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Abstract. A simple and straightforward formula for
computing the inverse of a submatrix in terms of the
inverse of the original matrix is derived. General
formulas for the inverse of submatrices of order n — k as
well as block submatrices are derived. The number of
additions (or subtractions) and multiplications (or
divisions) on the formula is calculated. A variety of
numerical results are shown.

Keywords. Matrix inverse, submatrix, discrete

Fourier transform.

1 Introduction

There are a number of situations in which the
inverse of a matrix must be computed. For
example, in statistics [17], where the inverse can
provide important statistical information in certain
matrix  iterations arising in  eigenvalue-
related problems.

Direct methods for calculating the inverse of
matrices include LU Decomposition, Cholesky
Decomposition, and Gaussian Elimination [12, 17].

In Vandermonde matrices

1 1 - 1
Qo a1 - An

V=V(ay, .., a,) = .o . ,
ag a{" “ee a':ll

which arise in many approximation and
interpolation problems, V is non-singular if scalars
a;, i =0,..,n are different. The inverse of V can
be calculated explicitly with 6n? flops (see [17],
p. 416). EI-Mikkawy [11] provides an explicit
expression for the inverse of generalized

Vandermonde matrices by using elementary
symmetric functions. Fourier matrices obtained
from the Discrete Fourier Transform (DFT) are
Vandermonde matrices with known inverses
[12, 17].

Let A be a non-singular matrix and A~ be its
inverse. Sometimes, it is necessary to determine
the inverse of an invertible submatrix of A. This
situation is common in applied physics for
superconductivity computations [15], photonic
crystals [8, 21], metal-dielectric materials [25], and
bianisotropic metamaterials [22].

In general, computation of the inverse of a
submatrix from a matrix with the known inverse is
not direct. Quite recently, Chang [9] provided a
recursive method for calculating the inverse of
submatrices located at the upper left corner of A.

In this paper, we aim to calculate the inverse of
a non-singular submatrix in terms of the elements
of the inverse of the original matrix. We compare
the number of operations in our method with those
of the Sherman-Morrison method and the
LU Decomposition.

This problem is directly related to how to
calculate the inverse of a perturbed matrix (4 +
D)™, where D is a perturbation matrix of A [10,
14, 19, 24]. This matrix inverse has been
calculated in various disciplines with different
applications, derived from the Sherman-Morrison
formula [5, 23]:

(A_lu) (UTA_l)
1—-vTA lu

A— wh)™t =41+ \ 1
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where u, v € R" are column vectors, from the
Sherman-Morrison-Woodbury formula [14, 16]:

[A—UV]™ = A1 + AW (I -VA )L VAY,

or from its block-partitioned matrix form [14]:

1 _ (A7t +47luctvAat —ATtuctt
M _( —Cc™lyat c1 ) @)

where
w=(4 ) @

and C=D-VA™'U is the Schur complement
of A.

Particularly, formula (2) has been applied by
inverting a matrix with the enlargement method
[13], which uses the same formula to express the
inverse of a leading principal submatrix of order k
in terms of a previously calculated submatrix of
order (k —1).

Applications of these formulas have been
described in various papers. For example, Hager
[14] discusses applications in statistics, networks,
structural analysis, asymptotic analysis,
optimization, and partial differential equations;
Maponi [18] and Bru et al., [7] in solving linear
systems of equations; Arsham, Grad, and Jakli¢ [4]
in linear programming; Akgun, Garcelon, and
Haftka [1] in structural reanalysis; and Alshehri [3]
in the  multi-period demand  response
management problem.

Now, we show a case where the perturbation
matrix A — uv” can be used to solve the problem
of calculating the inverse of an invertible submatrix
of order n — 1 of a known invertible matrix.

Let A;; be the submatrix obtained from A by
eliminating the p — th row and g — th column. We
state A— w’ by defining u=4,- e,
where 4, is the g — th column vector of 4, e, € R"
is the p — th canonical column vector, andv = e,
is the g — th canonical column vector. With these
definitions, A — uv” is equal to A except in its
q — th column, which is equal to e,. By applying
the Sherman-Morrison formula to calculate (4 —
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wvT)71, then (AM)_1 is obtained by eliminating
the ¢ — th row and p — th column of (4 — uv™)™1.

The following example illustrates
this procedure.

