), areobtainedrom the previousforce
atiteration(r), andthe lengthof the bark at iteration (r + 1),
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lk(r+1), Whichis hasto belmede):

k()

qk(r+1) = Imed)

m

L
<~ Vk=1..,m; (iterations =r,r + 1, ..., R); Imedp) = E )
m

1

(20)

TheMulti-StepForce-Densitiethodwith ForceAdjustment
MFDF, is basedon the previousonebut with regularizatiorof
forces Thismethods usedo adjustheForcedensitiesdepend-
ing on a uniform value for internalforces(SanchezSerna,&
Morer, 2007).

At iteration (r + 1), the force densities gi(+1), are recal-
culatedas function of the force adjustmentcoefficient, f; =
1t/ T, astherelationshipbetweerthe elementforce, 7 and
thedesireduniforminternalnetforce, T.

qk(r+1) = k() - fx (21)

TheNumericalmethod N-FDM, seeksonvergencéo equi-
librium by regulatingthelengthof eachbark, [, Vk = 1.. .m to
atargetvalue,li iarger, iIMmposeda priori.

The Force densityfor the newiteration,g; ,..w, is written as
afunctionof previousforce, #; o4 andtarget, I surger:

Tk,o0ld tk,o0ld

Ii,old

Gk,old = — Gknew = (22)

lk,target

The algorithmis easierto useandwithout recalculationof
forcesas 014, it therebyonly dependson the Force density
dk.0ld, andlength,li .4, Of the previousiteration:

trold  lkold  told  lkold
qk,new = : = :
lk,target lk.old lk,old lk,target (23)
Ik, 01d

—  dknew = Yk,old *
lk,target

Thiscanbedonenotonly for abark butalsofor asetof bars
(let ¢ be the numberof constraints)and choosinga different
targetfor eachbarof theseti.e. Eq. (24).

Asin anyotheroptimizationproblem ,only amaximumsetof
constrainteanbeimposedn eachcaseln largesystemst canbe
verydifficult toknowin advancevhethetheselecteaonstraints
(selectedpriori) will leadto asolutionwith convergencer not.
Butin practicaltermsit is very easyandquickto selectagroup
of constraintsandverify the convergencef the problem.

Lk, 0ld

qk.new = Y4k,old *
lk,target

24
les1,01d (24)

{4cten) } =

qk+1new = Gk+1,0ld *
lk+l,larget

cx1

Whendealingwith length,it is a goodstrategyto applythe
constraintsat the boundaryend. Theoreticalstudy of conver-
genceis beyondthe scopeof this paper.

How is this specifically applied in the casesof masonry
structuresandpreliminary design?Assumingthatthe barscan
be considerednextensible(asthis papercentresespeciallyon
masonnstructuresindpreliminarydesign)theNumericalalgo-
rithm consistof:

e STEP1. Theloadvector{p} (which canbe proportionalto
theactualone)is fixed a priori. Thereis no limitation on the
directionof the loads(two or threecomponentgantheoret-
ically exist),andthereforethis methodis moregeneraltthan
the Analyticalonedescribedabove.

e STEP2.Definethelengthtarget/ssector liarget. IN manycases
it is convenientto use a scalefactor, «; Where{l,arge,}’ =

@ (oo lwrger lktlmarger - --)', asit addsto thecontrol
of parametricsolution.

e STEP 3. Imposeboundaryconditions(which can be non-
symmetric) on the unconstrainedequations: [Dy]{x} =
{px}, [Dy]{y} = {Py}7 [D 1y} = {p:}-

e STEPA4. Obtainafirst setof coordinategx, y, z) usingacon-
stantvaluee.g.gx = 1,forallthebranchesThiscorresponds,
whenall the barsareeitherundertensionor compressionto
aminimal surface andthisis avery robuststartingpoint.

e STEPS5.Thelength(in 2D) ortheareagin 3D) of theelements
isforcediterativelyaccordinghealgorithmshownin Eq.(23)
in orderto fulfil thetarget/s

e STEPG. Othersoftwaregraphiccapabilitiesmakeit possi-
ble to view the setof possiblesolutions,the whole set of
admissiblefuniculars,by manipulatingthe parameteralue
.

e STEP7. Lack of convergencecan be controlledagain, by
reducingthe numberof constrainedengthsor areasand
repeatinghe processuntil convergenceccurs.

