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Abstract:

The paper shows a new approach to proving the recent fixed point
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by several authors, with much shorter and nicer proofs. An example is
given to illustrate our results.
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Introduction and preliminaries

One of important generalizations of metric spaces are so-called b-
metric spaces (type metric spaces by some authors). This concept was
introduced by Bakhtin in 1989 and Czerwik in 1993.

Consistent with (Bakhtin, 1989, pp.26-37) and (Czerwik, 1993, pp.5-
11), the following definition and results will be needed in the sequel.

Definition 1.1. (Bakhtin, 1989), (Czerwik, 1993) Let X be a
(nonempty) set and s>1be a given real number. A function
d: XxX —[0,40) is a b-metric if and only if, for all x,y,ze X, the

following conditions are satisfied:
(b,) d(x,y)=0if and only if x = y,
(by) d(x,y)=d(y,x),
(bs) a’(x, Z)S s(d(x,y)+ d(y, z))
The pair(X,d) is called a b-etric space.

It should be noted that the class of b-metric spaces is effectively
larger than that of metric spaces, since a b-metric is a metric when s =1.
The following example shows that, in general, a b-metric does not
necessarily need to be a metric, see also (Aghajani, et al, 2014), (Abbas,
et al, 2016, pp.1413-1429), (Ansari, et al, 2016), (Ding, et al, 2016,
pp.151-164), (Djuki¢, et al, 2011), (Huang, et al, 2015a, pp.808-815),
(Huaping, et al, 2015), (Huang, et al, 2015b, pp.800-807), (Hussain, et al,
2012), (Hussain, et al, 2013), (Jleli, et al, 2012, pp.175-192), (Jovanovic,
et al, 2010), (Kadelburg, et al, 2015, pp.57-67), (Khamsi, Hussain, 2010,

pp.3123-3129), (Parvaneh, et al, 2013), (Roshan, et al, 2015), (Roshan, et
al, 2014, pp.229-245), (Zabihi, Razani, 2014).

Example 1.1. Let (X,d)be a metric space, and p(x, y)=(d(x, ),
p>1 is a real number. Then p is a b-metric withs =27"', but p is not a

metric on X.

Otherwise, for more concepts such as b-convergence,
b-completeness, b-Cauchy sequence and b-closed set in b-metric spaces,
we refer the reader to (Aghajani, et al, 2014, pp.941-960), (Abbas, et al,
2016, pp.1413-1429), (Ansari, et al, 2016), (Djuki¢, et al, 2011), (Huang,
et al, 2015a, pp.808-815), (Huaping, et al, 2015), (Huang, et al, 2015b,
pp.800-807), (Hussain, et al, 2012), (Hussain, et al, 2013), (Jleli, et al,
2012, pp.175-192), (Jovanovié, et al, 2010), (Kadelburg, et al, 2015,
pp.57-67), (Khamsi, Hussain, 2010, pp.3123-3129), (Parvaneh, et al,
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2013), (Roshan, et al, 2015), (Roshan, et al, 2014, pp.229-245), (Zabihi,
Razani, 2014) and the references mentioned therein. Also, for the
concepts such as partial order, comparable, well ordered, nondecreasing,
increasing, dominated, dominating and other, we refer the reader to
(Aghajani, et al, 2014, pp.941-960), (Abbas, et al, 2016, pp.1413-1429),
(Ansari, et al, 2016).

The following three lemmas are very significant in the theory of a fixed
point in the framework of metric and b-metric spaces. Also, we use these
in the proof of our main results.

Lemma 1.2. (Aghajani, et al, 2014, pp.941-960, Lemma 2.1) Let

(X,a’) be a b-metric space with s>1, and suppose that {xn} and { n}
are b-convergent to x, y respectively, then we have

1 . =
S—Zd(x,y)ﬁ lim d(xn,yﬂ)ﬁ limsed(x,,y, )< Szd(x,y). (1.1)

——n—x0

In particular, if x =y, then we have limn_md(x,,, yn)=0. Moreover,
foreach z € X we have

lal(x, z) <lim d(xn , z) < E,de(xn , Z) < sd(x, z). (1.2)
s

—n—>®

Lemma 1.3. (Jovanovi¢, et al, 2010, Lemma 3.1) Let{y, jbe a
sequence in a b-metric space (X ,d) with s > 1, such that
d(y,9,.)<2d(y, 1. 5,) (1.3)

for some le[o,l),and each n=1,2,.. Then {yn}is a b-Cauchy
s

sequence in a b-metric space (X ,d )
Lemma 1.4. (Radenovic, et al, 2012, pp.625-645, Lemma 2.1), (Jleli,
et al, 2012, pp.175-192, Lemma 2.1) Let (X,d) be a metric space and let

{yn} be a sequence in X such that d(yn,y,m) is nonincreasing and that

limd(¥,,,.)=0. (1.4)

n—0

If {yzn} is not a Cauchy sequence, then there exist an ¢>0 and two
sequences {m, } and {n,} of positive integers such that the following four
sequences tend to ¢* when k — «:

d(Yzmk >Yon, )7d(y2mk oyznk+1)ad(J/2mk—1oy2nk )7d(y2mk—l’y2nk+l)'
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Main results

Let ¥ be the family of all nondecreasing functions
v :[0,4+0) —>[0,4+0) such that lim,Hool//"(t)Z 0 for all ¢>0. If
w e, then y(t)<t forall >0 and w(0)=0.

