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Fractal scale invariance in chaotic time series: classical and quantum examples
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Important aspects of chaotic behaviour appear in systems of low dimension, as illustrated by the Logistic Map. It is indeed a remarkable fact
that all systems that make a transition from order to disorder by the period-doubling route, display common properties, irrespective of their
exact functional form. We discuss preliminary evidence for 1/f power spectra in the chaotic time series associated with the Logistic Map,
as a mathematical model for the dripping faucet that can be seen as a paradigm for classical chaos. In the same context, we also consider
a new experiment with photons that constitutes what we call a “dripping laser”. We discuss the possible consequences of these preliminary
analyses.

Keywords: Time-Series Analysis; fluctuatio phenomena; random processes and Brownian motion; noise; nonlinear dynamics and chaos;
photon statistics and coherence theory; dynamics of nonlinear optical systems; optical chaos and complexity; optical spatio-temporal dynam-
ics; Fourier analysis.

Aspectos importantes del comportamiento cadtico aparecen en sistemas de dimension baja, segtn lo ilustrado por el mapeo logistico. Es
un hecho notable de que todos los sistemas que hagan una transicién de orden al desorden por la ruta de duplicacion de periodo, muestran
propiedades comunes, independientemente de su forma funcional exacta. Discutimos evidencia preliminar para espectros de potencias 1/ f
en las series de tiempo cadticas asociadas al mapeo logistico, como modelo matematica para el grifo goteante que se puede ver como
paradigma para el caos clasico. En el mismo contexto, consideramos un nuevo experimento con fotones que constituye lo que llamamos un
“laser goteante”. Discutimos las posibles consecuencias de estos analisis preliminares.

Descriptores:Analsis de series de tiempo; fenomenos de fluctuaciones procesos aleatorios y movimiento Browniano; ruido; dinamica no-
lineal y caos; estadistica de fotones y teoria de coherencia; dindmica de sistemas Opticos no-lineales; caos optico y complejidad; dinamica

optica espacial-temporal; analisis de Fourier.

PACS: 05.45.Tp; 05.40.-a; 02.50.-r; 05.40.Ca; 05.45.-a; 42.50.Ar; 42.50.Md; 42.65.Sf; 02.30.Nw

1. Introduction

Classical chaosis understood as a non-linear phenomenon,
which gives rise to an unpredictabletime-evolution of the
corresponding dynamical systems. In particular, it is char-
acterized by an intrinsic instability in the orbits due to a high
sensitivity to initial conditions. This is not to say that the
physics describing the system is wrong, in fact, the physics
predicts this chaotic motion, it is just extremely sensitive to
the initial state of the system. In general, the dynamical in-
stability of the orbits in a chaotic system is accompanied by
the occurrence of strange attractors with a fractal structure in
phase space.

The concept of quantum chao§l] has no unique or pre-
cise definitio as yet. Quantum chaos is often understood
as the study of quantum manifestations of classical chaos.
One of the characteristics of classical chaos is the sensitiv-
ity to the initial conditions, something which is not observed
in quantum mechanics because it is a linear theory. How-
ever, both in classical and in quantum chaos "patterns of or-
der in disorder” can be found: in classical chaos in terms of
(strange) attractors in the dynamics, in quantum chaos uni-
versal laws have been proposed for the behaviour of fluctua
tions in excitation spectra [2]. More in particular, it has been
established that there is a relationship between energy-level
fluctuation-propertic of a quantum system and the dynam-

ics of its classical analog [2]. Quantum systems that have a
classical analog that is chaotic, have spectral fluctuation that
show a strong repulsion between energy levels and follow the
predictions of Random-Matrix Theory (RMT) [3] (there are
some counterexamples, such as arithmetic billiards [4]). On
the other hand, quantum systems that have a classical coun-
terpart that is integrable, give rise to an energy spectrum,
in which the fluctuation are uncorrelated, and that have a
nearest-neighbour spacing distribution that is well described
by Poisson statistics [5].

The notion of scale invarianceppears in many different
phenomena. For example, in second-order phase-transitions,
it appears near the so-called critical pointswhere some phys-
ical quantities obey a power-law behaviour. In paricular, the
correlation lenght’ & behaves like & ~ |T — T,.¢| 7Y, with
v being the corresponding critical exponent At the critical
temperature, the correlation lenght ¢ diverges and the sys-
tem has no characteristic scale, i.€. the system becomes scale
invariant. In particular, the correlation function behaves as
['(r) ~ r~P. The analog for T,,;; in the case of a quadratic
map is the control parameter k — koo, Where ko is the
period-doubling critical point and where all cycles of period
2" withn = 0,1, 2,..., are unstable. The instability of cy-
cles of arbitrarily long period is superficiall analogous to the
role played by divergent fluctuation in critical phenomena.
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Power-law behaviour has been observed in the study of many
different chaotic time series, for example in the problem of a
dripping faucet [7], in heartbeat dynamics [8] and in a large
variety of other phenomena.

