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Abstract 
This paper presents a comparative study for the design of reinforced concrete isolated footings that are rectangular or circular in shape and 
subjected to axial load and moments in two directions using new models to obtain the most economical footing. The new models take into 
account the real soil pressure acting on contact surface of the footing and this pressure is different in all the contact area, with a linear 
variation, this pressure is presented in terms of the axial load, the larger moment around the “X” axis and the smaller moment around the 
“Y” axis, where the centroidal axes are “X” and “Y” of the footing. The main part of this research is to show the differences between the 
two models. Results show that the circular footings are more economical compared to the rectangular footings. Therefore, the new model 
for the design of circular isolated footings should be used, and complies with real conditions. 
 
Keywords: rectangular footings design; circular footings design; bending moments; bending shear; punching shear. 

 
 

Un estudio comparativo para diseño de zapatas aisladas de forma 
rectangular y circular usando nuevos modelos 

 
Resumen 
Este trabajo presenta un estudio comparativo para diseño de zapatas aisladas de concreto reforzado de forma rectangular y circular sometidas a 
carga axial y momentos en dos direcciones usando nuevos modelos para obtener la zapata más económica. Los nuevos modelos consideran la 
presión real del suelo actuando sobre la superficie de contacto de la zapata y esta presión es diferente en toda el área de contacto, con una variación 
lineal, esta presión se presenta en términos de la carga axial, el momento mayor alrededor del eje “X” y el momento menor alrededor del eje “Y”, 
donde los ejes centroidales son “X” e “Y” de la zapata. La parte principal de esta investigación es mostrar las diferencias de los dos modelos. 
Los resultados muestran que las zapatas circulares son más económicas con respecto a las zapatas rectangulares. Por lo tanto, el nuevo modelo 
para diseño de zapatas aisladas circulares se debe utilizar, y cumple con las condiciones reales. 
 
Palabras clave: diseño de zapatas rectangulares; diseño de zapatas circulares; momentos flexionantes; cortante por flexión; cortante por 
penetración. 

 
 
 

1.  Introduction 
 
A foundation is a part of the structure which transfers the 

loads to the soil. Foundations are classified into superficial 
and deep foundations. There are important differences 
between the two: depending on geometry, type of soil, and 
structural functionality, and its constructive systems [1-11]. 

A superficial foundation is a structural member where the 
dimensions of the cross section are large in comparison to the 
height. The function of this type of foundation is to transfer 
the loads of a building to the soil at relatively shallow depths, 

less than 4 m approximately in relation to the level of the 
natural ground surface [1-12].  

The distribution of soil pressure under a footing is a 
function of the type of soil, the relative rigidity of the soil and 
the footing, and the depth of foundation at the level of contact 
between the footing and the soil. A concrete footing on sand 
under concentric loading will have a pressure distribution 
similar to Fig. 1a. When a rigid footing is resting on sandy 
soil, the sand near the edges of the footing tends to displace 
laterally when the footing is loaded. This tends to decrease in 
soil pressure near the edges, whereas soil at a distance from  
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Figure 1. Pressure distribution under footing: (a) footing on sand; (b) footing 
on clay; (c) equivalent uniform distribution.  
Source: [9-12]. 

 
 

the edges of a footing is relatively confined. On the other 
hand, the pressure distribution under a footing on clay is 
similar to Fig. 1b. As the footing is loaded, the soil under the 
footing deflects in a bowl-shaped depression, relieving the 
pressure under the middle of the footing. For design 
purposes, it is common to assume the soil pressures are 
linearly distributed. The pressure distribution will be uniform 
if the line of action of the resultant force passes though the 
centroid of the footing (see Fig. 1c) [9-12]. 

In the design of superficial foundations, specifically in the 
case of isolated footings there are three types of the 
application of loads: 1) Concentric axial load, 2) Axial load 
and moment in one direction (uniaxial bending), 3) Axial 
load and moment in two directions (biaxial bending) [1-14].  

The hypothesis used in the classical model is to take into 
account the uniform pressure for the design, i.e., the same 
pressure at all points of contact of the foundation with the 
soil; this design pressure is the maximum value that occurs in 
an isolated footing [1-14]. 

The classical model for the dimensioning of footings is 
developed by trial and error, i.e., a dimension is proposed and 
using the expression of the bidirectional bending one obtains 
the stresses acting on the contact surface, which must meet 
the following conditions: 1) The minimum stress should be 
equal to or greater than zero, because the soil is not capable 
of withstanding tensile stresses, 2) The maximum stress must 
be equal to or less than the allowable capacity that the soil 
can withstand [1-14]. 

Some papers present the use of load testing on 
foundations: Non-destructive load test in pilots [15]; 
Evaluation of the integrity of deep foundations: analysis and 
in situ verification [16]; Others, show the use of static load 
tests in the geotechnical design of foundations [17]; Stability 
of slender columns on an elastic foundation with generalised 
end conditions [18]; A novel finite element method for 
designing floor slabs on grade and pavements with loads at 
edges. 