Let A and A7' be

1 4 6 1 /-11 -8 18
A=<2 -1 3),A—1=ﬁ<—1 -13 9 )

3 2 5 7 10 -9
1 4

Let Azg = (3 2

), then

u=A4;— e, =(6,3-1,5)7, v =(0,0,1)T,

1 4 0
A—uwT =2 -1 1)
3 2 0

Since A—uvT is invertible, by using the
Sherman-Morrison formula we obtain

1 /-11 -8 18
A-uwv")t=— 1 —13 9 +

27
1 -11 -8 6 11 -8 18
ﬁ< -1 —13 ><2> (0,0,1) 27( -1 -13 9 )
7 5 7 10 -9

-8 18\ /6
- (0,0, 1) ( —13 )(2)
\ 5
3
7

and

1
10

0
1—9

By eliminating the 3rd row and the 2nd column,
we obtain

(A- wh3; = %(_2 * ) =Az5 ",

which is the inverse of the submatrix.

If the number of additions and subtractions
(NAS) and the number of multiplications and
divisions (NMD) are considered separately, the
Sherman-Morrison formula provides a method for
calculating the inverse of a submatrix of order n —
1, with

NAS = 2n(2n — 1); NMD = n(5n + 1), 4
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where n is the order of the original matrix. The
result is obtained by doing a simple sum of each
algebraic operation performed on the different
steps of the algorithm.

In this paper, we show a simpler, more direct
formula with

NAS=(n—-1)(n-1);

5)
NMD =2(n—1)(n—1).

The paper is organized as follows. In the next
section, we show a formula for calculating each
element of the inverse of a non-singular submatrix
of ordern— 1 in terms of the elements of the
inverse of the original matrix. An example of the
use of the formula is illustrated in Section 3. The
formula is implemented computationally in Section
4 on MatLab and Fortran 90 for a Fourier matrix,
comparing the formula's runtime with respect to the
already implemented algorithms in each
programming language that are based on LU
decomposition. Then, in Section 5, a general
formula for the inverse of any square submatrix of
a given n X n matrix is obtained. Finally, in Section
6, the relationship between the inverses of block
submatrices and their original matrix, which was
used in [8, 22, 25], is derived.

2 Submatrices of Order n-1

In the sequel, we consider the vector space F™"
of matrices over the real or complex field.

LetAe F™", A= (a;), i,j=1,..,n be
invertible, and letA ~' = (b;), i,j = 1,...,n be its
inverse. Then, we obtain

., .detA;;
o= (=1t 2 6
by = (=1 detd ’ ©)
Let M = A,z be a submatrix of A. For our
purposes, we will use the following notation:

M = (aij), i=1.,p—1p +1,..,n,
j=1,.,9—-1q + 1,..,n,
or, in short,
M = (aij), i,j = in,i#p,j #q.

Note that 4.5 is invertible < bg, # 0.

Next, we derive the formula for the calculation
of the inverse of M~ = (m;).

Theorem 2.1. Let A = (a;;) be a nonsingular
matrix of order n, and let A~ =(b;)be its
inverse. If a,, and by, are both not null for
certain p,q € {1, ...,n}, then the submatrix M =
Az is invertible, and its inverse M~ = (m;) is a
matrix of order (n — 1) defined as

bip bqi
b

ml-]-=bi]-— ,i,j= 1:n,i#:q,j#:p. (7)

qp

Proof. Since A~lis the inverse of A and,
reciprocally, A"1A=AA"t =1, wherel,is the
identity matrix of order n. Thus,

n
Vl,] = 1:n,z bikakj = 61']‘;

k=1

n
1171,2 Qircbyj = 6ij)
e

Vi, j

where §;; is the Kronecker's delta, being equal to 1
if i = jandto O if i # j. These equations can be
expressed as

n
Vi,j = 1:n, Z b ag i
] k=1kp ik%kj (8)
= 8ij — bippj,
n
Vi,j = 1:n, Z A by i
/ keting ORI ©)
= 8ij = @ighy-

We define D = (d;;) € F™~ X1 a5 the matrix
d,:j = 611 - bipapj, l,] = 1:7’1; i # q,] * q,

where p and q indicate the number of the row and
the column, respectively, which are eliminated
from matrix A to obtain the submatrix M = A

Matrix D can be expressed as

p;q-

D =1I,,—uvt, (10)

T .
where u = (byp, ..., big—1)p, Bgs1)p--- bnp) IS the
p —th column of A~ after eliminating its q — th
component. Analogously, vector v =
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(apl, s Ap(g=1)s Op(q+1)-++» apn)T is the p — th row of
matrix A after eliminating its ¢ — th component.

