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Resumen

Se presenta una visión general de los métodos 
de descomposición de dominio con dominios 

en la actualidad, el BDDC y el FETI-DP, se ubican 
en un marco ‘primal’ (el ‘espacio de vectores 
derivados (DVS, por sus siglas en inglés)’), el 
cual permite una presentación sintética y efectiva 
tanto de las formulaciones primales como de las 
‘duales’. El marco conceptual del espacio de los  
vectores derivados tiene alguna similitud con el 

se sintetizan en un breve conjunto de fórmulas 

cuando ellas provienen de la discretización de 
ecuaciones diferenciales parciales o sistemas 
de tales ecuaciones. Las fórmulas matriciales 

usadas directamente para desarrollar códigos 
computacionales. Hasta donde sabemos, dos 
de los algoritmos precondicionados del conjunto 
mencionado, son totalmente diferentes a 

deben ser motivo de investigaciones futuras.

Palabras clave: subestructuración iterativa, 
métodos de descomposición en dominios ajenos; 
BDD, BDDC; FETI, FETI-DP; pre condicionadores; 
espacio producto; multiplicadores de Lagrange.

Abstract

An overview of non-overlapping domain 

can directly be used for code development. Two 

literature, as far as we know, and are suitable for 

Key words: iterative substructuring, non-
overlapping domain decomposition, BDD, BDDC, 
FETI, FETI-DP, preconditioners, product space, 
Lagrange multipliers.
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Introduction

algebraic formulas of non-overlapping domain 

 framework [Herrera and Yates 
2010; Herrera and Yates 2009 ].

dual

multipliers, and 

et al., 2005; Toselli and 

framework 

 framework 

is never completely abandoned; indeed, one 

(see Section 15 for a more detailed discussion).

 framework is a 
framework, dual formulations can also be 

dual and 
formulations; in particular, BDDC and FETI-DP. 

 constitutes a 

- and, 

 [Herrera 2007] is used for 

obtained after discretization (see, Section 9 of 

 we present simple 

simplify code development of models governed 

in vector spaces subjected to constraints and 

most important algebraic formulas of non-

et al., 

et al

versions

et al., 2005; Li and 

Toselli 2000; Tu and Li; Tu and Li]). As said 
 for non-overlapping 

indeed, [Herrera and Yates 2009] was devoted 
 to non-symmetric 

In conclusion, our results can be effectively 

non-preconditioned ones are included because 

order as BDDC or FETI-DP.



GEOFÍSICA INTERNACIONAL

OCTOBER - DECEMBER 2011 447

)

,
, is formulated 

non-

and a dual formulation is 

 versions of BDDC and FETI-DP are 
and dual formulations 

Some comparisons and comments about FETI-

details are given.

Section 2
Overview of the DVS framework 

In previous papers [Herrera and Yates 2010; 
Herrera and Yates 2009] a general framework 

. Independently 

numbered. Generally, some nodes belong to 

; a derived node is a pair of 
natural numbers: a  followed by a 

.

we associate a ‘ ,
derived-nodes

derived-nodes
partition-subdomain, constitutes a truly disjoint 

set of derived-nodes

1

derived-nodes
all  constitutes a linear space: 

original-nodes

,

1

Figure 1.

Figure 2.
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original-
derived-

is similar to 

 and one 
.

 is a kind of product-

derived-nodes mentioned above. 

 was originally developed 

Herrera and Yates 2009]

Herrera and Yates 
2009

,

 and 

,
very precise and clear correspondences between 

summarized in a brief and effective manner. 

I

dual
Neumann problem

Neumann problem
dual

Neumann-Neumann problem

II

)

b) Preconditioned dual

)
c) Preconditioned

Neumann-Neumann problem
d) Preconditioned second dual formulation of 

Neumann-Neumann problem

Section 3
The original problem

original nodes and a family of 

a  (or, ). 

discretized version of a general boundary value 
û V

ã(û v) = (g, v), v V

Here, V
real-valued2

domain g V is a given function.