Mathematical models that calculate the dimensions of 
rectangular, square and circular isolated footings subjected to 
axial load and moments in two directions (biaxial bending) 
were developed [1,3,6], and also a comparative study 
between the rectangular, square and circular footings with 
respect to the contact surface on soil was presented [8].  

Mathematical models for the design of isolated footings 
of rectangular and circular shape using a new model were 
presented [7,9]. 

This paper presents a comparative study for the design of 
reinforced concrete isolated footings that are rectangular or 
circular in shape and that support a rectangular column 

subjected to axial load and moments in two directions to 
obtain the most economical footing. The new models take 
into account the real soil pressure acting on contact surface 
of the footing and this pressure is different in all of the contact 
area, with a linear variation, this pressure is presented in 
terms of the axial load, the larger moment around the “X” 
axis and the smaller moment around the “Y” axis, where the 
centroidal axes are “X” and “Y” of the footing. The 
comparison is presented between the two new models in 
terms of: 1) Moment around a a’-a’ axis that is parallel to the 
“X-X” axis and moment around a b’-b’ axis that is parallel to 
the “Y-Y” axis; 2) Bending shear (unidirectional shear force) 
is localized on a c’-c’ axis that is parallel to the “X-X”; 3) 
Punching shear (bidirectional shear force); 4) Materials used 
(reinforcement steel and concrete). This study shows the 
differences between the two models to propose the most 
economical footing. 

 
2.  Methodology 

 
2.1.  General conditions 

 
According to Building Code Requirements for Structural 

Concrete (ACI 318-13) and Commentary the critical sections 
are: 1) The maximum moment is located on the face of the 
column, pedestal, or wall, for footings supporting a concrete 
column, pedestal, or wall; 2) Bending shear is presented at a 
distance “d” (distance from extreme compression fiber to 
centroid of longitudinal tension reinforcement) shall be 
measured from face of column, pedestal, or wall for footings 
supporting a column, pedestal, or wall; 3) Punching shear is 
localized so that its perimeter “bo” is a minimum but need not 
approach closer than “d/2” to: (a) Edges or corners of 
columns, concentrated loads, or reaction areas; and (b) 
Changes in slab thickness such as edges of capitals, drop 
panels, or shear caps [7,9,10,20]. 

The general equation for any type of footings subjected to 
bidirectional bending is [1-14, 21]: 

 

ߪ ൌ
ܲ
ܣ
േ
௬ܥ௫ܯ
௫ܫ

േ
௫ܥ௬ܯ
௬ܫ

	 (1) 

 
where: σ is the stress exerted by the soil on the footing 

(soil pressure), A is the contact area of the footing, P is the 
axial load applied at the center of gravity of the footing, Mx 
is the moment around the axis “X”, My is the moment around 
the axis “Y”, Cx is the distance in the direction “X” measured 
from the axis “Y” up the farthest end, Cy is the distance in 
direction “Y” measured from the axis “X” up the farthest end, 
Iy is the moment of inertia around the axis “Y” and Ix is the 
moment of inertia around the axis “X” [1-14, 21]. 

 
2.2.  A new model for rectangular footings 

 
Fig. 2 shows the pressures diagram for a rectangular footing 

subjected to axial load and moment in two directions (biaxial 
bending), where there are different pressures in the four corners 
and these vary linearly along the contact surface [7]. 

The stresses anywhere on a rectangular footing subjected 
to biaxial bending by equation (1) are found [7]: 
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Figure 2. Soil pressures on the rectangular footings.  
Source: [7]. 

 
 

,ݔሺߪ ሻݕ ൌ
ܲ
ܾ݄

൅
ݕ௫ܯ12
ܾ݄ଷ

൅
ݔ௬ܯ12
݄ܾଷ

	 (2) 

 
where: h is the side of the parallel footing the axis “Y”, b 

is the side of the parallel footing the axis “X”, A = bh, Ix = 
bh3/12, Iy = hb3/12, Cx = x, Cy = y [7]. 

 
2.2.1.  Moments 

 
Critical sections for moments are presented in section a’-

a’ and b’-b’, as shown in Fig. 3 [7]. 
 

2.2.1.1.  Moment around the a’-a’ axis 
 
The resultant force “FR1” is obtained through the volume 

of pressure on the area formed by the axis a’-a’ and the 
corners 1 and 2 of the footing, this is as follows [7]: 

 
 

 
Figure 3. Critical sections for moments.  
Source: [7]. 

 

ோଵܨ ൌ
ܲሺ݄ െ ܿଵሻ

2݄
൅
௫ሺ݄ଶܯ3 െ ܿଵଶሻ

2݄ଷ
 (3) 

 
where: c1 is the dimension of the parallel column to the 

axis “Y”, c2 is the dimension of the parallel column to the 
axis “X” [7]. 