The inverse of D in Eq. (10) can be calculated
by using the Sherman-Morrison formula (1), which
contains the scalar 1 — v"u, and by using Eq. (9)
we can see that

n
—vTy=1—- —
1—-viu=1 Zk—l k;:qapkbkp = Apgbgp-

Thus, if apqbg, # 0 (i.e., both a,, and by, are
nonzero), D is invertible and, according to Eqg. (1),
we obtain

D™t = [In—l _uvT]_l =Il4 +

uv’

b

= In—l +

QApqOqp

On the other hand, D can be expressed as a
matrix form by using Eq. (8) such that

NM = D, (11)

where N is the submatrix of A~! defined as

(12)

According to Eq. (11), D"NM =1,_,. Then,

) uv’N
M1=D"IN =N+

Apqbgp

Substituting u, vTand using matrix N in Eq. (12),
the elements m;; of matrix M~ are given by

bip
Tpabap Yik#q Wicbrj,

miy = by + apqbq

i,j=L1lni#q,j*Dp.

Finally, using Eq. (9) we obtain the formula

_ bipbg;

b L, = 1ini#q,j#*p.m

my; = by
ap
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In this theorem, the condition a,, #0 is
necessary due to the use of the Sherman-Morrison
formula; however, this hypothesis is removed in
the theorem below.

Theorem 2.2. Let A be an invertible matrix of
ordern,andlet A ~' = (b;;) beits inverse. If by, #
0 for somegq,p €{1,..,n}, then M = Az is
invertible and its inverse M~* = (m;) is given by
Eq. (7).

Proof. It is sufficient to prove that submatrices
M and M~! satisfy the relation M™*M =1,_, (see
[6]). Since M =(a;), i,j=1ni#p,j+#q and
M~ = (my), i,j = Lin,i # q,j # q, the elements
of their product M™'M = (c;;) are

n
Cij:z mikakj'i'j: 1:n,i¢q,j¢q.
k=1,k+p

Substituting my, in Eq. (7),

n .
_ b _ blpbqk
Cij = ik b Qg j
k=1k#p qp

_\" " bipbg

= biay; — b Qg j
k=1,k*p k=1,k#p qp

_\" bip

= bikakj - b_
k=1k#*p qp

by Eq. (8)

bqkak]-.
k=1,k#p

b,
=6ij — bpay; — @(qu - bqpam‘)

by,
=8y — bipap; — Fw% + bipay; = bij.

since j # q, we obtain §,; = 0. m

By doing a simple sum of the operations
required to obtain the inverse of submatrix M =
Az, In Eq. (7), NAS and NMD are confirmed to be

as in Eq. (5).

3 Example

Consider the DFT F of the sequence of n complex
numbers x, ..., X,_, into the n complex numbers
Yo, -» Yn—1 according to the formula:
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n-1

_2mi,
Vi = mee n " k=0:(n—1).

m=0

This linear transformation can be expressed in
terms of the n x n Vandermonde matrix F as

y = F{x} = Fx,

where y = (Yo, v, Yn-1)") x = (X, ey Xn_q)T € C",
and F is

2mi 0(0) 2mi 0(n—-1)
() = (%))

F=|

i (DO i (=D=1) |
() ()

The inverse of matrix F corresponds to the
Inverse Discrete Fourier Transform

(13)

x = F iy =Fy,

where F~1 is given by F~! =%F* (the asterisk
denotes complex conjugate):

271\ 0(0) 2miy 0(n—1)
CEs
2mi En—l)(o) . 2mi (71'—1)(71—1)
(eT) <eT)

Now, let us apply Theorem 2.2 to calculate the
inverses of submatrices of order n — 1 of the matrix
F in Eqg. (13). To achieve this purpose, it is
convenient to express matrices F and F~tin
the form

Fl=1
n

2miy k-DU-1)

F=(f) fa= (8_ n ) (14)
k,l=1:n

1/ 2w (k-1)(1-1)
( ) , kl=1:n.