Recently, it was found that the power spectrum of the
fluctuation of the eigenvalues of RMT ensembles and nu-
clear shell-model Two-Body Random Ensemble (TBRE) cal-
culations exhibit a power-law behaviour ~ 1/f (with f
being the frequency) [9], whereas, for the case of inte-
grable systems the corresponding power spectrum behaves as
~ 1/f%[9]. This also implies a power-law behaviour of the
auto-correlation function (Wienner-Khinchin theorem).

In this contribution, we present preliminary results that
aim at a deeper understanding of the physical meaning of the
exponent (3 in power spectra that behave like the power law
1/f”. To do so, in this contribution, we study the power
spectra of the fluctuation of time series of two systems in
transition between an uncorrelated and a correlated regime,

(i) the classical system of the Logistic Map, and

(i1) the quantum system of the “dripping laser”, where a
ground glass disc rotating in a laser beam permits us
to realice a phase transition between the regime of un-
correlated laser light, and the regime of pseudothermal
light where photons travel in drops or bunches.

This paper is organized as follows. In Sec. 2, we discuss the
fractal and scale-invariance consequences of 1/ f-type power
spectra. In Sec. 3, we study the classical example of the
Logistic Map. In Sec. 4, we study the quantum example of
the “dripping laser”. In Sec. 5, we present our preliminary
conclusions.

2. Fractality and scale invariance

The concept of a fractal is associated with geometrical ob-
jects satisfying two criteria: self similarity and fractional di-
mensionality. Self similarity means that an object is com-
posed of units, sub-units and sub-sub-units on multiple levels
that (statistically) resemble the structure of the whole object.
A related property is scale invariance which can be thought of
as self-similarity on all scales [10]. Thus, a fractal structure
lacks any characteristic length scale. This fractal structure is
seen, €.9., in the bifurcation diagram of the logistic map, see
Fig. 1. In particular, the auto-correlation function of a 1/f
signal is scale independent, i.e. the auto-correlation function
is fractal. A demonstration in the continuum case is the fol-
lowing: suppose that the power spectrum® of a given time
series has a 1/ f behaviour, i.e.

S(f)=1/f. ()

Since the Fourier Transform of the power spectrum
is identical to the autocorrelation function C(7) (Wiener-
Khinchin Theorem) we have:

C(r) = FHS() =F (/1) 2
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FIGURE 1. Bifurcation Diagram of the Logistic Map with control
parameter 2.8 < k < 4.0 [see Eq. (5)].

Now, if we make a scale transformation in the time do-
main we have

Clar) = F~ <i (S(f/a))) _ 5 (i < “) e

Thus
C(at) =C(1). 4)

We have used the scaling property of Fourier Transforms,
which is strictly valid only in the continuum case. For
discrete time series, there are other tools for studying the
scale invariant properties, including the Detrended Fluctua-
tion Analysis (DFA) method [11]. The main result is then
that a 1/ behaviour suggests scale invariance. In fact, 1/f
behaviour (referred to as flic er or 1/ f noise) occurs in many
physical, biological and economic systems, meteorological
data series, the electromagnetic radiation output of some as-
tronomical bodies, and in almost all electronic devices. In
biological systems, it is present in heart-beat rhythms and the
statistics of DNA sequences. In financia systems, it is of-
ten referred to as a long-memory effect. In quantum systems,
1/ f behaviour is found in quantum fluctuation of the spec-
tra of random hamiltonians and of atomic nuclei [9, 12, 13].
There are even claims that almost all musical melodies, when
each successive note is plotted on a scale of pitches, will tend
towards a 1/ f noise spectrum.

3. Logistic map

Our study of the logistic map was motivated by the study of
a system that shows complex dynamical behaviour, namely
the dripping faucet. The dripping faucet exhibits chaotic
behaviour as the fl w rate is varied, firs conjectured by
Rossler [14], and experimentally confirme afterwards by
Shaw [15]. 1/f behaviour has also been suggested in the
dripping faucet [7]. We have focused on the logistic map be-
cause it shows similar properties to the dripping faucet, such
as period doubling, multiperiodicity, Hopf bifurcation, mul-
tiple stability, strange attractors and so forth. The Logistic
Map is a one-dimensional map where the value x,,41 at step
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n+1 depends explicitely only on the value z,, of the previous
step n, with a relationship given by the equation,

Tnt1 = kxn (1 — ). (5)