Theprocesss simpleandquick,andtheexamplesn Section
3 will proveits utility. This methodis especiallysuitedfor the
casewherethe geometryof the structureis initially unknown.
Thisis usuallyin preliminarystructuraldesign.

Although the Analytical A-FDM, and Numerical method
N-FDM, could be combined,an importantquestionregarding
applicationmust be mentioned:In orderto obtain geometry,
whichis finally alwaysthetargetin aform-findingproblem the
loadvector{p} doesnot necessarilyneedto containthe actual
values,as a vector proportionalto themwould be valid. This
is becausdhereare situations,suchasin masonrystructures,
wherethe differencebetweertheinitial lengthof the bars(i.e.
thereferenceconfigurationjandthefinal one(i.e. thefinal con-
figuration)is negligiblein practicalterms.Thisis akinto saying
thatthe barsareconsiderednextensiblgPoleni,17489.

3. A-FDM and N-FDM: results and discussion

The Analytical A-FDM, andNumerical] N-FDM, methods
are basedon parametricdmplementatiorof the original Force
Densitymethod FDM, to determinethe funicular equilibrium
asa setof possiblesolutions.Selectinga specificfunicular is
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Fig. 2. Iterativelengthadjustmento targetin safetysectionof arc.
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1
0.5
0
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Fig. 3. N-FDM for archeswith differentspansandsupportsatthe samelevel.

relatedto theassignmenof particularrestrictionsin the design
process.

A-FDM andN-FDM areimplementedy usingthreespecific
tools: (1) Assemblyof the unconstrainedConnectivitymatrix,
[D“], (2) A combinatiorof matrixandindicial notationin linear
equilibriumequationsand(3) Theuseof mathematicadoftware
with symboliccapability(Maple®).

The Analytical method A-FDM, is usedto checksecurity
in masonry.It has beendescribedas the funicular analysis
of two-dimensionamasonrystructuresestablishinganalytical
relationshipshetweenfamilies of geometriesthroughequilib-
rium equationsasa function of the lengthcomponentsf bars
or asafunctionof thrust

The Numerical algorithm method N-FDM, is usedas a
designtool in funicular analysis This methodcouldbeapplied
to determiningthe pressurdine of anarchwith constanthick-
ness,which mustbe subsequenthadjustedwithin the safety
sectionto determinethe equilibrium(e.g.Fig. 2).

N-FDM could be usedin masonryfor severalarches(e.g.
Fig. 3), evenoneswith archsupportsat differentheights.Only
two end supportsneedto be fixed, as other supportswork
assliding vectorsandtarget, liarget, is independentlyassigned
accordingto span.

Both methods,A-FDM and N-FDM, will be usedas a
form-findingmethodologyor three-dimensionadtructuresand
appliedon built examplesn thefollowing sections.

3.1. Applicationin thepreliminary design

N-FDM will be usedas a designtool for two built struc-
tures:CNIT (TheNational Centrefor Industryand Techniques
La Défense Paris, France)and The PODS (SportsAcademy
ScunthorpelK). Usewith two exampleswvith differentgeome-
tries (with topologicaland additionalconstraints)vill makeit
possibleto validatethe applicationof numericaltechniqueto
form-finding

CNIT was conceivedand designedoy the Frenchengineer
NicolasEsquillan andit wasbuilt in 1956—1958His proposal
wasfor avaultedreinforcedconcretestructure consistingof a
self-supportinglouble-shelledoofwith spindlegadiatingfrom
thethreesupportgverticesnthefloor: therearenineteerradial
ribs on eachsymmetricakideof the equilaterakriangleplan.

The shell hasa radiusof curvaturerangingfrom 90m to
420m, andit coversanareaof 900,000m?. Theratiobetweerits
maximumheightandfront edge which is locatedat a constant
height at the three centroidalaxesof the triangle,is approxi-
mately1/4.5.Thehorizontalspanmeasure218m on eachface
of the triangularplan and 46.30m on the vertical spanof the
funicularshell.

Consideringoucklingforces,the shell of theroof is madeof
two thin surfacdayers,connectedby cellularshear-forcdrans-
ferringdiaphragmgprefabricated¢oncretavalls)9 mapart.The
thicknesof bothsurfacdayers,upperandlower, is only 170to
240mm(fromtopto supportespectivelyandthetotalthickness
of the cross-sectiomunsfrom 1910mm at the top to 2740mm
atthesupport(Peerdemar2008.