Now, the gravity center “yc” of the soil pressure is [7]: 
 

௖ݕ ൌ
݄ܲଶሺ݄ଶ െ ܿଵଶሻ ൅ ௫ሺ݄ଷܯ4 െ ܿଵଷሻ

4݄ܲଶሺ݄ െ ܿଵሻ ൅ ௫ሺ݄ଶܯ12 െ ܿଵଶሻ
 (4) 

 
Moment around the axis a’-a’ is [7]: 
 

௔ᇱି௔ᇱܯ ൌ
ሾ݄ܲଶ ൅ ௫ሺ2݄ܯ2 ൅ ܿଵሻሿሺ݄ െ ܿଵሻଶ

8݄ଷ
 (5) 

 
2.2.1.2. Moment around the b’-b’ axis 

 
The resultant force “FR2” is obtained through the volume 

of pressure on the area formed by the axis b'-b’ and corners 
1 and 4 of the footing, this is [7]: 

 

ோଶܨ ൌ
ܲሺܾ െ ܿଶሻ

2ܾ
൅
௬ሺܾଶܯ3 െ ܿଶଶሻ

2ܾଷ
 (6) 

 
Now, the gravity center “xc” of the soil pressure is [7]: 
 

௖ݔ ൌ
ܾܲଶሺܾଶ െ ܿଶଶሻ ൅ ௬ሺܾଷܯ4 െ ܿଶଷሻ

4ܾܲଶሺܾ െ ܿଶሻ ൅ ௬ሺܾଶܯ12 െ ܿଶଶሻ
 (7) 

 
Moment around the axis b’-b’ is [7]: 
 

௕ᇱି௕ᇱܯ ൌ
ൣܾܲଶ ൅ ௬ሺ2ܾܯ2 ൅ ܿଶሻ൧ሺܾ െ ܿଶሻଶ

8ܾଷ
 (8) 

 
2.2.2.  Bending shear (unidirectional shear force) 

 
Critical section for the bending shear is obtained at a 

distance “d” to from the junction of the column with the 
footing is presented in section c’- c’ as seen in Fig. 4 [7]. 

The bending shear “Vf” is obtained through the volume 
of pressure on the area formed by the axis c’-c’ and corners 
1 and 2 of the footing [7]. 

Now, the bending shear “Vf” is [7]:  
 

௙ܸ ൌ
ሾ݄ܲଶ ൅ ௫ሺ݄ܯ3 ൅ ܿଵ ൅ 2݀ሻሿሺ݄ െ ܿଵ െ 2݀ሻ

2݄ଷ
 (9) 

 
2.2.3.  Punching shear (bidirectional shear force) 

 
Critical section for punching shear appears at a distance 

“d/2” to from the junction of the column with the footing in 
the two directions occurs in the rectangular section formed 
by the points 5, 6, 7 and 8, as shown in Fig. 5 [7]. 

The punching shear acting on the footing “Vp” is obtained 
through the volume of pressure on the total area minus the 
rectangular area formed by points 5, 6, 7 and 8 [7]. 
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Figure 4. Critical sections for the bending shear.  
Source: [7]. 

 
 

 
Figure 5. Critical sections for the punching shear supporting a rectangular 
column.  
Source: [7]. 

 
Now, the punching shear “Vp” is as follows [7]:  
 

௉ܸ ൌ
ܲሾܾ݄ െ ሺܿଵ ൅ ݀ሻሺܿଶ ൅ ݀ሻሿ

ܾ݄
 (10) 

 
2.3.  A new model for circular footings 

 
Fig. 6 shows the pressures diagram for a circular footing 

subjected to axial load and moment in two directions (biaxial 
bending), where pressures are presented differently and 
varying linearly along the contact surface [9]. 

The stresses anywhere on a circular footing subjected to 
bidirectional bending by the equation (1) are found [9]: 

,ݔሺߪ	 ሻݕ ൌ
ܲ
ଶܴߨ

൅
ݕ௫ܯ4
ସܴߨ

൅
ݔ௬ܯ4
ସܴߨ

 (11) 

 
where: R is the radius of the footing, A = πR2, Ix = πR4/4, 

Iy = πR4/4, Cx = x, Cy = y [9]. 
 

2.3.1.  Moments 
 
Critical sections for moments are presented in section a’- 

a’ and b’-b’, as shown in Fig. 7 [9]. 
 

2.3.1.1.  Moment around the axis a’-a’ 
 
The resultant force “FR1” is obtained through the volume 

of pressure on the area formed by the semicircle that is above 
the axis a’-a’ of the footing, this is presented as follows [9]: 

 

ோଵܨ ൌ
ܲ ቂ2ܴߨଶ െ ܿଵඥ4ܴଶ െ ܿଵଶ െ 4ܴଶ ݊݅ݏܣ ቀ

ܿଵ
2ܴቁቃ

ଶܴߨ4

൅
௫ሺ4ܴଶܯ െ ܿଵଶሻଷ/ଶ

ସܴߨ3
 

(12) 

 

 
Figure 6. Soil pressures on the circular footings.  
Source: [9]. 