We will use the range = € [0,1] and 0 < k < 4, where
k is called the control parameter, which plays a critical role
to determine the dynamical behaviour of x,, vs. the discrete
time steps n. In many applications, the map is a model for the
dynamics of a population, where z,, is the size of the popula-
tion of the nth generation. Robert May and others have shown
that this map exhibits an astonishing range of behaviours, as
the growth rate & is varied [16]. The logisitic map was studied
by the mathematical physicist M. Feigenbaum in the 1970°s.
His discoveries include scaling laws for subsequent bifurca-
tions: the ratio (k¢—k¢—1)/(kes+1—k¢) approaches a constant
d for £ — oo (here ky is a value between [0, 4] correspond-
ing to the value of k where the ¢-th bifurcation occurs), this
constant is analogous to a critical exponent in the theory of
phase transitions [17].

We study the dynamical behaviour of the Logistic Map
analyzing a global representation on the various regimes that
are encountered as the control parameter & is varied. This can
be done with the help of bifurcation diagrams and also with
Lyapunov exponents, which are tools commonly used in non-
linear dynamics. Bifurcation diagrams display some charac-
teristic properties of the asymptotic solution of a dynamical
system as a function of a control parameter, allowing one to
see at a glance where qualitative changes in the asymptotic
solution occur. Such changes are termed bifurcations. In our
case we have a single dynamical variable, the bifurcation dia-
gram is readily obtained by plotting a sample set of values of
the sequence x,, as a function of the parameter %, as shown
in Fig. 1.

If 0<k<3, then the dynamics of x,, has a stable fi ed-
point attractor, while for intermediate values, 3 < k < 3.569
the dynamics of the z, is periodic. Going on, for
3.569 < k < 4, the dynamics of z,, is mostly chaotic, and
it is in this range that we are mostly interested for our anal-
ysis. There are however, values of the control parameter in
this range that lead to periodic behaviour of z,,. To exclude
these periodic series ., (k), we calculate for each value of k
the value of the Lyapunov exponent A,

m—1

1
Ak = }rllf>r>1 m HEZ:O log ’x;1+1| ) (6)

where z], | = k(1—2x,,) is the derivative of z,, 1 of Eq. (5)
with respect to the previous value x,. Periodic series give
rise to a negative Lyapunov exponent, whereas chaotic se-
ries have a positive exponent. In what follows, we will thus
concentrate only on series z,1(k) with A, > 0. A similar
approach has been followed in Ref. 18. The variety of be-
haviour displayed by the Logistic Map is easily explored, as
illustrated in Fig. 2. One find quickly that two main types
of dynamical behaviour can be observed: (i) stationary or
periodic regimes on the one hand that we will exclude from
our study (see upper panels), and (ii) chaotic regimes on the
other hand (see lower panels). In the latter case, the state of
the system never repeats itself exactly and seemingly evolves
in a disordered way. We are interested in a study on how
chaos evolves over the Logistic Map as a function of k, in
particular, we want to investigate whether we can fin a spe-
cifi behaviour of the exponent (3 of the power spectrum of
the time series associated to the Logistic Map.

Log |7 (k)|
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FIGURE 2. (Upper row) Dynamical regular behaviour in the Logistic Map with period 3 for k£ = 3.83 for (a) firs 150 values of the series of
Eq. (5), (b) the fluctuation Jn, and (c) the power spectrum in log-log scale with a linear fi that gives the exponent [ as its slope. (Lower
row) Dynamical chaotic behaviour for £ = 3.9 for (d) firs 150 values of the series of Eq. (5), (e) the fluctuation dn, and (f) the power
spectrum in log-log scale with a linear fi that gives the exponent 3 as its slope.
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FIGURE 3. (Upper panel) Enlarged view of the chaotic zone of the
bifurcation diagram of Fig. 2 with 3.5 < k < 4.0 (small dots).
Also shown are the Lyapunov exponents (large dots) for the series
xn (k) for each k. (Lower panel) Slope 3 of a linear fi to the power
spectrum of the statistical measure dn of the series x,, (k) that have
a positive (chaotic) Lyapunov exponent in the range 3.5 < k < 4.0
(black dots). Also shown is the standard deviation for 3 for each k
(grey dots).