The vault wasdesignedo be built in threephasesstarting
with thefirst threewaveson theridge side,followed by waves
4 to 6 andfinally waves7 to 9 onthe edgesf thefacades.

A remarkablgartoftheshellstructurdormsatensilecordon
eachedgeface.Thisfunctionis belowgroundlevelto counteract
outwardthrustforcesat eachsupport.Due to the underground
entranceandserviceshafts,the cord neededo belower at the
middle, forming a trapezoidalkhapewith two bendingpoints.
Horizontaltensilecordsareanchoredn the ground(Balency-
Béarn,1958.
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Fig. 5. Loaddistribution.

Self-weightis thedominantioad andradialribs transmitthe
load,roof anddeadoaddirectlyto supportsThefinal geometry
is the consequencef assimilatingeachstructuralradial rib to
thefunicular (in the reversedirection) subjectto the saidload,
designinga balancedsystemztheribs work undercompression
while the strapson the facadeareundertraction.

Funicular geometryshouldbe the only onein which thrust
hasto be the horizontalforce, tangentto the key. This could
be obtained by applying the Numerical algorithm method
N-FDM:

1) Thetopologyis drawnin onethird of the planview dueto
its obvioussymmetry,wheretheribs area setof branches
connectedy nodegFig. 4).

2) Theedgenodesandthex, y coordinate®f theinternalfree
nodesareknown.

3) Loadis calculateddependingon theattributedshellareaas
apolygonalsurface(Fig. 5), whereaproportionalsectionof
thediagramsandtheradialrib areaddedat eachnode.The
final value dependson the total amountof concrete(md),
takinginto accountheweightfor steel(2500kg/m®).
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Fig. 7. Final geometryobtainedfor {¢}’ = (1) usingthe N-FDM algorithm
in Maple®.

Thenumberof radialribsdrawn,asasumequalto 9, does
notmatchtheactualone,atotalof 19.Thisis notconsidered
relevantbecauseunicular analysisis solely basedon the
attributednodalarea(Fig. 4).

4) Thereis only gravitational(vertical)loadat eachnode.This
is implies zerovaluein the othertwo directions,{p1 ,} =
<O)1"'46, {pl,y}t — (0)1...46‘

TheNumericalalgorithmmethod N-FDM, couldbeused
subsequentlyto verify and analyzethe behaviourof the
geometryobtainedundertheload statesn otherdirections,
suchasthatdueto wind action.

5) Firstequilibriumgeometry(Fig. 6), is achievedhankso the
original FDM equations(Eqg. (8)), assigningarbitrary and
uniform force densityvalueson barse.g.{g}’ = (1)[1--531,

6) TheNumericalmethodN-FDM, makest possibleto obtain
thefunicularthatmeetghegeometricatonstrainthorizon-
tal thrustin thekey (Fig. 7).

Radialribs areclassifiednto familiesfrom bothsidesof the
centralrib, which createshe symmetryof the plan view. The
Numericalalgorithm (Eqg. (23)) regularizeshe lengthsof the
barsfor eachfamily of radialribs to thesametarget liarget, iter-
atively until convergenc#o thedesiredequilibriumis achieved.
Thisprocesssrepeatedintil thegeometryhasassimilatedo the
funicular with the horizontaltangentatits highestpoint. Nodal
loadisrecalculateéccordingo thediscretizatiorandattributed
areain eachnewiteration.

For all families of radial ribs, it holdsthat the relationship
betweertheprojection B, andtargetlength ltarget, is assimilated
tothevalue,B/ l;4rqer =~ 4.513,andtheratiobetweerreallength,
L, andprojection,B, resembled./B ~ 1.11.

The Numerical algorithm, N-FDM, was programmedin
Maple®, where different and consecutivegeometriesare dis-
playedin realtime. The overall geometryis completedto be
graphically resolvedby the drawing softwareof AutoCALCP.
Figure 8 showscolouredlines representinghe gravitational
loads at each node, accordingto recalculatedvalues from
Maple®.
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Fig. 8. Overallgeometryin AutoCACF.

N-FDM is alsoappliedasa designtool to ThePODSSports
Academyby Buro Happold which openedo the publicin the
summeiof2011.Theprojecthasfive shellsof differentsizeqthe
largestspanmeasure§5m andthesmallesspanis 15m, across
the diagonal)coveringspacedor swimmingpools,badminton
courts,agym, adancestudio,a coffeeshopandanursery.