Let Ν̂ n

1
, ..., 

n
} V be a basis of V

i Ν̂,
i
=1 at node i

û V

1

ˆ
n

i i
i

u u ϕ
=

= ∑ �

Here,
i

û at node i. Let  and f
�

(
1
, ..., 

n
) and f f fn≡ ( )1,...,

if
�

(g,
i
), i Ν̂

Au f=
�� �

2 V are vector-valued.
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A
�

, is given by

A
�

(A
�

ij
) with A

�
ij

ã(
j
,

i
), i, j = 1, ..., n

a partition of into a set of non-overlapping 
1
, ..., 

E
}, is introduced; more 

= 1, ..., E, , is open and:

Ωα Ωα
set of  will be

Ê {1, ..., E}

Ν̂ , = 1, ..., E
of original-nodes
pertaining to Ωα. As usual, nodes will be 

 and : a 
node is internal if it belongs to only one partition-
subdomain closure and it is an ,

application of 
nodes  and 

Ν̂I Ν̂ internal-nodes;
Ν̂ Ν̂ ;
Ν̂ Ν̂ 4; and
Ν̂ Ν̂ dual-nodes.

Ν̂ Ν̂
Ν̂ Ν̂ Ν̂ Ν̂

Ν̂I
, Ν̂ Ν̂I

, Ν̂ , Ν̂

Ν̂ = Ν̂I Ν̂ = Ν̂I Ν̂ Ν̂ and Ν̂ = Ν̂ Ν̂

Ν̂ = 1, ..., n}

by �W .
Vectors �W will be written as = (

1
, ..., 

n
)

i
for i =1, ..., n .

 consists in: “Given 
f
� �W �W .

A
�

a bijection of �W into itself).

were given in [Herrera and Yates 2009]; in 
) is 

i Ν̂ and j Ν̂ be
internal original-nodes

A
�

ij
 = 0, whenever

Section 4
Derived-Nodes

original-
nodes

Ν̂ 1, ..., 25} and Ê 1, 2, 
3, 4

non-overlapping domain 
decomposition is actually overlapping
four subsets

Ν̂1 {1, 2, 3, 6, 7, 8, 11, 12, 13}
Ν̂2 {3, 4, 5, 8, 9, 10, 13, 14, 15} (4.1)
Ν̂3 {11, 12, 13, 16, 17, 18, 21, 22, 23}
Ν̂4 {13, 14, 15, 18, 19, 20, 23, 24, 25}

are not disjoint (see, Figure 1). Indeed, for 

Ν̂1 Ν̂2 = {3, 8, 13} (4.2)

‘original 
; a 

(p, p
to Ωα. In symbols: a  is a pair of 
numbers (p, p Ν̂ X

derived nodes
total number of derived-nodes
original-nodes X
set of derived nodes p,

successively 

X1, X2, X3, X4

4

.
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decomposition of X
Figure 2):

Χ Χ Χ Χ= ∩ = ∅ ≠
=

α

α

α β α β
1

4

∪ and when,

are Ν̂ = 1, ..., n} and Ê = 1, ..., E}, respectively, 
 to be any pair of 

numbers, (p, p Ν̂
set of derived-nodes

X = {(p, ) Ê p Ν̂ } (4.4)

In order to avoid unnecessary repetitions, 

derived nodes p,
p, ) X. Some 

subsets of X

I  {(p, ) p Ν̂I
} and {(p, ) p Ν̂ }  

  (4.5)

 {(p, ) p Ν̂ } and {(p, ) p Ν̂ }  
  (4.6)

= 1, ..., E
:

X {(p, )} (4.7)

X1, ..., XE}, is a truly
disjoint decomposition
derived-nodes

Χ Χ Χ Χ= ∩ = ∅ ≠
=

α

α

α β α β
1

E

∪ and   when,
  (4.8)

Section 5
The “Derived Vector-Space (DVS)” 

�W = 1, ..., E,
�W �W

i Ν̂ , its i-component

W

W W W W
E E

≡ = × ×
=

∏� � �α

α 1

1
... (5.1)

original
�W

W
space of discontinuous functions.