 
 

 
Figure 7. Critical sections for bending moments.  
Source: [9]. 
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Now, the gravity center “yc” of the soil pressure is [9]: 
 
௖ݕ ൌ ቄ2ܴܲଶሺ4ܴଶ െ ܿଵଶሻଷ/ଶ ൅ ସܴߨ௫ሾ4ܯ3 ൅ ܿଵሺ2ܴଶ

െ ܿଵଶሻඥ4ܴଶ െ ܿଵଶ

െ 8ܴସ ሺܿଵ݊݅ݏܣ 2ܴ⁄ ሻሿቅ

/2 ቄ3ܴܲଶ ቂ2ܴߨଶ െ ܿଵඥ4ܴଶ െ ܿଵଶ

െ 4ܴଶ ሺܿଵ݊݅ݏܣ 2ܴ⁄ ሻቃ

൅ ௫ሺ4ܴଶܯ4 െ ܿଵଶሻଷ/ଶቅ 

(13) 

 
Moment around the axis a’-a’ is [9]: 
 

௔ᇱି௔ᇱܯ ൌ ቄ6ܴߨସሺ2ܯ௫ െ ܲܿଵሻ ൅ ሾܴܲଶሺܿଵଶ ൅ 8ܴଶሻ

൅ ௫ܿଵሺܿଵଶܯ െ 10ܴଶሻሿඥ4ܴଶ െ ܿଵଶ

൅ 12ܴସሺܲܿଵ െ ݊݅ݏܣ௫ሻܯ2 ቀ
ܿଵ
2ܴ
ቁቅ

 ସܴߨ24/

(14) 

 
2.3.1.2.  Moment around the axis b’-b’ 

 
The resultant force “FR2” is obtained through the volume 

of pressure on the area formed by the semicircle that is on the 
right side of the axis b’-b’ of the footing, this is [9]: 

 

ோଶܨ ൌ
ܲ ቂ2ܴߨଶ െ ܿଶඥ4ܴଶ െ ܿଶଶ െ 4ܴଶ ݊݅ݏܣ ቀ

ܿଶ
2ܴቁቃ

ଶܴߨ4

൅
௬ሺ4ܴଶܯ െ ܿଶଶሻଷ/ଶ

ସܴߨ3
 

(15) 

 
Now, the gravity center “xc” of soil pressure is [9]: 
 
௖ݔ ൌ ቄ2ܴܲଶሺ4ܴଶ െ ܿଶଶሻଷ/ଶ ൅ ସܴߨ௬ሾ4ܯ3 ൅ ܿଶሺ2ܴଶ

െ ܿଶଶሻඥ4ܴଶ െ ܿଶଶ

െ 8ܴସ ሺܿଶ݊݅ݏܣ 2ܴ⁄ ሻሿቅ

/2 ቄ3ܴܲଶ ቂ2ܴߨଶ െ ܿଶඥ4ܴଶ െ ܿଶଶ

െ 4ܴଶ ሺܿଶ݊݅ݏܣ 2ܴ⁄ ሻቃ

൅ ௬ሺ4ܴଶܯ4 െ ܿଶଶሻଷ/ଶቅ	

(16) 

 
Moment around the axis b’-b’ is [9]: 
 

௕ᇱି௕ᇱܯ ൌ ቄ6ܴߨସ൫2ܯ௬ െ ܲܿଶ൯ ൅ ሾܴܲଶሺܿଶଶ ൅ 8ܴଶሻ

൅ ௬ܿଶሺܿଶଶܯ െ 10ܴଶሻሿඥ4ܴଶ െ ܿଶଶ

൅ 12ܴସ൫ܲܿଶ െ ݊݅ݏܣ௬൯ܯ2 ቀ
ܿଶ
2ܴ
ቁቅ

 ସܴߨ24/

(17) 

 
2.3.2.  Bending shear (unidirectional shear force) 

 
Critical section for bending shear is obtained at a distance 

“d” to from the junction of the column with the footing, this 
is presented in section c’- c’ (see Fig. 8) [9]. 

The bending shear “Vf” is obtained through the volume of 
pressure on the area formed by the circle that is above the 
axis c’-c’ of the footing [9]. 

 

 
Figure 8. Critical sections for the bending shear.  
Source: [9]. 

 
 
Now, the bending shear “Vf” is [9]:  
 

௙ܸ ൌ
ܲ

ଶܴߨ2
൤ܴߨଶ െ ൬

ܿଵ ൅ 2݀
2

൰ඥ4ܴଶ െ ሺܿଵ ൅ 2݀ሻଶ

െ 2ܴଶ ݊݅ݏܣ ൬
ܿଵ ൅ 2݀
2ܴ

൰൨

൅
௫ሾ4ܴଶܯ െ ሺܿଵ ൅ 2݀ሻଶሿଷ/ଶ

ସܴߨ3
 

(18) 

 
2.3.3.  Punching shear (bidirectional shear force) 

 
Critical section for punching shear appears at a distance 

“d/2” to from the junction of the column with the footing in 
the two directions occurs in the rectangular section formed 
by the points 5, 6, 7 and 8, as seen in Fig. 9 [9]. 