Thegeometryis definedasaself-weightedriangulameshin
timber,andeachinterfacestemsrom a steelarchbeam curved
along the vertical plane and supportedon columnsalong its
entirelength.The patternof thegeodesiegneshis similarto the
sphericalicosahedron configuredin hexagonamoduleswith
a single pentagonon top. Edge nodesare fixed on the floor.
Only compressiomstressegxist,butnodesandconnectionsare
designedo resistpossiblebendingmomentsaandshearforces.

Designefficiencyis achievedhrougha procesf optimiza-
tion wherethe minimum numberof nodesfor equilibriumis
determinedandregularizatiorof thelengthsfor the maximum
possiblenumberof brancheperdomeis obtainedoy program-
ming DynamicRelaxatiorform-findingtechniquewith Tensy?,
SMARTSoftwaresolutionsoftwarg(Harris,Gusinde& Roynon,
2012.

Themodelcouldbeanalyzedandoptimizedby applyingthe
Numericalmethod N-FDM, replacingthe DynamicRelaxation
methodusedby BuroHappold Astheconclusiondavealready
beendrawn,it is possibleto proceedn reverseorder:Defining,
verifying and validating an optimum topology, creating a
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prototype arising from imposed constraintsand boundary
conditionsrelatingto the original geometry.

For the initial researctthe total numberof shellswas sim-
plified to two or three pieces,but keepingthe topology, i.e.
triangularframesandboundarieswith interfacearcs(graphin
greenjandfixed nodesoncircularedgesTheinternalnodesare
setfree, but interfacenodeshave only beenallowed freedom
alongtheverticalplane,i.e.in doublegeometry(Fig. 9), asthey
arefixedin thex coordinateandfreein the planeyz

Initial geometryasa hangingchainmodelis foundwith the
original FDM equationgor {¢}' = (1)[11-I"] ‘usinganarbitrary
andequalvalueof gravitationapointload.Asin previousexam-
ple, whenthe N-FDM algorithmruns(in Maple®), the vertical
load may be measuredn eachnewiteration,dependingn the
newattributednodalareaandthe assignedoverandstructural
weight.

Increasingthe force density value of the diagonal edges
t0 qaiag-cage = 20, regularizationof the edgediagonallengths
(includedcircularedgerings)for asingletarget loee-rarger = 8,
is easilyobtained(Fig. 10).

However,the assignmenbf a uniquetarget to the internal
branche®f asingledomeor for all thedomegogetheiinvolves
losingvolumetricidentityanddeformingthegeodesiconvexity
of thepieces.

Two approacheg~ig. 11) wereusedsuccessfullywherethe
diagonalbranchedn the interfacedip (in magentajand olive

Fig. 9. Adaptedgeometrydoubleandtriple model.
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Flg 10. DOUbIeQeometry:(l) qdiag-edge = 20, (2) [dizzg-tzlrget =8.

greerbranchesiretargetio /eqee-rareer = 8, andtheforcedensity
valuefor interfacearcs(branches)s shownby {¢}¥“ = (8):

1) Regularizatiorby assortedelementgFig. 11a): Spiralring
barsin blue with the samevalue l¢gge-rarger = 8, While the
force densityof internal diagonals(in red) is increasedo
ddiag-int = 2.

2) Regularizationaccording to assorted areas (Fig. 11b):
The processis sequentiallyand incrementally inserted.
The orangecorewith lcore-rarger = 3, the intermediatestrip
(magenta)to Lyedig-targer = 5.5, @and loyrsarger = 7 for the
blue strip. White areaswith anirregulargrid must not be
assignednytargetfor successfutegularization.

Lengthadjustments obtainedin a high percentagef cases
for both proposalsf the pentagonatop andirregularframe of
the first internal diagonals,next to the edgering, are free of
targets(Fig. 12).

Oncetheconclusion$avebeenreachedtheapproactcould
be reversed:Determiningthe optimal topology patterncon-
formable to the original model, dependingon the specific
geometricalconstraintsand the desiredtarget, e.g. homoge-
nization of lengthsas much as possiblewithin the geometric
equilibrium.

As arelatedtopology,the basicpatternis setto squarewith
two fixed edges,lateral right and bottom, and the remaining
two, left andthetop, arepermittedfreedomin theverticalplane
parallelto lengthasinterfacegin green,Fig. 13).

Fig. 11. N-FDM approachega) assortecelements(b) assortedareas
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Fig. 12. N-FDM: final geometry.