F7' = (g), g =7em

Note that g,, # 0, for all g,p € {1, ...,n}, then
any submatrix M = F,5 of F is invertible by using
Theorem 2.2, and its inverse M~ = (my,) is given
by (7) as

1/ 2miy~UHK=D [ opiy K
ma=z(ew) ()
n

2miy kP+al-pa (15)
()

en

=1:nk #q,l#p.

It should be emphasized that Eq. (15) provides
the inverse of any submatrix of order n—1 of
matrix F in (13).

For the specific case n = 4, F has the form

1 1 1
R CHENCHENCHE
=11 o2 e
1 =0 (=D° (=0)°

or equivalently

1 11 1

1 —i -1 i
1 -1 1 -1/
1 @i -1 —i

And its inverse is given by

11 11 111 1
JECIEY I S S S B (F B S B
41 2 ¢+ %) 4\l1 -1 1 1)
1 i3 % i° 1 —i -1 i
1 1 1
M=F4;2=<1 -1 i)-
1 1 -1

i. If M = Fz3, then by using formula (15), we
directly obtain

-1—

1 1 1

- ._1 . ._2 - ._2 .2 _ .0 - ._3 .3 _ .2
41 (i—i%) 41 (i*—1i% 41 (i —i%)
1 1 1

Zl'—3(i3 _ 16) Zi_4(i6 _ 18) Zi_s(ig _ l'lO)

1 1 1
Zi_4(i4 _ ilO) Zi—S(iB _ l'lZ) Zl’—6(i12 _ l'14-)

11 1
M= Fgz = (1 —i —1)
1 -1 1
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111 11
472" 2 a17%!
111
472" T2 3%
1 o 1
2 2
ii. If M = Fzz is a principal submatrix then we
obtain
M—l
1/1 1 /i 1/-1
O (O (G
7 170
) ) )
—i/1 —i (=i —i(—1
INE
4 1 4 i i
) ) )
-1/1 —1 /=i —1/-1
1 7@ 117G 1 THG)
4 i i 4 i
) ) )
11111
472" 2 373
1 o 1
2 2 I
11 1 1+1/
4 2" T2 373

4 Computational Implementation

First, we calculate the number of operations of the
Sherman-Morrison method, formula in Eq. (7), and
the LU algorithm. By using equations (4) and (5),
the total number of operations to compute the
matrix inverse with the Sherman-Morrison formula
in Eg. (1) is 2n2n—1) +n(Gn+1) =9n? —n=
0(n?); with the formula in Eg. (7), 3(n—1)? =
0(n?); and with LU Decomposition, 0(n3)
operations are required [2]. In the specific case of
Vandermonde matrices, we need 6n? flops.

Although the number of operations with the
Sherman-Morrison formula and the formula in Eq.
(7) are of the same order, the slopes of the
polynomial functions given by the number of
operations of each method are 18 and 6,
respectively, so we argue that the algorithm
provided in this paper is more efficient. With the
Vandermonde matrices, the slope of the function
given by the number of operations is 12.
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Program in MatLab

100 : ‘
4 LU, MatLab
* Algorithm, Eq. 7
80+ Cubic fit
——-- Quadratic fit
o 604
Q
L
)
E 40
[
20
0 e

0 500 1000 1500 2000 2500 3000
Submatrix order

Fig. 1. Implementation of Equation (7) in comparison
to the LU algorithm on MatLab

In the remaining part of this section, we
compare the results of the implementation of
formula (7) with LU MatLab algorithm on v.R2008a
and Fortran 90 for the specific case of
Vandermonde matrices of DFT (see Section 3).
The algorithms were executed on a notebook with
2.27 GHz Intel Core i3 processor and a 4 GB RAM
memory.

To implement the algorithm, row 4 and column
2 were eliminated in order to obtain the submatrix
of order n — 1.

Figure 1 shows the results of comparing the
matrix size with runtime on MatLab. For matrices
of order 600 approximately, the algorithm
performance in Equation (7) is similar to the
performance of MatLab’s LU algorithm. However,
for higher orders, the traditional algorithm requires
higher runtimes, whereas formula (7) maintains
small values for matrices of order 3 x 103
approximately.

In this case, the runtime is about 3 seconds in
comparison to 90 seconds of the LU algorithm.

In Figure 2, the implementation results in
Fortran 90 are presented. Note that the same
pattern with the runtime variant increases
significantly. Therefore, for a matrix of order 3 x
103 approximately, the LU algorithm runtime is
about 1300 seconds.

