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Abstract

The dynamic model of a Four Control Moment Gyroscope (4-CMG) is traditionally obtained after computing the derivative of the angular
momentum equation. Although this approach leads to a simple dynamic model, new models have been introduced due to terms not taken
into account during the computation of the angular momentum equation. In this paper, a new dynamic model for a 4-CMG based on the
Newton-Euler algorithm, which is well accepted in Robotics, was developed. This new approach produces a complete dynamic model.

Keywords: dynamics, gyroscope, model; control.

Resumen

El modelo dindmico de un sistema de control de par utilizando cuatro girdscopos (4-CMG) tradicionalmente se obtiene al calcular la
derivada de la ecuacion del momento angular total. Aunque este enfoque conduce a un modelo dinamico relativamente simple,
recientemente se han introducido nuevos modelos debido a términos que no se han tenido en cuenta, o se desprecian, durante el calculo de
la ecuacion del momento angular. En este articulo, se propone un nuevo modelo dindmico para un 4-CMG basado en el algoritmo de
Newton-Euler, el cual es bien aceptado en robética. Con este nuevo enfoque se logra obtener un modelo dindmico bastante completo.

Palabras clave: dinamica; giréscopo; modelo; control.

1. Introduction

A Four Control Moment Gyroscope (4-CMG) is an angular
momentum exchange device used on satellites [1-3], submarines
[4, 5], to control attitude. It is composed by four gyroscopes
arranged in a pyramidal form, see Fig. 1, with the torque
amplification property being its principal advantage [6].
Moreover, when used in satellites no fuel or gas propellant is
required, because the motors use electricity to operate.

The dynamic model of a 4-CMG is usually obtained by
differentiation of the angular momentum equation [7]. This
is done in [3, 4] and [8]. Probably the most exact dynamic
model using this approach is the developed by Ford and Hall,
[8].

The first comparison between a robot arm and a 4-CMG
was performed by Bedrossian et al. [9]; in this work an
analogy of velocities was considered to study the
singularities on a 4-CMG. No further analogies with robot
arms were stated.

© The authors; licensee Universidad Nacional de Colombia.

In this paper a kinematics comparison between a 4-CMG
and a robotic arm is used to develop a new dynamic model.
The advantages of this approach are: use of a widely accepted
methodology to compute a dynamic model, and more precise
equations.

2. Dynamic equations for A CMG

Fig. 1 illustrates a CMG with four gyroscopes, each of
them composed of a flywheel and a gimbal. A coordinate
frame x;, i, z;, is located at the center of the flywheel, which
serves as a reference for the motion of gimbals and flywheels.
The flywheels turn at a constant speed, while the gimbals can
rotate around y; axis without any restriction. The angle of
rotation of a i-th gimbal is represented by 6;, with the zero
position being illustrated in the figure. The position of the

four gyroscopes is denoted by the vector 0=
[0, 0, 63 06,]". The angle P is the pyramid’s skew
angle.
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Figure 1. Control moment gyroscope with pyramidal array.
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Fig. 2 illustrates the equivalent open kinematics chain for ~ Fi9ure 3. Gyroscope kinematics and Base body dynamics.

a 4-CMG; there the circles represent rotational joints. Table 1
To compute the dynamic model, two steps are performed,  Recyrsive Newton-Euler formulation. Forward kinematics.

see Fig. 3. The first step is the Newton-Euler algorithm for Forward kinematics
each gyroscope, this led to the reaction forces and moments ~ Angular velocity propagation
applied to the base body. The second step is the dynamic cos(6;) sin(6;) 0

equation for the base body, where the reaction forces and R; = | —cos(a) sin(6)  cos(ay) cos(6y)  sin(e;)
sin(a;) sin(6;)  —sin(;) cos(6;) cos(e;)

moments exerted by each gyroscope, M; and F;, are involved. iz =[0 0 1"
The angular and linear velocity of the base body, v, and w, Ang{[,;r acceleration propagation
respectively, plus the angular velocities of each joint, ;1 6 = 6_; +zi_18; + w4 +2_.6;
and w;, are required in the Newton-Euler algorithm to '@ = "Riy(7'@iy + 7z b+ 7w i + 712i46)
perform the direct kinematics of the gyroscopes [10, 11]. Linear velocity propagation
. . . Vi = Vg T 0; XTIy

Computation of the Newton Euler Equations for a serial iy = IRty 4 i x In

robot is also done using two steps, Tsai [12]. The firstone is i _ [ d sin(a) d. cos(a@)]"
. - 1 1 1 1 1 1

the kinematics calculus toward the extreme of the robot, a8 Linear acceleration propagation
shown in Table 1. Vi = Vi + 0 X1+ w; X (w; X 1) _ _
Vi= R Wi+ ey x i+ ey x (epx ')
Linear acceleration of the center of mass
Vi = Vi + @ + @ X T + w; X (w; X 1)

Va= Wi+ o+ ‘o x g+ oy x (e x )
Acceleration of gravity
'g= Ri,'"'g

The second step is the dynamic calculus of backward
computation, as can be seen in Table 2. Note, only rotational
joints are considered in both tables.