Topologicalirregularitiesareminimizedin the mesh avoid-
ing pentagonabrderandreducingthedisruptionof thediagonal
setupin zigzagonly in theleft andright sideends.

Validationof thesquarenodulewill beconductedisingtwo
of theapproachediscussedor theoriginal geometry(Fig. 14):

Approachl: AssortecelementsBranchesreseparatetlytype
accordingo theirlocationin the plan:horizontal(orange)and
diagonal(blue).

Approach2: Assortedareas.Branchesaregroupednto radial
stripesandalsomarkedin colours:the centralcore (orange),
while the intermediateand edgerings are magentaandblue,
respectively.
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Fig. 13. Squarepattern.

Lengthsare regularizedto a specifictarget dependingon
assortedelementsor area analysisexceptin irregularframes,
with horizontalbranchesn red (the first approach)and edge
regionsin white (the secondapproachFig. 15).

Convergencéo equilibriumis thenpossiblebecausef the
uniformity of the restof the plot. Gravitationalload, basedon
attributednodalareayjs recalculatedn eachnewiteration.

40 4404

304 304 A ‘

:

201

Fig. 15. Secondapproactusingassortedareas lterativeregularization.
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3.2. Applicationto masonrystructures

The Analytical method A-FDM, and the Numericalalgo-
rithm method N-FDM, could be usedfor masonry.The case
study is the ribbed vault of the Cathedralof Astorga(Ledn,
Spain).

The intersectionbetweentwo pointedbarrel vaults creates
theribbedvault, the skeletorof which consistof thecrossribs
which join at the keystone The baysin the roof areknown as
severies

Someresearcherdoubtthestructurakoleof theribs, consid-
eringthemto be purely decorative However,it seemsroven
that the ribs are the frame of the vault and supportthe sev-
eriesat first, after the removalof formwork andbeingplaced
understressTheyarealsothe essentiaklementin creatingthe
funicular of this geometricablesign(Zaragoza-Catalarz008).

The Ribbedvault (or Ogive vaulf) wasthe main structural
elementof Gothic architecturelt wasdevelopedrom the late
11th centuryandin many caseswas useduntil the XV—-XVI
century(late Gothic) or in adaptedorm in the Gothic Revival
in Englandduringthe 19thcentury.

Construction of Astorga Cathedral, which is pre-
Romanesque,commenced in Gothic style towards the
year1471.1t is linked to two architectsfatherand son,John
and Simon of Cologne.However,the southernfront and two
chapelsare in Renaissancstyle, the main facadeis baroque
andwas built during the eighteenthcentury,andis alsohasa
neoclassicatloister.The Starryvaultandribs all with thesame
curvatureis attributedto RodrigoGil de Hont&én. It wasbuilt
in the sixteenthcentury,from 1550to 1570.

Thecathedralaulthasasquareplanwith sides7.58m long,
and it is 5.14m, high at the central key abovethe plane of
imposts.Each of the quadrantss plotted with the crossrib
flankedby apairof tiercerondocatedonthebisectoiof theangle
betweertherib andtwo sidearches andornamentalrchesare
drawntangento eachother.

Crossribs, tierceronsandsidearchesdrawthe sameradius
of curvature andthe centralkey is slightly higherthanthe sec-
ondaryandsidekeys(Palacios-Gonzal& Martin-Talaverano,
2012.

7.58
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Theribs arediscretizedasa setof branchesvith load points
atthenodesThesymmetricaplanmakest possiblgo takeonly
onereferenceashalf aquadrantnaybedrawnwith acrossrib,
atierceronandasidearch (Fig. 16).

Thegravitationalloadis determinedaccordingo theweight
of thevaultandaconstanthicknessAn equalareais attributed
to all of the nodes,basedon the uniform distribution of the
severies Final discretizationimplies a different projection of
thelengthsperbranchThecolourdifferencesereonly indicate
adjacentareaqFig. 17).

Nodes,ns, arefree ontheverticalaxis,andknownfor x and
y, excepftfor thestartingnode n,, 1, whichis constrainedn the
threedirections.The centralkey node,27, secondankey node
(in atierceron), 16, andsidekey node,6, arefixedin x, andy.