By a  we mean a real-valued 
function5 X, of derived-nodes.

 constitute a linear 
‘derived-

, X
, W

W
derived-node X . A 

u W W, if and only if, u(p, ) = 0 whenever 

subspaces W and �W
W W �W W. In particular,

W W W W
E

E≡ = ⊕ ⊕
=

∏�
α

α 1

1 ... (5.2)

W
�W , ..., �W E

W , ..., WE}. In 

a (actually, an ) between 
.

For every pair of vectors, u W and w W

u w u p w p
p

� = ( ) ( )
( )∈

∑ , ,
,

α α
α Χ

u(p, )

u w u p w p
p

= ( ) ( )
( )∈

∑ , ,
,

α α
α Χ

(5.4)

Here, u⊙w
vectors involved. An important property is 

, W, constitutes 

5
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A
�
; in particular it 

, R: �W→W, of �W into W, is 
û �W

(Rû)(p, ) = û(p), (p, ) X (5.5)

, m(p), of any original-node
p Ν̂
and Yates 2010, Herrera and Yates 2009]:

1

E

α =
∑(Rû)(p, ) = m(p)û(p) (5.6)

W will be decomposed into two 
W

11
W

and W
12

W

W = W
11

 + W
12

 and {0} = W
11

W
12

(5.7)

W
12

W natural
 of �W into W; i.e.,

W
12

R�W W (5.8)

and W
11

W

R: �W→W
restricted to W

12
W

R-1: W
12
→�W

 notation:

W =W
11

W
12

(5.9)

to be W
12

W
W

11
W. Two matrices 

a :W→W and j : W→W

, on W
12

and W
11
,

u W, can 

 plus a  (we could say: a
 vector); indeed:

u u u
u ju W

u au W
= +

≡ ∈

≡ ∈

⎧
⎨
⎪

⎩⎪
11 12

11 11

12 12

 with (5.10)

vectors ju and au

 of u, respectively.

et al., 
2005]. In particular, W

I
, W , W , and W are

I
an internal node; 

an interface node; 

a primal node; and 

a dual node.

r
W

I
+ aW +W ;

W
I
+ aW .

families of subspaces are linearly independent:

{W
I
, W }, {W

I
,W ,W }, {W ,W }

W = W
I
 + W = W

I
+W +W and W

r
= W  + W

(5.11)

W
r

considering
aW by 

arW ar

subspace.

Section 6
The general problem with constraints

in [Herrera and Yates 2010; Herrera and Yates 

A:W
r
→W

r

û �W original
, if and only if, u '=R û W

r
W

a Au f ju' ' and 0 (6.1)

f R f W Wr≡ ( ) ∈ ⊂ˆ
12 , will be written 

as f f f≡ +
Π ∆

f W
Π Π∈  and f W

∆ ∆∈
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W
r

W

A: �W
r
→�W

r
is

Let u ' W
r

u ' W
12

W
necessarily, since ju ' = 0

 to obtain

û = R-1 u ' (6.2)

a space; in particular, we will never return 
�W

Section 7
The schur complement algorithm 

A

A
A A

A A
=

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ΠΠ Π∆

∆Π ∆∆

(7.1)

 by

S A A A A≡ − −

∆∆ ∆Π ΠΠ Π∆

1
(7.2)

Let be u u A f≡ − −'
ΠΠ Π

1

valent to: “Given f f aW= ∈
∆ ∆ u W

aSu f ju∆ ∆ ∆= =  and 0

Here, u = u +u and

f f A A f u A A u
∆ ∆ ∆Π ΠΠ Π Π ΠΠ Π∆ ∆≡ − ≡ −− −1 1 and 

  (7.4)

,
S :W →W A:W

r
→W

r
[Herrera 

and Yates 2010; Herrera and Yates 2009].