Table 2.
Recursive newton-euler formulation. Backward dynamics.

Backward dynamics

Inertial forces and moments

fi = —-mvg

n; = —Lie; — o; x (w;)

Force and torque balance equations about the center of mass
fiioq = fip —mg—ff

Figure 2. Equivalent kinematic chain of a 4-CMG. Ny_q =N+ (G +rg) X £ — g X fipq; — 0
Torque in rotational joint
v=""nf "z,
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The following assumptions have been made to simplify
the equations of the Newton-Euler methodology:

 Mass and inertia of the gimbals are approximately zero
or negligible.

* The center of mass of the Flywheel is aligned with the
gimbal axis.

* Velocity and acceleration of the base body are not equal
to zero.

The mass and inertia of the gimbal frame is neglected
because the flywheel has the major contribution in the mass
and inertia of the gyroscopes.

2.1. Data of the links

For the Newton-Euler approach, one gyroscope is
composed of three links: base body, gimbal and flywheel.
Each of these links is joined by a rotational joint, Fig. 3.

Before computing the forward kinematics and backward
dynamics, each link must have a coordinate frame. Fig. 4
illustrates the frames and vectors defined for each link. A new
frame, [Xoi Yo,i Zo,], is used to express the forces and
moment exerted by the gyroscopes. This frame is fixed in the
base body. The other two frames are [X1i ¥1,i Z1:] and
[X2i V¥2i Zz2i] , with the former being the frame of the
gimbals link and the latter being the frame of the flywheel
link. These two frames are located at the same point, the
center of the flywheel. The homogeneous matrix between the
frames fixed in the base body, [Xo Yo Zo] and
[Xoi Yoi Zoi],is,

Y el

Figure 4. Frames used in the Newton-Euler algorithm.
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ca; —saicf —sa;sp —saq;r

bAO,i _|sa; caicp ca;sf ca;r )
0 —sB cf 0
0 0 0 1

Where sa;, ca;, s, and ¢ stands for sin(a;), cos(a;),
sin(B), and cos(f3) respectively; r is the radius of the circle
where the gyroscopes are located; a; is the angle of the turn
around axis z, to align y, with y;, and it has any of the values
of {0, /2, m, 2m/3} radians.

The Denavit-Hantemberg parameters for one gyroscope
according to Fig. 4, are shown in Table 3. In this table L =
[|Iry:||, where ry; is the vector from frame {0,i} to frame

{1,i}.

Table 3.
Denavit - Hartemberg parameters.
Joint - i q; a; d; 6;
1 /2 0 L 6;
—1/2
2 0 0 0 i,

1) Homogeneous Transformation Matrices: The DH
transformation matrices for each link can be also computed,
these are:

sin(6;) 0 —cos(8;) O
O'iALi _|—cos(6;) 0 —sin(6;) 0 @)
0 1 0 L
0 0 0 1
[cos(Qi_z) — sin(@i_z) 0 0]
Lip, = sin(6;,) cos(6;;) 0 0 (3)
0 0 1 0
0 0 0 1

2) Position Vectors: The position of the frame {1, i} with
respect to {0, i} isdefined by vector *'r,, ;. The vector *'r,;
defines the position of {2, i} related to {1, i}. The mass centre
of each link is defined by vectors ®'r.y; and “'r,, ;. These
vectors have the following values,

Yrg=[0 o LI (4)
eo=[0 0 0] 5)
% =[0 0 0 (6)
Yp,o=[0 o o] )

O'Erco_i is zero because the mass and inertia of the gimbals

are neglected.