Finally, in Figure 3, the performance of
Equation (7) in both computational programs is
exposed. Note that there is no significant
difference on runtime performance, obtaining
values of the same order of magnitude. For
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matrices of order 3 x 103 approximately, the
runtime does not exceed three seconds. This is an
indicator that algorithm performance does not
depend on software.

5 Submatrices of Order n — k
5.1. Iterative Procedure

The derived relation (7) between the inverse of a
submatrix Az of order n—1 with the inverse
A~ = (b;)of the original matrix A can be
iteratively applied to calculate the inverse of a
submatrix of order (n — k), 1 <k <n.
Let My = Ap;...prqr-qz P€ @ submatrix of order
(n— k) obtained from a matrix A of order n by
eliminating its p;—,...,pr —th rows and its
—,...,qx — th columns. Then, the inverse M;! =

q1
(mg.‘) of the submatrix M, can be obtained by
applying the iterative procedure:

) _ b bilhb‘hj

ij =

m ij b

q1P1

irj = 1:n!i * qlﬁj * P

@, 1
m .
@ _ @ P2 4
My = My ORI
4202
i'j = 1:n'i * q1, 92, j:’tplﬁpZ;
(16)
(k-1)_ (k=1)
®) _  (k-1) _ " ipk (3]
Mij = My G-
mquk

L,j = 1ni#qy,.,q j* P Dk

This algorithm is applicable by using Theorem
2.2 if

®

(k-1)
42D #0, a7

b qkPk

#0,m *0,---,m

q1P1
i.e., all submatrices M,, (I = 1:k) are invertible.
5.2 General Formula

Let us apply the iterative procedure described
above to obtain explicit expressions for the

l .
elements ml.(j) of the inverses of square

Program in Fortran 90

4 LU, Fortran

1200 e Algorithm, Eq. 7
Cubic fit
Quadratic fit
T 800
2
Qo
E
=
400 4
0

' + * T
0 500 1000 1500 2000 2500 3000
Submatrix order

Fig. 2. Implementation of Eq. (7) in comparison to the
LU algorithm on Fortran 90

Eq. (7) in MatLab and Fortran 90 programs

3 T T T T T
o Algorithm in MatLab, Eq. 7
* Algorithm in Fortran 90, Eq. 7 >
Cubic fit
Quadratic fit °//'o
o / 2
E _ﬁ'b S
=g . . ]
/( e
.ﬁ _,,‘ .
g adle
,.o’:.,r'
0- T T T T
0 500 1000 1500 2000 2500 3000

Submatrix order
Fig. 3. Computational comparison between MatLab and
Fortran 90 programs

submatrices in terms of determinants containing
the elements b;; of A 7'

Case M;. We can express formula (7) for m
of matrix M;? in (16) as follows:

)
ij

b‘hpl b‘hj
@ _ Pap,bij = bip,bq,j _ | bip,  bij (18)
my;” = b = b .
q1P1 q1P1
In i W s gi
particular, m,_;,, is given by
bQ1P1 bq1p2
m® = bq,p, qupz_ (19)
q202 b
q1P1

Case M,. Consider the invertible submatrix

M, = Agigr (i-€,bgp, #0), and let M7t = (m])
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be its inverse. Let p, q, € {1, ...,n} such that p; #

P2,G1 # Gz, If the element m{), (17) of the matrix

Mt is not null (m{, #0), then the submatrix
M, = Ap;55975; Of order (n—2), obtained from
M, = Ag 4; by eliminating its p,-th row and g,-th
column, is invertible. By (16) and (18), the

elements mg) of matrix M; ! can be expressed as

bq1p1 bqlpz bq1p1 bqli _ bq1p1 bqlpz bq1p1 bqu’
qup1 qupz bipl bii bim bipz qum qui
bq1p1 Zéhlh Z‘hl’z .

4201 q2P2

After simplifying, we obtain

2) _ bq1p1 (qupzbij _ bipz quj)
U b b
b b

q1P1 q1D2

q2P1
_ bﬂhpz (bibe2p1 — bil’1 szj)
b b
b b

qz2P2

q1P1 q1P2

q2P1
+ bqu (bQZplbipZ _ biplqupz)
b b
b b

q2P2

q1P1 q1D2

q2P1 4202

Thus,

b

szpz
b

bq1p1 q1D2

q2P1 azj

b i, bij
b
b

ip1
b
b

ij

m

)

q1P1 q1P2

4201 q2P2

Lj = Lini+#qy,q2 J# P12

In this case, therefore, we have the

following theorem.