The punching shear acting on the footing “Vp” is obtained 
through the volume of pressure on the total area minus the 
rectangular area formed by points 5, 6, 7 and 8 [9]. 

Now, the punching shear “Vp” is as follows [9]: 
 

௉ܸ ൌ ܲ െ
ܲሺܿଵ ൅ ݀ሻሺܿଶ ൅ ݀ሻ

ଶܴߨ
 (19) 

 
2.4.  Procedure of design 

 
Step 1: The mechanical elements (P, Mx, My) acting on 

the footing is obtained by the sum of: the dead loads, live 
loads and accidental loads (wind or earthquake) from each of 
these effects [7,9,10,22-27]. 

Step 2: The available load capacity of the soil “σmax” is 
[7,9,10,22-27]: 

 
௠௔௫ߪ ൌ ௔ݍ െ ௣௣௭ߛ െ  ௣௣௦ (20)ߛ

 
where: qa is the allowable load capacity of the soil, γppz is 

the self-weight of the footing, γpps is the self-weight of the soil 
fill [7,9,10,22-27]. 
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Figure 9. Critical sections for the bending shear.  
Source: [9]. 

 
 
Step 3: 
Rectangular footings  
The value of “h” is selected according to the following 

equations [6,7]: 
 

݄ ൌ
௫ܯ12

ܲ
	 (21) 

 
௬݄ଷܯ௠௔௫ߪ െ ௫݄ܯܲ െ ௫ܯ12

ଶ ൌ 0 (22) 
 
where: the value of “h” obtained from the equation (21) 

is when the soil pressure is zero, and the value of “h” found 
in equation (22) is when the soil pressure is available load 
capacity “σmax”, the greater of these two values is taken to 
meet the two conditions, because the pressure generated by 
the footing must be greater than zero and less than the 
available load capacity of the soil [7]. 

The value of “b” is found by equation [6,7]: 
 

ܾ ൌ
௬݄ܯ
௫ܯ

 (23) 

 
Circular footings  
The value of “R” is selected according to the following 

equations [3,9]: 
 

ܴ ൌ
4ටܯ௫

ଶ ൅ ௬ܯ
ଶ

ܲ
 

(24) 

 

ଷܴߨ௠௔௫ߪ െ ܴܲ െ 4ටܯ௫
ଶ ൅ ௬ܯ

ଶ ൌ 0 (25) 

 
where: the value of “R” obtained from the equation (24) 

is when the soil pressure is zero and the value of “R” found 
in equation (25) is when the soil pressure is available load 
capacity “σmax”, the greater of these two values is taken to 
meet the two conditions, because the pressure generated by 

the footing must be greater than zero and less than the load 
capacity available the soil [9]. 

Note: if the wind and/or an earthquake are included in the 
combinations the load capacity of the soil can be increased 
by 33% [7,9,10,19]. 

Step 4: The mechanical elements (P, Mx, My) acting on 
the footing is factored [7,9,10,20]. 

Step 5: The maximum moment acting on the rectangular 
footings are obtained by equations (5) and (8) [7], and for 
circular footings are found by equations (14) and (17) [9], the 
critical section is located in the junction of the column with 
the footing as shown in Fig. 3 and 7, respectively. 

Step 6: The effective depth “d” for the maximum moment 
is found by the following expression [7,9,10,20]: 

 

݀ ൌ
ඩ

௨ܯ

Ø௙ܾ௪ߩ ௬݂ ൤1	–	
ߩ0.59 ௬݂

݂′௖
൨
 (26) 

 
where: Mu is the factored maximum moment at section 

acting on the footing, Øf is the strength reduction factor by 
bending and its value is 0.90, bw is width of analysis in 
structural member, ρ is ratio of “As” to “bwd”, fy is the 
specified yield strength of reinforcement of steel, f’c is the 
specified compressive strength of concrete at 28 days 
[7,9,10,20]. 

where: bw of circular footings for moment is obtained [9]: 
 

ܾ௪ ൌ ඥ4ܴଶ െ ܿଵଶ (27) 
 
Step 7: Bending shear (unidirectional shear force) 

resisted by the concrete “Vcf” is given [7,9,10,20]: 
 

∅௩ ௖ܸ௙ ൌ 0.17∅௩ඥ݂′௖ܾ௪݀ (28) 
 
where: bw of circular footings for the bending shear is 

found [7,9,10,20]: 
 

ܾ௪ ൌ ඥ4ܴଶ െ ሺܿଵ ൅ 2݀ሻଶ (29) 
 
Bending shear acting on the footing “Vf” is compared to 

bending shear resistance of concrete “Vcf” and must comply 
with the following expression [7,9,10,20]: 

 
௙ܸ ൑ ∅௩ ௖ܸ௙ (30) 

 
where: Øv is the strength reduction factor by shear is 0.85. 
Step 8: Punching shear (shear force bidirectional) 

resisted by the concrete “Vcp” is given [7,9,10,20]: 
 

∅௩ ௖ܸ௣ ൌ 0.17∅௩ ൬1 ൅
2
௖ߚ
൰ඥ݂′௖ܾ଴݀ (31a) 

 
where: βc is the ratio of long side to short side of the 

column and b0 is the perimeter of the critical section 
[7,9,10,20]. 