3.1. Fluctuations in the Logistic-map time-series

In Ref. 18, a statistical study of the Logistic Map has been
carried out, applying the Detrended Fluctuation Analysis
(DFA) [11] technique on the series of valuesc, (k) [see

Eq. (5)]. The conclusion of this study was that series ob-
tained from stochastic (noise-driven) and deterministic sys

tems might be indistinguishable using the DFA methbd
literature, when time seriesare studied both in the classical
(e.g.heart beats [8] or the dripping faucet [7]) as in the quan-
tum world (e.g. the nuclear excitation spectrum [9]), what
appears to be important are the fluctuationsin the series and
not the series itself. In these studies, there are indications that
a system carrying out a phase transition between an ordered
and a disordered regime, the power spectrum of the fluctua
tions in the corresponding time series behaves like 1/ f near
the critical point where chaos is setting in. In the following,
we want to test this idea on the Logistic Map, using k as a
control parameter. To do so, the series of values x,, of the Lo-
gistic Map must be “translated” into a time series, of which
the fluctuation can then be studied statistically. In our cal-
culations; we used series of values z,11 of dimension 1000
(1 £ n £ 1000) [see Fig. 2, panel (d)]. We defin a new
series,

n=1

interpreting the value z,, as the analogue of the time inter-
val between the nth and the (n + 1)th drop of the dripping
faucet. In the following analysis, we will treat 7; as a gen-
eralized discrete time. To obtain the fluctuation of this time
series, we need to subtract the smooth global behaviour, a
process coined unfolding. In this case, the smooth behaviour
is a straight line, T';. The fluctuation of the time series of the

Logistic Map can thus be define as,
N

oy =Y [T; =T (®)
i=1
The discrete function 6 ;y measures the fluctuation in the
time series of the Logistic Map with respect to the corre-
sponding uniform (equally spaced) time series T'; [see Fig. 2,
panel (e)]. The statistical measure dy was firs proposed by
Relafo and collaborators [9], and has been applied by some
of us [12], to translate the series of energies in a nuclear exci-
tation spectrum into a time series and to obtain its fluctuation
with respect to a uniform (equally spaced) spectrum.

3.2. Conclusions

In our calculations, we used series of values z, (k) of di-
mension 1000, for which we calculated the power spectrum
for the fluctuation in the associated time series (k) [see
Fig. 2, panel (f)]. We found that the exponent (k) of the
power spectrum does not change much with the dimension
of the original series of values. Also, the dispersion in the
power spectrum of a time series can be diminished calcu-
lating a mean power spectrum averaging over many power
spectra of parts of the original time series, but the value of
the exponent 3 does not change significantl . In Fig. 3, we
show the evolution of the exponent 3(k) (lower panel) for
values of the control parameter £ where the Lyapunov expo-
nent is positive (upper panel), see Eq. (6). It can be seen
that the requirement )\, > 0 indeed removed the periodic
windows from the bifurcation diagram. The value of the ex-
ponent 3 can be seen as a measure of the correlations that are
present in the dynamical system. The limiting values of the
exponent are 3 = 0 when no correlations are present in the
system (white noise), and 3 = —2 when the correlations are
maximum (brown noise). In between these limiting values,
8 = —1 or 1/f noise, has been proposed as a particularly
behaving system showing a fractal scale-invariant autocorre-
lation function (see Sec. 2). In Fig. 3, B(k) would seem
to have a particular behaviour with control parameter k, os-
cilating around the value -1. There must be a connection be-
tween the behaviour of 5(k) and the strange attractors of the
Logistic Map, that we can recognize in the bifurcation dia-
gram of Fig. 3 (upper panel) as “boundaries” or high-density
lines [20,21]. For the particular value of the control param-
eter k = 4.0, as stated in Ref. 21, there are no remaining
boundaries to confine the dynamics of the map, so the at-
tractor becomes infinite, and is destroyéthis results in a
random series of values z,, 1. The cumulative statistics &
(see Eq. 8) translates a random series in a highly-correlated
series. Thus in the case for k — 4.0 we can understand that
B(k) — —2. The behaviour of §(k) with k clearly deserves a
more thorough study, see Ref. 19. A problem in this study is
that the power spectra do not always behave perfectly like a
1/f? power-law [see Fig. 3 (f)], so that it is not always pos-
sible to defin the power spectrum by one single value, i.e.
the value of its exponent 3. In a future study [19], we want to
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check our results for the Logistic Map with the more correct
but more tedious formulation for the Lyapunov exponent,
Az, xk(zo +€) — 2k (m0)

lim — = lim .
e—0,n> Axg e—0,n> €

Ak = )
In particular, we want to understand the relation between
A(k) and 5(k), that is not clear yet.