Theorem 5.1. Let A be a nonsingular matrix of
order n > 3, and let A ™" = (b;;) be its inverse. If
the submatrix of order 2

b‘hlh b‘hl’z
<b (20)

q2P1 bﬂzpz
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of A~ has non-null leading principal minors, for
certain p;, p,, 41,9, € {1,2, ...,n} withp, # p,, q, #
G2 then M, = Ayr5rarq; IS invertible and its

inverse M;* = (m{?)is given by

bthm bqlpz bqu‘

qum qupz bq;j

bip1 bl-p2 b;;
bop, bap,| (21)
bq2P1 szPz

iL,j = Iini+q.,9q j+ pl,pzmg).

Proof. The leading principal minors of
submatrix (20) are:

b
b

b
b q1P1 q1P2

q1P1’ b
4201 q2P2

If these minors are different from zero, then
m® in (19) is not null. Subsequently, if conditions

qz2D2
in (17) (bg,p, # 0, m), +0) are fully satisfied,

then M, is invertible. The elements of M;?! can be
calculated by using formulas in (16), which can be
expressed again in the form of (21).m

Case M,,. The above results obtained for cases
M, and M, allow us to infer a general formula for
M, with 1 <k <n.

Theorem 5.2. Let A be a nonsingular matrix of
order n,andlet A ' = (b;;) be its inverse. Letk €
N such that k < n. If the submatrix of order k x k

/bq1p1 bg,p, - bqlpk\
bCIzD1 bCIzpz o qupk (22)
b akpz bqkpk/

qkP1 b

of A~ has non-null leading principal minors for
certain  pq, ..., P, 1, -, qx € {1,...,n} satisfying
pj, # pj, for ji #j, and q;, # q;, for i; # i, then
the submatrix My = Ag;,..55q7a; Of A is invertible
and its inverse Mi' = (m{}’) is a matrix of order
(n — k) with elements defined by
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| b‘hp1 bqlpk b‘l1jl
baw, * Dawi by
b; b; b;:
(k) ip; Pk 3]
m; = , 23
Y bg,p,  bgp, (23)
kapl kaPk

Lj =1,..,n0%#*qq, ..,k ] * D1, ) Dk

Proof. Let us demonstrate the theorem by
mathematical induction.

Step 1. Let us verify that the proposition of the
theorem is true for case M;. If the 1 x 1 submatrix

(bap,)

of A~! has non-null leading principal minors, i.e.,
bg,p, #0, then the submatrix M; = Apqy IS
invertible and its inverse M;* = (mf})) is given by
formula (7) from Theorem 2.2. The general

expression (23) is another form of Eq. (7) as shown
in Eq. (18).

Step 2. Let us suppose that the proposition is
true for case M,_,. Thus, if the submatrix of 4 ~* of
orderk —1

b‘?1p1 blhpk

b b

qk-1P1 qk-1Pk-1

has non-null leading principal minors, the

Submatrix Mk—l = Apvl'."'m;ﬁ“."‘%-_l Of A iS
invertible and its inverse M, = (mg.‘_l) is the
matrix of order (n — k + 1) given by
bop, 7 bawpes  bgyj
b‘lk—ll’h bqk—lpk—1 bqk_lj
b; b; b
(k—1) ip1 Pk-1 7]
m;; = ) 24
Y bCI1P1 bCI1pk—1 ( )
bCIk—1P1 ka—1Pk—1

i!j = Llini=# q1s - Qk-1, ] # D1y v Pi—1-

If the conditions in (17) are satisfied, the

k . - .
elements m” of matrix M;' are expressed in

t
terms of the elements ml.(]’.‘_l) of M2, according to

Eqg. (16). Such conditions demand that leading

principal minors of matrix (22) be non-null. In fact,

(€] (k-1)
note that the elements by, py Mg,y Mgy s

appearing in the denominators of Eq. (16), turn out
to be proportional to those minors, see Eq. (24). In

the sequel, we denote the elements mg.‘) (16) as

(k-1)(k=1) _ _(k=1)_(k-1)
m(k)_mqwk My~ Mip, Mgy
iy (k-1)
mllkpk
A Ui||A Uy |A Uyj||A U, (25)
_ Wi DillV, Dl |V, Ds|[Vy Dy
- A Ul ’
|A] v, D,

where we have used the following notation:

bCI1P1 bCI1Pk—1
e P
bqk—1p1 bqk—lpk—1
Uy = (bgypy  baypy * bay_p )7,
Uy = (bg,j bq,j = bg,j)7,
Vi = (bgep,  Payp, - Paypi_y),
VZ = (biP1 bip2 bipk—l)’
D1 = bqkpk;DZ = bij! D3 = bipk'D4 = kaj'