The stepsof the methodsdevelopedor implementatiorare
asfollows: (1) A-FDM equationsare used,dependingon the
projectionof the lengths,(2) The thrustvaluesare obtained,
Hy, Hy, for the equilibriumachievedand(3) N-FDM is run to
adjustthefunicularresultingfrom analyticalmethodto the safe
thicknes=of the vault.

Equilibrium linear equationshasedon the projectionof the
lengthsarewrittenin ageneraimatrix way as:

[A](Q) = (P} — {on Aoy] (0) = {p} (25)

Py

wheresub-matrice$Ax], [Ay], areassembledavith the known
projection of the lengthsfor eachdirectionin the plan, and
{px}, {py}, the column point load vector with particular val-
ues(in caseof solegravitationalload), {p,} = {p,} = 0. The
unknowndiagonaldensitymatrix, {Q}, is theneasilyobtained.
Somendependenparameters, haveto bedeterminedpri-
ori, obtainingdensityaluesfor theotherbranchesThenumber
of independenparametersp, will correspondo thefinal value
resultedfrom subtractinghe rank of the matrix, [A], from the
total numberof branchesm:

m —rank[A]l = p (26)

And for a half-quadrantconfiguredwith a crossrib, a
tierceronandasidearch, only onevalid solutionexists different

Fig. 16. Vault plan:discretizedibs.
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Fig. 17. Discretizatiorfor uniform attributedarea.

tozero,{Q} = {91, 92, . . ., gm} # {O}", if thematrix systemis
resolvedrespectinghe direction of the side arch, andin this
casefor thex axis.

[Ax]{Q} =0 @7)

The augmentedRow-echelormatrix, ([Ax] |[0]), is singu-
lar, and thereforedesignis a parametric rank ([Ax] |[0]) <
n, det([Ax] |[0]) = 0. The numberof parametersp, depends
ontherankof thesub-matrix] Ax], becauseank ([Ax] |[0]) =
rank[ Ax]. Rank[Ax] = 23,andbranchesrem = g,, = 26,0
thetotal data-parametermaybep=3.

For this particularexample the numberof parametersioes
notchangeregardlessf thenumberof brancheénto whichthe
ribsaresubdividedby half-quadrantsMoreoverdueto thegeo-
metricalindependencef theribs, a parametemay be defined
for eachone of the ribs, onefor the crossrib, anotherfor a
tierceronandlastly for the sidearch.

OnceForce densitiewf all the brancheshavebeenobtained
by Eq. (27), the vertical coordinateof the nodesis determined

thanks to the basic equilibrium equation, {p.} = [D.]{z},
dependingon gravitationalload.

The geometryis finally drawnwith the valueof the thrusts
H,, Hy, onthesupportingnodeof thevault, na:

q1

llG,x Hx
96 ¢ =

l16,y H,
q16

(28)

ll,x l6,x

Ly ley

[Ali{o} = {H} — [

where[ A]; is the matrix of lengthprojectionsfor the branches
nextto the startingnode, 1, {Q}%, correspondso the column
vectorof densitiesand {H}, the columnvectorof the thrusts
Figure18showstwo possiblegeometriesn equilibrium,drawn
by thethreeribs in thewhole sideof theplan.

The next step may include the initial funicular inside the
safety limits of the vault. The procedurewill be to add the
Numerical algorithm, N-FDM, to the Analytical method A-
FDM, thanksto whichit will bepossibleto drawthesequential
geometric approximationsto the funicular by an iterative

Fig. 18. A-FDM Astorga:initial geometry(a) maximumand(b) minimumthrustlines.
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Fig. 19. A+N-FDM Astorga:minimumthrustline. (a) Initial funicularanalysisand(b) geometricadjustment.

procesqFig. 19), changingthe threeindependenparameters
of the analyticalbasislittle by little, e.g.boththrusts Hy, Hy,
andonedensityvalue(branchnumberl), g;.

The Force densitiesarerecalculatedn eachnew iteration,
dm, aswell asthe lengthsof eachof the branches|, dueto
changingthe nodesin the vertical direction. However,as can
be seenin Figures18 and19, tridimensionalfunicular are not
totally tracedinsidethe safethicknessof the arch, flankedby
the maximurmand minimumthrustlines

As a possiblesolutionis to modify the height of the ini-
tial position of the startline, i.e. the new location of starting
nodesis movedvertically. Thevaluecorrespondso the height,
+2.1028m (Fig. 20). Thisoptioninvolvesreorganizingheorig-
inal discretizationof the ribs asa resultof the recalculationof
the point load, dependingon the new attributedarea,andit is
thesamefor all nodes.