,

t al., 1996].

Section 8
The dual Neumann-Neumann problem

aS jS S+ = (8.1)

a j I+ = .

Su aSu jSu f∆ ∆ ∆ ∆
= + = − λ (8.2)

λ

λ ≡ − jSu∆

λ ∈ jW∆

u
λ6, since once λ

is known one can apply S -1

u S f∆ ∆
= −( )−1 λ (8.4)

u aW

jS f− −( ) =1 0
∆

λ (8.5)

Hence, λ W

jS jS f a− −= =1 1 0λ λ
∆

together with (8.6)

jSu∆ is discretized 

average 
derivative [Herrera and Yates 2010; Herrera and 
Yates 2009].

6 λ
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Section 9
The primal Neumann-Neumann problem 

non-preconditioned Neumann-Neumann problem, 

S-1,
a f f

∆ ∆
= , to obtain

S aSu S f S a f S aS S f− − − − −= = = ( )1 1 1 1 1
∆ ∆ ∆ ∆

  (9.1)

S aS u S f ju− −−( ) = =1 1 0 0∆ ∆ ∆  and (9.2)

or

aS u S f ju∆ ∆ ∆−( ) = =−1 0 0  and 

v ∆ ∆ ∆≡ −−S f u1 (9.4)

j jS f aSv v∆ ∆ ∆= =−1 0  and (9.5)

multiplying by S -1:

S j S jS f aS− − −= =1 1 1 0v v∆ ∆ ∆  and (9.6)

v W
conversely, if v W

u S f∆ ∆ ∆≡ −−1 v (9.7)

.

Section 10
The second dual Neumann-Neumann problem

S jS S jS S jS− − −( ) =1 1 1
(10.1)

(8.6) by S to obtain

S jS S jS S jS S jS S jS f

a

− − − − −( ) = = ( )
=

1 1 1 1 1

0

λ λ

λ

∆

together with  (10.2)

S jS S jS f− −( ) −( ) =1 1 0
∆

λ

together with aλ = 0

S -1

μ λ≡ −−S jS f1

∆ (10.4)

a aS jS f jSμ μ= =− −1 1 0
∆

and (10.5)

S -1 is non-

μ W
(10.5). Conversely, if μ W

λ μ≡ −−S jS f1

∆
(10.6)

(10.5) by S

Sa SaS jS f jSμ μ= =− −1 1 0
∆

and (10.7)

jS − =1 0μ  may be interpreted as 

μ SaW .

Section 11
The DVS version of the BDDC algorithm

aS -1. It 
f aW u W

aS aSu aS f ju− −= =1 1 0∆ ∆ ∆  and 

aS -1aS;

aW W  ;
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S

w W :

aS w jw w− = = ⇒ =1 0 0 0 and (11.2)

S

Properties a) to c) condition 
ju∆ = 0 u aW

is carried out in aW aS-1aS is 
applied repeatedly, one remains in aW , because 

for every w W j aS aSw−( ) =1 0. As for 

property d), it means

j aSu f∆ ∆
−( ) = 0

aS aSu f− −( ) =1 0∆ ∆
(11.4)

aSu f∆ ∆
− = 0 (11.5)

S

S S
any vector w W aS-1w = 0 and jw 0,

w S w w jS w jw S w� ��
− − −= = ( ) =1 1 1 0 (11.6)

w = 0, because S-1

so is S e) is clear.