 

∅௩ ௖ܸ௣ ൌ 0.083∅௩ ൬
௦݀ߙ
ܾ଴

൅ 2൰ඥ݂′௖ܾ଴݀ (31b) 
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where: αs is 40 for interior columns, 30 for edge columns, 
and 20 for corner columns [7,9,10,20]. 

 
∅௩ ௖ܸ௣ ൌ 0.33∅௩ඥ݂′௖ܾ଴݀ (31c) 

 
where: ØvVcp must be the smallest value of equations 

(31a)-(31b)-(31c) [7,9,10,20]. 
Punching shear acting on the footing “Vp” is compared to 

punching shear resistance of concrete “Vcp” and must comply 
with the following expression [7,9,10,20]: 

 
௣ܸ ൑ ∅௩ ௖ܸ௣ (32) 

 
Step 9: The main reinforcement steel (parallel 

reinforcement steel to the direction of the axis “Y” of the 
footing) “Asp” is calculated with the following expression 
[7,9,10,20]: 

 

௦௣ܣ ൌ ௪ܾ݀ݓ െ ඨሺܾݓ௪݀ሻଶ െ
௪ܾݓ௨ܯ2
Ø௙ ௬݂

 (33) 

 
where: w is 0.85f’c /fy [7,9,10,20]. 
Minimum steel “Asmin” by rule is [7,9,10,20]: 
 

௦௠௜௡ܣ ൌ  ௠௜௡ܾ௪݀ (34)ߩ
 
where: ρmin is the minimum percentage whereby the 

reinforcement steel is obtained [7,9,10,20]: 
 

௠௜௡ߩ ൌ
1.4

௬݂
 (35) 

 
The parallel reinforcement steel in the direction of the 

axis “X” is used in equation (33) substituting Mu = Mb’-b’ 
[7,9,10,20]. 

The parallel reinforcement steel in the short direction 
portion of the total reinforcement steel, “γsAs”, is distributed 
uniformly on a band (centered with respect to the axis of the 
column or pedestal) where the width is equal to the length of 
the short side of the footing. The rest of the reinforcement 
steel in the short direction required, “(1−γs)As”, should be 
uniformly distributed in the areas which are outside the 
central band of the footing, where “γs” is obtained [7,20]: 

 

௦ߛ ൌ
2

ߚ ൅ 1
 (36) 

 
where: β is ratio of long side to short side of the footing 

[7,20]. 
After, the space of the bars “s” is obtained [7,9,10,20]:  
 

ݏ ൌ
ܾ௪ܽ௦
௦ܣ

 (37) 

 
where: as is the rod area used [7,9,10,19]. 
And the rods length for circular footings “L1” is found [9]: 
 

ଵܮ ൌ 2ඥܴଶ െ ݁ଶ (38) 
 

where: e is the distance in the direction “Y” measured 
from the axis “X” up where the rod is found [9]. 

Step 10: The development length for deformed bars “ld” 
is expressed by [7,9,10,20]: 

 

݈ௗ ൌ
௬݂߰௧߰௘

6.6ඥ݂′௖
݀௕ (39) 

 
where: ld is the minimum length that should have a 

deformed bar to prevent slippage, ψt is the traditional factor of 
location of the reinforcing steel which reflects the adverse 
effects of the position of the bars of the upper part of the section 
with respect to the height of fresh concrete located beneath 
them, ψe is a coating factor which reflects the effects of the 
epoxy coating, db is the diameter of the bars [7,9,10,20]. 

The development length for deformed bars “ld” is 
compared vs. the available length of the footing “la” and must 
comply with the following expression [7,9,10,20]: 

 
݈ௗ ൑ ݈௔ (40) 

 
3.  Numerical Problems 

 
The design of an isolated footing that supports a square 

column is presented, with the basic information following: c1 = 
40 cm; c2 = 40 cm; H = 1.5 m; f’c = 21 MPa; fy = 420 MPa; qa 
= 220 kN/m2; γppz = 24 kN/m3; γpps = 15 kN/m3. To case 1: PD = 
700 kN; PL = 500 kN; MDx =120 kN-m; MLx = 80 kN-m; MDy = 
120 kN-m; MLy = 80 kN-m. To case 2: PD = 700 kN; PL = 500 
kN; MDx =140 kN-m; MLx = 100 kN-m; MDy = 120 kN-m; MLy = 
80 kN-m. To case 3: PD = 700 kN; PL = 500 kN; MDx =160 kN-
m; MLx = 120 kN-m; MDy = 120 kN-m; MLy = 80 kN-m. 