4. Phase transition in light

4.1. Different types of light

Light from different sources can have different properties.
Lasers emit coherentlight, in which the time intervals be-
tween the successive photons are uncorrelated and fluctuatin
around a mean time interval, but in which all photons travel
in phase. Also the number of photons n that is detected per
fi ed time interval T" will fluctuat around a mean number
m, resulting in a histogram that obeys the Poisson distribu-
tion [22],

ne "

Pp(ﬁ, TL) =

- (10)

Light from thermal sources is called thermallight, and
has the property that photons are grouped or bunchedn pack-
ages with very small time intervals between the constituent
photons, separated from the other packages or bunches by
much larger time intervals. Because of the bunching effect,
a time series of time intervals between photons of bunched
light will show correlations. A histogram of the photon count
n per fi ed time interval 7" will now obey the Bose-Einstein
distribution [22],

ﬁn

@+ v

PpEg (ﬁ, TL) =
When photons are produced individually in non-
linear crystals by descending or ascending parametric
conversion [23, 24], the resulting light is called quantum
light, and shows antibunching, which means that photons
will avoid to form groups.

Thermal light has the property that its coherence time
(the duration in time of a package or bunch of photons) is
very small, shorter than 10ns, and thus the properties of ther-
mal light are very hard to study experimentally. It is pos-
sible to simulate thermal light, called pseudothermalight,
with a ground glass disc that is rotating with an adjustable
speed in the light beam of a laser [22,25]. The dispersion of
the laser light from the irregularities of the ground glass disc
will create packages or bunches of photons with larger coher-
ence times, up to the microsecond or millisecond regime, de-
pending on the velocity of the glass disc, making pseudother-
mal light available for experimental study. The irregularities
should be uniformly distributed over the surface of the disc,
to avoid spurious effects that the rotation of non-uniform re-
gions of the disc could introduce in the light passing through
it. The light produced by this experimental setup is called
pseudothermal because it has photons of only one wavelenght

(the wavelength at which the laser emits), whereas a thermal
source emits black-body radiation with a continuous distribu-
tion of wavelenghts.

4.2. Phase transition in light

In literature, one distinguished usually between coherent and
(pseudo)thermal light calculating photon-count histograms
that behave like the Poisson or the Bose-Einstein distribu-
tion, respectively. When the ground glass disc is standing
still, the laser light passing through it will still be coherent.
The statistics will not change, and only the intensity of the
beam will be attenuated. We checked the photon counting
statistics for several fi ed time intervals 7', and the histogram
obeys the Poisson statistics typical for coherent light. Exper-
imentally, we calculated the mean photon count 7 per count-
ing interval T', and used this number to calculate the Poisson
and Bose-Einstein distributions of Eq. (10) and Eq. (11). In
Fig. 4 (upper panel) we show the results for a fi ed counting

Dise still (T=40ms, T=10.16)

0.20f ]

0.15} ]

Bin)

Dise rotating (T=20us, w=527537)

g 015}
= ;

0.10F

0.05}

0.00H :
0 10 20 30 40

Numbet of photons i

FIGURE 4. Histogram of the number of photons n detected per
fi ed counting interval 7', compared with the Poisson (continu-
ous line) and the Bose-Einstein (dashed line) distributions. (Upper
panel) The case of the glass disc standing still and for a fi ed count-
ing interval 7' = 40ms, the mean number of photons arriving per
interval 7" is 7 = 10.16. (Bottom panel) The case of the glass disc
rotating with a frequency of v = 38.46Hz, and for a fi ed counting
interval of 7' = 20us, the mean number of photons arriving per
interval m = 5.28.
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FIGURE 5. A fotomultiplier tube produces a voltage drop V; when it detects a photon. This time signal (¢;, V;) can be observed with an
osciloscope. (Upper row) For coherent laser light, the time series is random at all resolutions. (a) Random time series for a screen width
of 10ms, (b) random time seires for a screen width of 200us, and (c) the typical signal for a single photon or simultaneous photons for a
screen width of 100ns. (Lower row) Pseudothermal light at poor resolutions is observed as random coherent light. At appropriate resolutions,
photon bunches can be observed. (d) Random time series for a screen width of 20ms, (e) photon bunch with a width of a few us observed
for a screen width of 10us, and (f) the typical signal for a single photon or simultaneous photons for a screen width of 200ns. An external
quadratic function [see panels (a) and (d)] was used to help the osciloscope to write the data (V;, ¢;) to fil after equal time intervals.

interval of T = 40ms. When the disc is rotating, bunches
will be formed, and the counting statistics will obey the Bose-
Einstein statistics. In fig 4 (bottom panel), we show the re-
sults for a rotating speed of our disc of v = 38.5Hz and for
a counting interval of T = 20us. The agreement between
the experimental histograms and the theoretical distributions
could be improved using longer experimental time series. It
must be possible to realise a phase transition in light, from the
coherent regime to the pseudothermal regime, using the rota-
tion speed of the disc as an (external) control parameter. The
study of this phase transition will be the subject of a forth-
coming publication [26]. In the present study we will use a
single specifi and constant speed for our disc (in this case
v = 38.5Hz). We want to understand better the statistics of
the series of photons counts, now interpreted as a time series
using a power-spectrum analysis.