Section 12
The DVS version of FETI-DP algorithm

‘Lagrange-Multipliers 

jS. It is: 
f aW λ W

jS jS jS jS f a− −= =1 1 0λ λ
∆

and

jS jS -1;
jW W ;

S
w W :

jS w aw w= = ⇒ =0 0 0 and (12.2)

S is positive 

Properties i) to ii
condition aλ λ jW

jW jS jS-1 

is applied repeatedly one remains in jW , because 

for every μ W a( jS jS-1μ ) = 0. As for 

property iv

a jS jS f− −−( ) =1 1 0λ
∆

jS jS jS f− −−( ) =1 1 0λ
∆

(12.4)

jS jS f− −− =1 1 0λ
∆

(12.5)

S

S S
μ W jS μ = 0 and 

aμ = 0

S aS a= = ( )μ μ μ μ μ μ� �S = 0� (12.6)

μ = 0, because S
Property v) is clear.
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Section 13
Preconditioned primal Neumann-Neumann 
algorithm

. It 

S -1 jS

v W

S jS j S jS jS f aS− − −= =1 1 1 0v v∆ ∆ ∆  and 
  

S -1 jS j;

S -1 jW W ;

S

w W :

jSw aw w= = ⇒ =0 0 0 and 

S is 

Properties  A) to C
dition aSv = 0 v jS -1W

jS -1W .

S -1 jS j is applied repeatedly one 

remains in jS -1W , because for every v W , one 

aS(S -1 jS jv ) = 0. As for property D), it means 

w j jS f aw≡ − =−v ∆ ∆

1 0 so that  

S jSw jSw− = =1 0 0 and therefore   

j jS f wv ∆ ∆
− = =−1 0

complete.

S

S S
w W jSw = 0 and

aw = 0

w S w w aSw aw Sw�  = = ( ) = 0� �

w = 0, because S
E) is clear.

Section 14
Preconditioned second dual Neumann-
Neumann algorithm

SaS -1, we obtain:

SaS a SaS aS jS f jS− − − −= =1 1 1 1 0μ μ
∆

and
  (14.1)

noticed:

SaS -1a;

SaW W ;

S

w W :

aS w jw w− = = ⇒ =1 0 0 0 and (14.2)

S is 
W .

Properties I) to III
condition jS -1μ = 0 μ SaW

SaW .
SaS -1a is applied repeatedly one 

remains in SaW , because for every μ W , one 
aS(S -1 jS j μ ) = 0. As for property ), it means 
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η μ η≡ − =−a aS jS f j1 0
∆
 so that

SaS − =1 0η (14.4)

a aS jS fμ η− = =−1 0
∆

(14.5)

S

S
w W aS -1w = 0 and jw = 0

w S w w jS w jw S w�
− − −= = ( ) =1 1 1 0� �

  (14.6)

w = 0, because S -1

so is S ) is clear.

Section 15
FETI-DP and BDDC from the DVS perspective

DVS version of FETI-DP presented in Section 12, 

9 is a little more complicated.

M B SB D B S B Dr D D
T

r
i

i

N

r
i i

r
i T

r
i

r r

−

=

= = ∑
1

1

( ) ( ) ( ) ( ) ( )

  (15.1)

system

P M P F P M P dr r r
T

r r r r r
T

r
� �− −

=
1 1

λ (15.2)

were † T
r r rF B S B= and †

r rd B S f=  (see, page 157, 

M r
1
 we get

† † .
r r r r

T T T T T
r D D r r r r r D D r r rP B SB P B S B P B SB P B S fλ =

P
r
 = I

† †
r r r r

T T T
D D r r r D D r rB SB B S B B SB B S fλ =   

  (15.4)

replacing B D BD r rr
, get

† †T TT
r r r r r r r r r r r r rD B S D B B S B D B S D B B S fλ =

  (15.5)

simplifying

† † .T T T
r r r r r r r r r r r r rD B SB D B S B D B SB D B S fλ =

  (15.6)

B jr  and D Ir
B jr

T , to obtain

jS jS jS jS fr r

− −=1 1λ (15.7)

j is its very 

j λ
r
= λ

r
, since aλ

r
= 0

(12.1).

et al

M-1 Su = M-1 f (15.8)