Using Eq. (2) for the determinant of a block-
partitioned matrix (3), we directly obtain

aw _ 1AI(Dy =V A7TU) (D, = V,A7U,)
i = a0,
Vi Dy

|Al(D3 = V,A7*U,)(Dy — V1 ATU)
- A U '
Vi Dy

(26)

This result agrees with formula (23). In fact, by
expressing (23) as

A U U,
Vi D; Dy
V, D3 D,
VA
Vi Dy

*) _

mij

and using Eq. (2) for the determinant of a block-
partitioned matrix (3), we directly obtain
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a0 _ 1AI(Dy =V A7 U) (D, — V,A7U,)
T A
Vi Dy

|Al(D; = V,A"*U)(Dy — V,A71U,)
- A U, :
Vi Dy

(26)

This result agrees with formula (23). In fact, by
expressing (23) as

A U U,
Vi D1 D,
V, D3 D,
A
Vi Dy

(k) _

my; =

and using Eq. (5), we obtain

Dy Dy _ (V1) ,-1 ]
detAdet[(D3 Dz) (VZ)A Uy Uyp)

i D,

i

Subsequently, this formula is reduced to the
expression

_ -1 a1
) _ D; —V,A""U;, D, —-V,A" U,
My VA ’
Vi Dy

which evidently agrees with (26). It implies that this
proposition is true for all k values.m

Note that in the specific case of k = n—1 in

Theorem 5.2, the submatrix M,_, =
Aps,. gy Of A is @ 1x1 matrix and its
inverse is M1, = (mg.l_l) , where
bq1p1 bqlpn—1 bqu
bqn_1p1 b‘?n—lpn—l bqn_lj
(n-1) ip; iDn-1 ij
m.. = Y 27
Y bQ1p1 b(hpn—1 ( )
bﬂn—1p1 an—1pn—1
Lj = ini#qy, .., qn-1, J # P10 Pn-1-

Then, indexes i andj, respectively, take the
remaining value from the integers in {1,..,n}.
Permutating the rows and columns of the
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determinant in the numerator of expression (27),
we obtain

-y _ CDMIAT

ij - |A]:ll|
By using (6) to calculate the elements of the

matrix inverse of A7 ((4™1)~! = 4), we obtain the
expected result

m® Y = i

6 Block Submatrices

We generalize the relationship between the
inverses of a matrix and their submatrices, which
is derived in Section 2, to the case of block-
partitioned matrices having square blocks of the
same size.

Theorem 6.1. Let A = (4;;) be a nonsingular
block matrix of order ns, and let A™' = (B;;) be its
inverse, where B;; is a sXs square block
matrix, (1 < i; j < n). If B, is invertible for certain
q,p€{l,..,n}, then the block-partitioned
submatrix M = A5 obtained by eliminating the p —
th block row and the g — th block column of A is
invertible, and its inverse M~! = (M) of order (n —
1)s is given by

M;j = Bij — BipBay Bqj, 28)
iL,j=Lni+q,j*Dp.

Proof. The demonstration follows the same
procedure as Theorem 2.2.

7 Conclusions

In summary, we have obtained a formula (Eq. (7))
that allows us to calculate the inverse of a
submatrix of order (n — 1) in terms of the inverse
A~ of the original n X n matrix A. By applying such
a formula iteratively, we have been able to derive
an explicit relationship (23) between the inverse of
an arbitrary square submatrix and its inverse A™1.
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In addition, we have tested the computational
efficiency of the formula's runtime when compared
with the LU Decomposition for the case of Fourier
matrices. We have also generalized formula (5) for
the case of inverses of block-partitioned matrices
with square blocks of the same size s, see Eq.
(28). The relationship in Eq. (28) is particularly
useful when the known inverse of the matrix is a
very large order (ns > 1), and it is necessary to
calculate the inverse of a submatrix of order
(n— 1)s.
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