4.3. Series of photon counts per time interval” as a time
series

In our experiment, we use a photomultiplier tube to detect
the photons of the coherent or pseudothermal light beams.
When the photomultiplier detects a photon, it produces a
voltage drop. This time signal can be observed with an os-
ciloscope. The osciloscope shows a new data point, voltage
vs. time (V;,t;), every 80ns. Coherent light observed with
the osciloscope is random at all time scales, see Fig. 5 (upper

panels). Pseudothermal light, on the other hand, at poor res-
olutions looks like random coherent light, but shows bunches
of photons at the correct resolutions (see bottom panels). The
width of a photon bunch gives an empirical measure for the
coherence time 7., of the observed pseudothermal light.
In this experiment, we found that the bunches had a typical
width of a few microseconds. By constructing histograms
of photon counts, as one does traditionally in literature to
distinguish between coherent and pseudothermal light (see
Fig. 4), one loses information on how the system behaves
in time (see Fig. 5). In the following, we will consider the
series of photon counts n per fi ed counting interval 7" as a
time series. How the series of photon counts per time inter-
val T looks, also strongly depends on the resolution (the size
of the counting interval T relative to the mean time interval
At between the successive photons). In this experiment, we
found At = 3.79us. This corresponds to the coherence time
Teoh, W€ observed emperically with the osciloscope. For a
large counting interval, €.9. T = 10ms, no bunches will be
observed, and the photon count number n will be found fluc

tuating around a certain mean 7, see Fig. 6 (upper panel). Us-
ing smaller time intervals, but still orders of magnitude larger
than At, eg. T = 1ms (middle panel), we observed peaks
in the counting time series, but they were most probably pro-
duced artificiall by the rotation of the disc v = 38.46Hz
and the periodic motion of a small number N of regions of
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FIGURE 6. Listplots of the time series of photon counts n; per suc-
cessive equal time intervals of 7" = 10ms (upper panel), 7' = 1ms
(middle panel) and T' = 20us (lower panel). It can be appreciated
that series of photon counts evolves from fluctuation around the
mean count (left panel) to a peaked behaviour (middle and right
panel). In this experiment, the mean time interval between succes-
sive photons was 3.79us.

non-uniformities, that will pass every time interval
t=1/N x 1/38.46Hz=26/Nms in front of the pinhole of the
photomultiplier. When plotting the data points (¢;, V;) of
a number of file saved by the osciloscope, see Fig. 7, we
fin structures with a width of about 10ms for pseudother-
mal light (bottom panel), whereas a similar plot for coher-
ent light looks completely random (upper panel). When the
counting interval 7" becomes of the order of the mean photon
time-interval At or the coherence time of the bunch 7.op,

the bunches of the pseudothermal light pop up in the series
of photon counts as large peaks in between much smaller
photons counts (see Fig. 6, lower panel). The resolution, or
the relative size of the counting time interval 7" can be seen
as some sort of internal control parameter that lets us see a
phase transition within the same time series, in between co-
herent light (with a photon count fluctuatin around the mean
count) and pseudothermal light (with bunches of high counts
in between much smaller counts).

4.4, Power spectrum

We can use the discrete Fourier Transform to study the be-
haviour of the power spectrum of the series of photon counts
interpreted as a time series, using the resolution power of
the count time-interval 7" to see how the power spectrum will
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FIGURE 7. The osciloscope writes a data point (¢;, V;) every 80ns,
i.e. the voltage observed in the fotomultiplier tube vs. time. In
total, we recorded 340 data file for coherent light and 500 data
file for pseudothermal light. Each data fil contains 125000 data
points. A representation of this time series shows that (a) for laser
light it is random, and that (b) for pseudothermal light coming from
the rotating disc it is organised in structures of some 10ms in width.
Only a part of the data is represented (1% in the case of the coher-
ent light and 2% in the case of pseudothermal light), we made sure
that the figure are representative for the totality of the data.
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FIGURE 8. Power spectrum |F'(f)|* vs. frequency f in a log-log
representation for the series of photon counts per fi ed counting
interval 7. (Upper panel) For counting interval 7' = 1ms, giving
a linear fi with slope 8 = —0.936. (Bottom panel) For counting
interval ' = 20us, giving a linear fi with slope § = —0.298.

change. The power spectra for two specifi cases are shown
in Fig. 8, for ' = 1ms (upper panel) and 7" = 20us (bot-
tom panel), together with a linear fi that gives us slopes
B = —0.936 and 8 = —0.298, respectively. Similar to the
analysis in Sec. 3B, the dispersion in the power spectra could
be diminished calculating a mean power spectrum averaging
over power spectra of smaller parts of the time series. We
checked however that the value of 3 does not change signif-
icantly. It can be interesting to study the behaviour of the
slope of the linear fi to the power spectrum of the series of
photons counts per fi ed counting interval T as a function
of this counting interval, in between the maximal values of
the slope of 3 = 0 (no correlations or completely random
behaviour), 5 = —1 (the conjectured fingerprin of classi-
cal and/or quantum chaos) and 5 = —2 (maximal correlation
such as in the case of the brownian motion of the drunkard).
This is shown in Fig. 9, in which we follow the behaviour of
slope 3 with resolution T’ (the internal control parameter),

(i) for the disc standing still (connected crosses), and
(i1) the disc rotating with the constant speed v = 38.46Hz.