Where: H is depth of the footing, PD is dead load, PL is 
live load, MDx is moment around the axis “X-X” of dead load, 
MLx is moment around the axis “X-X” of live load, MDy is 
moment around the axis “Y-Y” of dead load, MLy is moment 
around the axis “Y-Y” of live load [7,9,10]. 

Table 1, 2 and 3 show the results to case 1, 2 and 3, 
respectively, and Fig. 10 presents the concrete dimensions 
and reinforcement steel in a general way for the two types of 
isolated footings. 

 
4.  Results  

 
Effects that govern the design for isolated footings are the 

moments, bending shear, and punching shear.  
For case 1: 
a) For the maximum moment acting around the axes a’-

a’ and b’-b’ is the same, the rectangular footing is 1.08 times 
that of the circular footing. 

b) For the bending shear acting on the footing, there is an 
increase of 8% in the rectangular footing with respect to the 
circular footing. 

c) For the punching shear, it is virtually identical for the 
two models of the isolated footings. 

In case 2: 
a) For the maximum moment acting around the axis a’-

a’, the rectangular footing is 1.19 times the circular footing, 
and in the maximum moment acting around the axis b’-b’, 
the rectangular footing is 0.93 times the circular footing. 
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Table 1. 
Comparison of results of case 1 

Concept 
Rectangular 

footing 
RF 

Circular 
footing 

CF 
RF/CF 

Measures of the footings  
(m) 

h=3.20 
b=3.20 

R=1.75  

Resultant force 
FR1 (kN) 

843.01 830.30 1.02 

Gravity center 
yc (m) 

0.927 0.883 1.05 

Maximum moment acting 
Ma’-a’ (kN-m) 

612.88 566.74 1.08 

Resultant force 
FR2 (kN) 

843.01 830.30 1.02 

Gravity center 
xc (m) 

0.927 0.883 1.05 

Maximum moment acting 
Mb’-b’ (kN-m) 

612.88 566.74 1.08 

Effective depth 
d (cm) 

42 42 1.00 

Total thickness 
t (cm) 

50 50 1.00 

Volume of concrete 
VC (m3) 

5.12 4.81 1.06 

Bending shear acting 
Vf (kN) 

610.61 565.89 1.08 

Punching shear acting 
Vp (kN) 

1532.31 1525.38 1.00 

Parallel 
reinforcement 

steel in 
direction of 
axis “Y” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

44.76 48.67 0.92 

Steel 
volume 
VS (cm3) 

14592 14354 1.02 

Parallel 
reinforcement 

steel in 
direction of 
axis “X” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

44.76 48.67 0.92 

Steel 
volume 
VS (m3) 

14592 14354 1.02 

Source: Prepared by the author. 
 
 
b) For the bending shear acting on the footing, there is an 

increase of 10% in the rectangular footing with respect to the 
circular footing. 

c) For the punching shear it is virtually identical for the 
two models of the isolated footings. 

In case 3: 
a) For the maximum moment acting around the axis a’-

a’, the rectangular footing is 1.28 times the circular footing, 
and the maximum moment acting around the axis b’-b’, the 
rectangular footing is 0.90 times the circular footing. 

b) For the bending shear acting on the footing, there is an 
increase of 12% in the rectangular footing with respect to the 
circular footing. 

c) For the punching shear the two models of the isolated 
footings are virtually identical. 

Materials used for the construction of the isolated 
footings are the reinforcement steel and concrete. 

 

Table 2. 
Comparison of results of case 2 

Concept 
Rectangular 

footing 
RF 

Circular 
footing 

CF 
RF/CF 

Measures of the footings  
(m) 

h=3.60 
b=3.00 

R=1.80  

Resultant force 
FR1 (kN) 

863.87 856.05 1.01 

Gravity center 
yc (m) 

1.033 0.909 1.14 

Maximum moment acting 
Ma’-a’ (kN-m) 

719.89 607.28 1.19 

Resultant force 
FR2 (kN) 

844.25 830.13 1.02 

Gravity center 
xc (m) 

0.876 0.904 0.97 

Maximum moment acting 
Mb’-b’ (kN-m) 

570.89 584.53 0.93 

Effective depth 
d (cm) 

42 42 1.00 

Total thickness 
t (cm) 

50 50 1.00 

Volume of concrete 
VC (m3) 

5.4 5.09 1.06 

Bending shear acting 
Vf (kN) 

658.01 595.61 1.10 

Punching shear acting 
Vp (kN) 

1537.89 1531.66 1.00 

Parallel 
reinforcement 

steel in 
direction of 
axis “Y” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

47.45 50.07 0.95 

Steel 
volume 
VS (cm3) 

17442 15430 1.13 

Parallel 
reinforcement 

steel in 
direction of 
axis “X” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

50.35 50.07 1.01 

Steel 
volume 
VS (m3) 

16245 15430 1.05 

Source: Prepared by the author. 
 