S M-1 are

S R S R M R S Ri
T

i

N

i i
T

i
i

N

i i= =
=

−

=

−∑ ∑
1

1

1

1 and   

  (15.9)

N
i = 1, ..., N

S A A A A i Ni
i i

I
i
II

i
I= − ( ) =

−

ΓΓ Γ Γ

1
1, for each ,...,

  (15.10)

R
i

=
i

into
i

, it 
yields its restriction to 

i
. As for Ri, Ri :

i
is

given by Ri D
i
R

i
. Here, D

i
=diag{

i
} is a diagonal 

S and M-1

D R S D R R S R ui i
i

N T

i i i i
T

i i
i

N
−

=

− −

=
( )⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

=∑ ∑1

1

1 1

1

D Ri i
−1(( )⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=

− −∑
i

N T

i i iS D R f
1

1 1
  
  (15.11)

( ) ( ) ( ) ( )

( ) ( )
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vectors u and f
u and f of our , �W .

, R :
�W W

natural 
u and f  replaced by Ru and R f ,

.

RaS aSRu aS R f− −=1 1 (15.12)

detail in [Herrera and Yates 2009] (Section 9). 

S,

a and j are complementary 

numerically in [Herrera and Yates 2010; 

we encountered more substantial differences. 

S t

S St
N

( ) = ( )− −

=
∑

1 1

1

α

α

S R S RT
N

=
=

∑ α α α
α 1

(15.14)

and

S R S RT
N

( ) ≠ ( )− −

=
∑1 1

1
α α α

α

(15.15)

goes back to degrees of freedom associated 
original nodes

R
i

:
i

original
(or, 

original
derived

D R S D R R S R ui i
i

N T

i i i i
T

i i
i

N
−

=

− −

=
( )⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

=∑ ∑1

1

1 1

1

D Ri i
−1(( )⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟=

− −

=
∑ ∑
i

N T

i i i i
T

i i
i

N

S D R R S R u
1

1 1

1

  (15.16)

vector u , we go to 
Riu and remain

S
i
. However, we go back to 

Ri
T
 is applied. A 

D R S D Ri i
T

i i i
− − −( )1 1 1 (15.17)

 were made, 

 is transformed into 

effective and robust software.

Section 16
Conclusions and discusions

1. A
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‘the
;

2.  and 

been given in Section 9 of [Herrera and Yates 
2009
paper;

formulas: four are 
dual formulations;

Dirichlet - Dirichlet   and , primalaSu f ju∆ ∆ ∆= ={ 0

(16.1)

and , primalS j S jS f aS

jS

− − −

−

= =

=

1 1 1

1

0v v∆ ∆ ∆

λ jjS f a

Sa SaS jS f jS

−

− −

=

=

1

1

0
∆

∆ ∆

together with ,dual #1

and

λ

μ 11 0μ
∆

=

⎧

⎨
⎪
⎪

⎩
⎪
⎪ ,dual #2

Neumann - Neumann

(16.2)

DVS - BDDC   and , primalaS aSu aS f ju− −= ={ 1 1 0 1∆ ∆ ∆ #

DVS FETI DP jS jS jS jS f a− − = ={ − −1 1 0 1λ λ∆ ∆ ∆and ,dual #

  (16.4)

Neumann - Neumann

and , primalS jS j S jS jS f aS− − −= =1 1 1 0 2v v∆ ∆ ∆ #

SSaS a SaS aS jS f jS− − − −= =

⎧
⎨
⎪

⎩⎪
1 1 1 1 0μ μ

∆ ∆ ∆
and ,dual #2

(16.5)

 formulation of a 
-

yields a 

ditioned and two more non-preconditioned, we 

[Herrera and Yates 2010; Herrera and Yates 
 formulas can be used 

and also to develop very robust computational 

and Yates 2010; Herrera and Yates 2009].