In this plot, the value of the exponent § will be constrained
in between the limiting values 5 = 0 of a non-correlated time
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FIGURE 9. Dependence of the slope 5 of a linear fi to the power
spectrum of series of photons counts per fi ed counting interval T,
as a function of this counting interval, in the case of the glass disc
standing still (connected crosses) and the disc rotating with a fre-
quency v = 38.46Hz (connected). The counting interval 7 is rep-
resented in linear scale (upper panel) and in logarithmic scale (bot-
tom panel). The function 3(T") for coherent light is not followed
down to as small counting intervals 7" as for pseudothermal light
because of the more tedious calculations. Coherent light is triv-
ially scale invariant, 3(T") = 0, whereas the pseudothermal light in
this experiment shows specifi 1/f correlations in the time scale

T ~ ms, and close-to B = —1 correlations in the time scale
T ~ ps.
series, and = —2 of a maximum-correlated time series. It

is instructive to present both experimental cases of coherent
light and pseudothermal light in the same figur because in
this way the different nature of the two systems is put into
evidence. The coherent light from he laser is uncorrelated,
and gives # = 0 at all time scales T". Coherent light is thus
trivially scale independent. For pseudothermal light, the case
is different. For large counting intervals 7' > 6ms, we fin

a slope 8 = 0, which means that at these poor resolutions T’
we observe the pseudothermal light as uncorrelated coherent
light. When one counts per fi ed counting intervals 7" that are
too large, the time series of photon counts will be very small
and it makes no sense to calculate a power spectrum. Then,
for T' < 6ms, the slope 5 becomes more and more negative,
obtaining the minimum value 5 = —1 in a broad plateau
0.8ms< T" <2ms. This might be the effect of a small number
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N of regions with non-uniformities in the disc that is rotating
in the laser light at the specifi frequency of v =38.46Hz.
The regions with non-uniformities might create artificia pat-
terns that have a period of t = 1/N x 1/38.46Hz=26/N ms,
and probably correspond to the structures that we already saw
in the case of pseudothermal light in Fig. 7 (bottom panel).
These structures are of the scale of ms and thus of the same
time scale as the § = —1 plateau in the 7' ~ ms region.
The disc has a constant rotation speed, but the number of
photons that passes the disc per unit of time is random. If
it is the interplay between the constant disc speed and the
random number of photons that produces this plateau in the
function 3(T), then it deserves more investigation why the
power spectrum behaves like 1/ [26]. For counting inter-
vals T' < 0.8ms, the slope 3 become less negative (loss of
correlation) up to 5 = —0.3: we are looking beyond the arti-
ficia correlations introduced by the rotating non-uniformities
of the disc. The slope 3 = —0.3 persists down to 7" = 100us,
indicating minimal correlations. Then, when the counting in-
terval becomes finall of the order of the coherence time of
the photon bunches of the order of us, the slope 3 becomes
more negative again. The maximally negative value that we
calculated in this region was 3 = —0.8037 for T" = 0.5us,
very close to the § = —1 value of 1/f noise that gives rise
to time series that have a fractal scale-invariant autocorrela-
tion function. The time scale 7' = 0.5us is indeed in corre-
spondence with the coherence time we already found for the
photon bunches, 7.,, ~ us [see Fig. 5, panel(e)]. For such
small counting intervals 7', the time series of photon counts
becomes extremely large and, as a consequence, the calcu-
lation of the power spectrum becomes prohibitively tedious.
The calculation of the value of § in the region of T' < 3us,
was based on only a few percent of the available data. It is
possible that the precise value of the § minimum in this re-
gion shifts somewhat if more data is included. Then, for even
smaller counting intervals 7', the slope [ rises again and goes
towards zero, indicating that the time scale goes beyond the
correlation time inside a photon bunch.