3) Inertia and mass for links: For both links the values of
mass and inertia are,

my; =0 (8)
My, =My 9)
M, =0 (10)
2y =diag([be Ly 122]) (11)
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4) Base Body conditions: Different to a typical robot, the  2.3. Backward Dynamics
base body of a 4-CMG is in motion, which allows it to have

an angular and linear velocity as well as non-zero The following dynamics equations for one gyroscope are
acceleration. obtained after applying the equations in table 2.
O’iwo,i, O'io'oo,i, O’ivg,i, O’ivo,i, not equal to zero. 1) Second Body: By using backward dynamics, the torque
required by the flywheel motor can be computed as the
22 Forward Kinematics Inertial Forces and Moments

The following equations are derived after using the  fzi = —M2Voi = Ma®o; X T1i — Ma@o; X wo; X Ty (22)
forward kinematics, table 1.

nz; = —Lpi00; = wo; X 15,00, = gily%{wo,i X ¥1,i
1) First link - gimbal axis: The first link has the following = 02,11,,00; X 21— O;1,, ¥, (23)
velocity and acceleration. = 0:03,172%1;
Angular Velocity Where the following relations were used,
01 = 0 + Zo,;0; 12) LpiZoi = Iyyya, (24)
L,iZ1; = 1222 (25)
Angular Acceleration IpiXqi = LxXqi (26)
61 = g + 2o 6; + 0o, X 20,6 (13) Forces and Moments in the center of mass
Linear Velocity f21 = —Mag + myVo; + Mawg; X Ty 7)
+ mz(l)ori X (1)0'1' X I‘Li
Vii =Voit Wg; XTq; (14) ny; =1Ip;@; +wg; X100 +0;1,,00; Xy,
+ 02,2200 X 21 + Oilyy Y1, (28)
Because z, ; and ry ; are parallel. + 0;6,,1,,%1
Linear Acceleration
Torque in joint
Vi =Voi T @o; X T+ ®o; XWg; XTq; (15)
_ Tpi = 21,1500, + Z{ ;W X 1500, (29)
Acceleration of the center of mass + 6,1,z j00; X ¥y,
Veri = Vai (16) 2) First Body: In these steps the torque required by gimbal

) _ ) motor and the reaction moments and forces in the base body
2) Second Link - flywheel axis: Preforming the same are computed. Inertial Forces and Moments
steps, as the first link, the results are,

fi=0 (30)

Angular Velocity n; =0 (31)
0, = 0o +20;0; + 2,0, (7) Forces and Moments in the center of mass

Angular Acceleration fi0; = —Ma8+ myVy; + Mawg; X Ty (32)

+ Muwg; X Wg; XTIy,
Wy =Wo;+Zgi0; + 0o XZgi0; + 0 XZ1;0;;

+6;0,,%; (18) Nyg; =y, + 00 X Ip;@o; + 0;1,,@0; X y1;

+ 051,00, X 215 + 0;1,,91;

Linear Velocity + éiéz,ilzle,i —MmyTryi X g (33)

V2,0 = Vgi+ Wo; XTq; (19) + Moy X Vo + myTy; X g

XTy +Myry; X Wg; X Wg; X1y

Linear Acceleration

Vi =Voi+ 0o X T+ 0p; X Wg; XTq; (20) Torque in Joint
Acceleration of the center of mass Ty =2015600; +20;w0; X 100 (34)
Veo,i = Vo, (21) + 0,12  wo; X 215 + 61,
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2.4. Dynamic Equation for Base Body

The total force and moment exerted on the base body, is
the sum of the force and torque for each gyroscope’s
equation, (32) and (33).

4
Foxt + mog = movy, + Z fi0,i (35)

i=1
4

Text = lpwp + 0y X0, + Z(nw,i +1; X f10;) (36)
=1

I r;, vo i, Vo, g, and @y ; are defined by the following
expressions,

rp=[0 r, 0] (37)
r,=[-r, 0, 0]T (38)

r; =[0, —-r, 0]T (39)

r,=[r, 0, 0] (40)

Wy = wy (41)

(bo = (bb (42)

Voi =Vp + @, X1y (43)

Voi =Vp + @p XT; + @Wp X Wp X T (44)

Then eq. (32)-(33) are expressed in terms of base body
variables,

fi0; = Mg+ MV, + mywy, X1
+ mowy X wy X I; + mz(i)b X rl'i
+ mowy X Wy X rl,i

Nyg; = Ip60p + 0, X 1y ;05 + 6;1,,0, X yy;

+0,l,,0, X2 + 0;1,,y1;
+0,0,il,,%,; —mar; X g
+ mzrl'i X Vb + mzrl'i X d)b X r;
+myry X W, X Wy X1
+ mzrl'i X d)b X rl_i
+myry X Wy Xy, X1y

(45)

(46)

The equation of forces is obtained after replacing (45) in
(35). This preliminary result is simplified if the relationship
for r; is used in conjunction with the fact that for a
symmetrical 4-CMG the vectors r ; are,

o= T2 47
I = T3 (48)

The final equation is,
Fext = (Mg + 4my)vy, — (Mg + 4my) g (49)

Before computing the dynamic equation for moments, the
expression nqo; +1; X f15; is simplified by using the
following relations,