 
In case 1:  
a) For the concrete, there is a saving of 6% in the circular 

footing with respect to the rectangular footing. 
b) For reinforcement steel whether it is in the direction of 

the axis “Y” or the axis “X” of the footing , there is a saving 
of 2% in the circular footing with respect to the rectangular 
footing and with respect to the volume of reinforcement steel. 

In case 2:  
a) For the concrete, there is a saving of 6% in the circular 

footing with respect to the rectangular footing. 
b) For reinforcement steel in the direction of axis “Y” of 

the footing, there is a saving of 13% in the circular footing 
with respect to the rectangular footing, and in the direction of 
axis “X” of the footing, there is also a saving of 5% in the 
circular footing with respect to the rectangular footing and 
with respect to the volume of reinforcement steel. 

In case 3:  
a) For the concrete, there is a saving of 7% in the circular 

footing with respect to the rectangular footing. 
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Table 3. 
Comparison of the results of case 3 

Concept 
Rectangular 

footing 
RF 

Circular 
footing 

CF 
RF/CF 

Measures of the footings  
(m) 

h=3.90 
b=2.80 

R=1.80  

Resultant force 
FR1 (kN) 

882.04 881.97 1.00 

Gravity center 
yc (m) 

1.114 0.914 1.22 

Maximum moment acting 
Ma’-a’ (kN-m) 

806.60 630.03 1.28 

Resultant force 
FR2 (kN) 

845.60 830.13 1.02 

Gravity center 
xc (m) 

0.825 0.904 0.91 

Maximum moment acting 
Mb’-b’ (kN-m) 

528.77 584.53 0.90 

Effective depth 
d (cm) 

42 42 1.00 

Total thickness 
t (cm) 

50 50 1.00 

Volume of concrete 
VC (m3) 

5.46 5.09 1.07 

Bending shear acting 
Vf (kN) 

692.04 617.46 1.12 

Punching shear acting 
Vp (kN) 

1539.02 1531.66 1.00 

Parallel 
reinforcement 

steel in 
direction of 
axis “Y” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

53.68 50.07 1.07 

Steel 
volume 
VS (cm3) 

21119 15430 1.37 

Parallel 
reinforcement 

steel in 
direction of 
axis “X” of 
the footing 

Cross 
sectional 
area of 
steel As 
(cm2) 

54.55 50.07 1.09 

Steel 
volume 
VS (m3) 

15960 15430 1.03 

Source: Prepared by the author. 
 
 

 
Figure 10. Typical isolated footings: (a) Rectangular, (b) Circular.  
Source: Prepared by the author. 

 

b) For reinforcement steel in the direction of axis “Y” of 
the footing, there is a saving of 37% in the circular footing 
with respect to the rectangular footing, and in the direction of 
axis “X” of the footing, there is also a saving of 3% in the 
circular footing with respect to the rectangular footing and 
with respect to volume of reinforcement steel. 

 
5.  Conclusions  

 
Research reported in this paper shows the following 

conclusions: 
 The maximum moments acting on the isolated footings 

are greater for the rectangular footings in comparison to 
circular footings in the three cases. 

 When Mx is increased: The moments acting on axis a’-a’ 
are greater for the two footings, and the difference 
increases, the rectangular footings being greater. The 
moments acting on axis b’-b’ are reduced in the 
rectangular footings, and in the circular footings they are 
increased. The bending shear acting on the footings are 
increased for the two footings, the difference increases, 
the rectangular footings being greater. The punching 
shear is greater for the two footings, but there is not a 
great difference, they are virtually identical. 

 The dimensions of the two footings show that the 
concrete volume is greater for the rectangular footings 
with respect to the circular footings, but the total 
thickness “t”, the effective depth “d” and the coating “r1” 
of the footings are equal in the two models. 

 The reinforcement steel is greater in the rectangular 
footing and the greater increase is in direction “Y”. 
Thus the circular isolated footings satisfy the conditions 

of safety and economy. 
The advantages of the circular isolated footings are: 
1) The circular design showed a decrease in the amount 

of reinforcement steel and concrete required compared to the 
rectangular design that resulted in a more economical lesser 
volume. 

2) In the filling produced by the excavation of the pit in 
the soil to place the foundations, the structural analysis as a 
load is taken into account, i.e., the circular footings need a 
lesser volume of reinforced concrete for stability of the 
foundations structure. 

The models presented can be used in other cases, such as: 
1) The footings under a concentric axial load, 2) The footings 
under an axial load and moment in one direction (uniaxial 
bending). However, the model for the circular isolated 
footings under an axial load and moments in two directions 
(biaxial bending) is proposed, because it is the most 
appropriate, since it is more economical and also is adjusted 
to real soil conditions [7,9]. 

The models presented in this paper apply only in the case 
of foundation design, where the footings must be rigid and 
the supporting soil layers elastic, which satisfy the equation 
of the biaxial bending, i.e., the variation of pressure is linear. 
As a suggestion for future research, in a situation where the 
soil type differs to the soil type in this study, for example in 
totally cohesive soils and totally granular soils, the pressures 
diagram is not linear and should be treated differently 
[7,9,10]. 
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