The guidelinesmayfollow the Numericalmethod N-FDM,
asdescribedabove:(1) Obtaintheinitial geometryfor boththe
maximumand minimumthrust lines (Fig. 20). (2) Adjust the
threedimensionafunicularof eachrib, crossrib, tierceronand

sidearch usingthe numerical-iterativetechniqueuntil they fit
within the safetylimits of thevault (Fig. 21).

3.3. Discussion

The Analytical method A-FDM, is particularly suitablefor
known geometry,andit hasbeensuccessfullydevelopednto
funicularanalysisto testtheequilibriumof masonrystructures.

TheNumericalalgorithm, N-FDM, canbeusedasageneral
designtool in structuralanalysisasa first stageof the overall
process.Regularizationof either the length or force of each
elemenis considered feasiblemeansof optimization.

Although the theory hasbeenonly appliedto gravitational
loads(self-weightasverticalpointload),N-FDM doesnotlimit
thedirectionof loads(two or threecomponentganexist),and
thereforethis methodis more generalthanthe analytical one,
andcouldbeusedwhencombiningdeadandwind load.

Lack of convergencevould be controlledby reducingthe
numberof constraintsandrepeatingthe iterative procesauntil
convergenceccurs.

Fig. 20. New startingline: initial geometry(a) Maximumand(b) minimumthrustlines.
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Fig. 21. New startingline: regularization(a) Maximumand(b) minimumthrustlines.

Recalculatingheload,dependingnthenewattributedarea
for eachnewiteration,is tediousandcomplicatedandit could
be of interestto useotherautomatednethodsof work in the
future, suchasplug-in Grasshoppé?.

Parametriccontrol makesit possibleto assignconstraintgo
everyelementn adirectprocesghatfacilitatesthe checkingof
theresultinggeometry.

4. Conclusions

Form-finding definesthe designprocessfor flexible struc-
turesasan independenstageprior to analysisandsizing, and
it determinespossiblegeometrybasedon a particular set of
loads.Geometryhereis thereforethe unknown,which makes
this processunusual.The solutionto the problemneednot be
unique.

Form-findingmeansa procedurdor seekinggvaluatingand
obtaininggeometry.

The Force Density Method FDM, is chosenfor its many
advantagesverall otherform-findingmethods

1. TheNon-iterativemethods usedatleastto determinenitial
geometry.

2. A systenmof linear equilibriumequationss applied.

3. Thereis noneedfor pre-sizing theequilibriumequationsre
linearizedby assuminghe relationshipbetweenthe forces
in thebarsandtheirlengthsasdata,calledForcedensity g,
for the branchk, which alsomeanghereis no pre-sizingof
theelements.

4. Equationsare uncoupledfor the threecoordinatesy, y, z
Workingindependentlysingcoordinatesindassigningndi-
vidualsconstraints.

5. Therearenorestrictionontopologyregardingheprojection
of lengths:Geometryis notfixedin the plan.

6. No singleorthogonabiscretizatiorof themeshis indispens-
able,asanotheronecouldbeused.

7. Geometnyis notlimited to constant/aluesof thrust(projec-
tion of forces).

Theoriginal FDM hasbeenextendedy successiveontrib-
utionsto its nomenclaturandapplication.Themethochasbeen
usednot only for tensilestructures but hasalsobeenusedfor
masonrysurfacesandthedesignof structureswith tensionand
compressionastensegrities

This paper proposestwo new algorithmsthat are useful
as a generaltool in structuraldesign: Analytical method A-
FDM, and Numericalmethod N-FDM, implementecthrough
theapplicationof: (1) Assemblyof anunconstrainedonnectiv-
ity matrix, [ D], (2) Combinatiorof matrixandindicial notation
in linearequilibrium equationsand(3) Mathematicakoftware
with symboliccapability(Maple®).

TheAnalyticalmethodA-FDM, allowsrewritingof theequi-
librium equationsn termsof othervariablessuchasprojection
of lengthsor thrust.

The Numerical algorithm, N-FDM, enablesoptimization
throughaniterativeprocessdy regularizingthe lengthstowards
atarget /.- Thetargetvaluedoesnotneedto beunique,and
it could be multiple basedon a pre-defineddesign.Two new
algorithmshavebeenappliedto funicular analysis the evalua-
tion of a known geometryandverificationof a safedesignfor
masonry
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