=141 (50)
4
Zmzr{ xg=0 (51)
i=0

45

4
Zmzr{ Xv, =0
i=0

(52)
axbxbxa=-bxaxaxbh (53)
The obtained result is,
4
Z(nw,i +r; X f10,i)
i=0
4

= Z(lz,i(bb —mMyr] XT{ X @y (54)

i=0

+ wp X 1w, —Mywp, X 1] X1
X wp + Gilyywb Xyt 651,,0p
X Zy; + O;1yy 1 + 6;05,1,,%1 ;)

It is a common practice to represent the torque’s equation
in the base body coordinate frame. In this frame, the
following matrices are defined,

bX1 = [bel bx1,4] (55)

bY1.= [ b..yl,l by1,4] (56)

0 = [01 é4]T (57)

é = [91 e 6'4]T (58)
4

bp, = by, + Z( PR; I, "RT —m, "8 °F) ) (59)
, =0

*D, = (R, I, "RY - m, °F; O (60)

i=0
b, = b1, + P, (61)

Where a is the matrix equivalent of the cross product, a X
0 _a3 az
a= [ as 0 _al]

_az al 0

(62)

Therefore, the torque equation over the base body is then
expressed as,

bText =5 blb bd)b + b(T)b blb b(l)b + Iyy bYlé

+0,1,, "X,0 + 1, *®, "V, 0
4

(63)
+ éZIzz b(T)b bzl,i
2
Where °X,, °Y;, "z, and "R, are,
NN cBch, —s0; —cfich,
bX, =|-cBch; sO, cBch; —sb, (64)
spcB, sBch, sPcOs; sPfch,
0 —-sB 0 sp
by, =lsp 0 -sp 0O (65)
B cB B B
bz1,1=[_591 cfsOy sPs6i]” (66)
bzl,Z =[cBsh, cO, sBs6,]" (67)
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bz1,3 =[cO; cPsb; sPsb3]" (68)
bz1,4 = [cBsb, —cb, sPs6,)" (69)
s6; 0 —cb,
bR, =|—cBcl, sp —cﬁs@l] (70)
sBcO; cB  sBsO,
cfs8, —sf cPBsb,
bR, =| s6, 0 ch, ] (71)
sBcl, cB sfsH,
—563 0 C63
bR, =|[cBcO; —sp c,8503] (71)
sBcl; cB  sfsO;
—cfs6, sB —cfsO,
bR, =| -s6, 0 —co, ] (71)
spcl, cf sPBsO,

Finally, the torque eq. (34) and (29), can be rearranged
and expressed in base body coordinates as,

_ b,T bp iy bpT b,
T = zl,i Ri Ii Ri wy
+ Pzl ’®, "R, 1; PRT P, (74)
; b,T b~ b
+ eilyy zl,i wWp yl,i
_ byT bp iy bpT b,
T, = "y Ri ;"R "y
bT b~ by iy bpT b
+ "y @, R; TR} Ty (75)

+ 0,11, "yi; @y Pz + Ly,

These equations are useful to select the motors for each
actuated joint [13].

3. Numerical example

The eq. (74) and (75) are useful for computing the motor
requirements, while equation (63) is used to create a steering
control law for the 4-CMG as is done in [14]. In the case of a
flywheel motor, eq. (74), only the last term is traditionally
taken into account to compute the required torque, but a
numerical simulation can show how the proposed equations
are better than the traditional approach.

Torque Requirement for Flywheel Motor

Actual

08 : : —— ~Previous

0.6

04r

02k

Torque in Nm

1]

-021

04t

-0.6 i L | i | i 1
0 50 100 150 200 250 300 350 400
Angles in degrees

Figure 5. Effect of body motion in flywheel torque.

Let us assume a flywheel with inertia of 0.16 in x and y axis
and a value of 0.308 in z axis, which is rotating at a speed of
10000 rpm. If the body has an angular velocity and
acceleration, it is clear in eq. (74) than the first two terms
contribute to the total torque. Fig. 5 illustrates the results
obtained for a unit angular velocity and acceleration. The
continuous line represents the torque computed with eq. (74),
while the dotted line is the torque computed using the
traditional approach.

4. CONCLUSIONS

A new dynamic model for a 4-CMG was derived using
the Newton-Euler algorithm, a methodology commonly used
in Robotics. Although some simplifications were done, the
dynamic model is useful to study the behavior of a 4-CMG.
The obtained dynamic model can also be used for computing
a control law for a 4-CMG. Torque equations for the
rotational joints were also found. A simulation was
performed to illustrate the benefit of the proposed equations.
These equations are also useful to compute and help in
selecting the proper motors that will drive the joints.
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