4.5. Conclusions

We used a setup with a ground glass disc rotating in a beam of
coherent laser light, with the goal to realise a phase transition
in light between the coherent and the pseudothermal regime.
When the disc stands still (v = OHz), coherent light is ob-
served with photons that are not correlated in time between
each other. When the disc is rotating (v > 0Hz), pseudother-
mal light is observed with photons that are grouped together
or bunched. This experiment might be considered as a quan-
tum equivalent for the dripping faucet, and thus we have it
nicknamed as the dripping laser. The coherence time of the
bunches is related to the rotation speed of the disc. In the
phase transition between these two regimes of light, coherent
and pseudothermal, the rotation speed of the disc can serve
as an (external) control parameter. A thorough study of this
phase transition as a function of the speed of the disc will be

the subject of a future study [26]. In the second part of this
contribution, we analyzed and compared the power spectra of
the time series of photon counts per fi ed counting interval T,
(n1,ne,ns,...), for two cases:

(i) in the coherent regime with the disc standing still, and

(i1) in the pseudothermal regime with the disc rotating at
the constant speed of v = 38.46Hz.

We found that the counting interval 7" could serve as an (in-
ternal) control parameter. In the case of pseudothermal light,
the 1/f° power-law behaviour of the power spectrum de-
pends on the resolution of the counting interval 1" with the
mean time-interval between the successive photons At. More
in particular, for low resolutions (I' > At), pseudother-
mal light is observed as coherent light without correlations
(8 = 0). Non-zero, negative values of 3 however, reveal at
what time scales correlations between the photons show up.
In particular, we found minima for 3, close to 1/f, both in
the ms and in the us time scale. We interpret the minimum
for T' ~ ps as intrinsic, that is to say, coming from the ir-
regularities in the ground glass disc that disperse that light
and that are responsible for the bunching effect. We interpret
the minimum for T ~ ms as artificial, meaning that it comes
from the periodic motion of the disc. A future study [26],
where we will study the angular velocity of the disc as an
external control parameter, will make it probably possible to
confir these interpretations. For coherent light, 5(7') = 0
and its time series is uncorrelated at all time scales. We want
to understand better the physical meaning of the parameter
0, in between its limiting values 3 = 0 (uncorrelated time
series) and = —2 (maximally correlated time series), and
whether the specifi value of 5 = —1 can be considered as
the signature of a critical point at which chaos starts to set in.
We expect that the study of a system in transition between a
random and a correlated regime, such as the dripping laser,
might offer us more insight.

5. Conclusions on fractal scale invariance in
chaotic time series

It was shown that the fluctuation in the spectrum gener-
ated by the logisitc map exhibit non-trivial scale invariance
(fractal or self similar). This scaling behaviour of the en-
ergy fluctuation has been observed in random shell model
(TBRE) calculations as well as in shell model calculations
with realistic interactions in the spectrum of 48Ca, also in
RMT [9, 12]. Since scale invariance is observed in several
classical chaotic phenomena, as well as in phase transitional
critical points (geometrical fractals, dripping faucet experi-
ments, etc.), this result suggests a possible underlying con-
nection between classical and quantum chaos. This is an open
question which we shall continue to investigate.

We produced experimentally pseudothermal light using
the setup with a rotating ground glass disc of Refs. 22 and 25,
with a coherence time of some microseconds, to compare

Rev. Mex. I5.55(2) (2009) 50-59



FRACTAL SCALE INVARIANCE IN CHAOTIC TIME SERIES: CLASSICAL AND QUANTUM EXAMPLES 59

its statistical properties with those of coherent laser light.
Usually, histograms of the photon counts per fi ed count-
ing time-interval are used to distinguish between both types
of light: histograms of photon counts (pseudo)thermal light
follow the Bose-Einstein distribution, whereas histograms of
photon counts of coherent light follow the Poisson distribu-
tion. We interpret the series of photon counts per fi ed time
interval 7" however as a time series, and use their power spec-
tra as a statistical tool to analyse them. We use the counting
time interval 7' as an internal control parameter (the resolu-
tion with which the time series is studied), and fin that the
slope of a linear fi to the power spectra behaves very differ-
ently with T in the two cases. More in particular, 3(T) = 0
independently of the time resolution 7" in the case of coherent

laser light, indicating that it is uncorrelated at all time scales
(trivially time-scale independent). For (pseudo)thermal light
however, 3(T') starts at 0 for poor resolutions, but develops
clear minima that indicate time scales with maximal correla-
tion. A more thorough study is underway [26].
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i The correlation lenght ¢ is related to the behaviour of the corre-
lation function I'(r). Near a critical point, the correlation func-
tion has the Ornstein-Zernike form I'(r) ~ r~Pe~"/¢ when
T — Terit (see €.9.Ref. 6).

it For a given time series d,,, the power spectrum is define as
S(f) = |F4{6}|?, where F;{5} denotes the component of the
discrete Fourier transform of §, having frequency f.
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