 of its interface 

κ = + ( )(O H h1 2log ) (16.6)

preconditioned
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Appendix “A”
Construction of the matrix A:W

r
W
r

� � �A W W:  be written as

A Apq= ( ) (17.1)

For every pair (p,q) p Ν̂ and q Ν̂

ˆ1,
,

ˆ ˆ0,
pq

if p,q
= 1,...,E

if p or q

α
α

α α
δ α

⎧ ∈ Ν⎪≡ ⎨
∉ Ν ∉ Ν⎪⎩ (17.2)

m p q s p q
p q

p qpq

E

, ,
, ,

, ,
( ) ≡ ( ) ≡

( )
( )=

∑δ α

α 1

1
and

 when m = 0

m when m pp q,( ) ≠

⎧
⎨
⎪

⎩⎪ 0

m(p,q)
(p, q)

m p q Apq,( ) = ⇒ =0 0  (17.4)

� � �
�

A A A
A

p qpq pq
pq pqα α α

αδ
≡ ( ) ≡

( )
 with

s ,
(17.5)

(17.6)

=1,...,E
A W Wγ : → , by:

A A Α Ap q p q pq
γ

α β
γ

α β
γ

α γ
γ

βγδ δ≡ ( ) ≡( )( ) ( )( ), , , , with
�

   
(17.7)

A W Wt :  (t of total, not 

A At
E

≡
=

∑ γ

γ 1

(17.8)

Two fundamental properties of At  are:

A A R aA R R a A aR At
E

t t( ) = ( ) = =
− −

=

− −∑
1 1

1

1 1γ

γ
and

�

(17.9)

Sα Aα

 (17.10)

u Ru'

a A u f jut ' ' with  0 (17.11)

u W'
perate  u �W  by means of u R u= −1 '.

Let a W Wr
r:

operator of W into W
r

a aar
 . 

A a A ar t r
(17.12)

u Wr'

derived:

u W'  and ju ' 0

     
u W a a A a u aA ur

r t r t' ' '∈ ( ) = and 
  

Appendix “B”
On the non-preconditioned Dirichlet-Dirichlet 
and Neumann-Neumann formulations

In order to place our developments in an 

considered is: “Find 2

Lu f in
u on

=
= ∂

⎫
⎬
⎭

Ω Ω
Ω

,  
   0 (18.1)

et al

can also be formulated in a space of 
 [Herrera 2007].

be decomposed into two 
subdomains

1
, and 

2
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L
H2

H2 of
 [Herrera 2007

and belong to H2 and H2 , respectively. 

,

, across , will be 

u u u u u u� �
�i

= − = +( )+ − + − and , on 1
2

Γ
(18.2)

H2 is a 
subspace of H2 H2 . Indeed, let u H2

H2 u H2 if, and only if,

u u
n� �

�

	



�

�


= ∂

∂
= 0, on Γ

(18.1) is: 

Find a u H2 H2

   Lu f in

u and u
n

on

u on

=

= ∂
∂

=

= ∂

⎫

⎬
⎪

Ω Ω

Γ

Ω

,  

      

   

� �
�

	



�

�


0 0

0

⎪⎪

⎭
⎪
⎪

(18.4)

u, are known on u can 
, by solving two 

1
and

2

of
u
n

, are known on ,

u , by 
solving two Neumann boundary-value problems, 

1
and

2
.

The non-preeconditioned Dirichlet-Dirichlet 
problem

Let u u,
u

Lu f in
u u on
u on

= =
=
= ∂

⎫
⎬
⎪

⎭
⎪

Ω

Γ

Ω
Γ
Ω

, , ,α α 1 2

0

(18.5)

function u
trial-functions: u ,u ,…,u n,… until a satisfactory 
trial is found.

u
restriction to 

u u u u u� �= − = − =+ − Γ Γ 0 (18.6)

∂
∂

=u
n

�

	



�

�


 0 (18.7)

u will

(18.4) as

u uP= +v (18.8)

Lu f in
u on
u on

P

P

P

= =
=
= ∂

⎫
⎬
⎪

⎭
⎪

Ω Ω
Γ

Ω

, , ,α α 1 2
0
0

(18.9)

Figure 3.
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Lv
v
v

= =
=
= ∂

⎫
⎬
⎪

⎭
⎪

0 1 2

0

, , ,in
u on

on

Ω
Γ
Ω

Γ

α α
(18.10)

u will be satisfactory 
if, only and only if,

∂
∂

= − ∂
∂

v
n

u
n
P

�

	



�

�




�

	




�

�


 (18.11)

v ∈ ( ) ⊕ ( )H H2
1

2
2Ω Ω

, ,

Lv

v v
= =

= ∂
∂

= − ∂
∂

0 1 2

0

, , ,in

n
u
n
P

Ωα α

oon

on

Γ

Ωv = ∂

⎫

⎬
⎪⎪

⎭
⎪
⎪0

  (18.12)

function u

τ u
nΓ Γ( ) ≡ ∂

∂
v ,on

v

τ u u
n
P

Γ Γ( ) = − ∂
∂

,on (18.14)

aS (see Section 

aS aSu jPv v= − = together with  0
  (18.15)

− ∂
∂

↔u
n

fP
�

	




�

�


 ∆

 and 
v ↔ u∆  .

The non-preconditioned Neumann-Neumann 
problem

Again, we write u

Let be q u
nΓ ≡ ∂

∂
, on u

Lu f in
u
n

q on

u on

= =
∂
∂

=

= ∂

⎫

⎬
⎪⎪

⎭
⎪
⎪

Ω

Γ

Ω

Γ

Ω

, , ,α α 1 2

0

(18.16)

Neumann in 
1

2
function q q ,

∂
∂

= ∂
∂

⎛
⎝⎜

⎞
⎠⎟

− ∂
∂

⎛
⎝⎜

⎞
⎠⎟

= − =
+ −

u
n

u
n

u
n

q q
�

	



�

�


 Γ Γ 0

  (18.17)

However, generally

u� � 0 (18.18)

Lu f in
u
n

on

u on

P

P

P

= =
∂

∂
=

= ∂

⎫

⎬
⎪⎪

⎭
⎪
⎪

Ω Ω

Γ

Ω

, , ,α α 1 2

0

0

  (18.19)

Lv
v

v

= =
∂
∂

=

= ∂

⎫

⎬
⎪⎪

⎭
⎪
⎪

0 1 2

0

, , ,in

n
q on

on

Ω

Γ

Ω

Γ

α α

(18.20)

v ∈ ( ) ⊕ ( )H H2
1

2
2Ω Ω  is 

, ,

Lv

v v

v

= =

= − ∂
∂

=

=

0 1 2

0

0

, , ,in

u
n

onP

Ω

Γ

α α

oon ∂

⎫

⎬
⎪⎪

⎭
⎪
⎪Ω

(18.21)

operator: Given any function q ,
(q ) to be a function on  given by:
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μ qΓ Γ( ) ≡ v ,on (18.22)

Here v

μ q uPΓ Γ( ) = − ,on

(18.20); it is:

jS q aSv v= =
Γ
 together with 0

  (18.24)

aq j jS S jS jS jS q
Γ Γ

= = = =− − −0 1 1 1 and     v v v
  (18.25)

μ ↔ −jS 1

jS q ju aqP
− = − =1 0

Γ Γ
 together with 

  (18.26)

j ju and aSPv v= − =  0 (18.27)

because aS j 0

S j S ju aSP
− −= − =1 1 0v v and (18.28)

Appendix “C”
The Lagrange multipliers formulation

we write

(19.1)

Su j f ju+ = = together with 0 (19.2)

condition j =
(19.2) implies

aSu jSu f+ + =

j  and a  successively, it is 
obtained

= − =jSu aSu fand (19.4)