Our first result is the following:

Theorem 2.1. Let (X X j) be a partially ordered set and there exists a

b-metricd on X such that (X ,d ) is a b-complete b-metric space. Suppose
s>1 and f:X — X is an increasing mapping with respect to < such
that there exists an element x, € X with x,° fx,. Assume that

S.L(x’y).d(fx,ﬁ;)gW(M(x,y))+L-N(x,y)

1+;d(x,fx) @1

for all comparable elements x,y € X, where L >0,

M(x,y)= max{d(x, ») d(f;]:);zfi(j;f})}

and

N(x, y)=min{d(x, fi).d(x, ). d(v. fc).d(v. )}
If
(1) f is continuous, or

(2) whenever{xn} is a nondecreasing sequence in X such that

x, >uecX,one has x,< u forall ne N,
then f has a fixed point. Moreover, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

Proof. Suppose that x,#x,, for all n=0,1,2,., where
for all n=0,1,2,..
in (2.1) we shall prove that

X, =fx, =f"x,. In this case, we have x, 6 <x

n+l

Therefore, putting x=x,,y = x

n+l

d(xn+]’xn+2)-<ld(‘xn’xnﬂ) (22)
S

forall n=0,1,2,.... Indeed, then (2.1) becomes
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s l + Sd(xn 4 'xn+1 )

1 d(xn+l > 'xn+2)
1+ 5 d(x,,x

no ¥ n+l

< l/l(max{d(‘xn > Xut1 )a d(xn 2 X )d(x"+1 > Xpi2 )}J

1+ d(xn+l 4 xn+2 )
+ L min{d('xn 4 xn+l )’ d(‘xn > xn+2 )’ d(xn+l H xn+1 )’ d(x)z+1 ’ xn+2 )}

1+Sd(xn’xn+1) d(xn’xn+l)d(xn+lﬁxn+2)<d(x x 1) and
1+;d(xn’xn+l) 1+d(xn+1’xn+2)

Since, 1<

no

d(x)z+1’x)z+1 ) = 0’ we have S d(xn+l’ xn+2)g W(d(‘xn’an )) < d(‘xn > xn+l )
Hence, (2.2) follows.
Further, using (2.2), we have

| 1
d(fzxn s fzer—l )< ;d(ﬁn ’fxn+] ) < S_zd(xn s er—l )

As Size[o,i), therefore by using Lemma 1.4, the sequence
{fzxn }:fo = {xz,x3,...} is a b-Cauchy sequence. This further implies that
the sequence {fx, }:fo ={x,,x,....| is a b-Cauchy sequence. Since (X,d)
is b-Complete, {xn} b-converges to a point u € X.

(1) First, we suppose that f* is continuous. Therefore, we have

u=limx,., = lLrpnﬁCn = f(liilgx,l) = fu,
that is,u is a fixed ponint of f. ' '

(2) Further, consider (2) of theorem holds. Using the assumption of
(X,d,j), we have x,< u. Now, we show that fu = u. Firstly, we have

L, fu) < du,x, )+ d( f,, fir)
)

Now, using the assumption x, < u and inequality (2.1), we have

no " n+l

s(1+sd(x,,u))

1+;d(x x,.)

la’(u,fu)s d(u,x,, )+ M (x,,u)
s
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n2 " n+l

. 1+;d(x xX,.)
s(1+sd(x,,u))

'L-N(x u)

nd

Since M(x,,u)—>0 and N(x,,u)—0 as n—> o, the result follows, i.e.,

fu=u.

From Theorem 2.1, we have the following result which is an
improvement from the corresponding results (Theorems 2.7 and 2.8) of
(Ansari, et al, 2016).

Corollary 2.1. Let (X , j) be a partially ordered set and there exists a
b-metric d on X such that (X,d) is a b-complete b-metric space.
Suppose s>1 and f:X — X is an increasing mapping with respect to

= such that there exists an element x, € X with x,< fx,. Assume that

1+sd(x,

Lodlor) ) plate ) Mle)e LNGy)
1+5d(x, 1) '
for all comparable elements x,y € X,

where L >0, f3:[0,+0) — [0,1) with p(t,)— 1 implies t, — 0,
s s

d(x,ﬁc)-d(y,fv)}
1+d(f, )

M(x,y)= max{d(x, y),

and

N(x,y)=min{d(x, fx).d(x, f).d(y, fe).d(v, )}
If
(1) f is continuous, or

(2) whenever {xn} is a nondecreasing sequence in X such that

x,>ucX,onehas x,< u forall ne N,
then f has a fixed point. Moreover, the set of fixed points of f'is well
ordered if and only if /" has one and only one fixed point.

Proof. Since B(d(x,y))< 1 the condition (2.3) implies
S
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oo LD 1 f)< M (xy)o L NGy

1+;ﬂ%ﬁ) (24)

where L, = s- L. On the similar lines of Theorem 2.1, we have the result.
On the similar lines of Theorem 2.1, we have the following result.
Theorem 2.2. Let (X , 5) be a partially ordered set and suppose

that there exists a b-metricd on X such that (X ,d ) is a b-complete b-metric
space (with parameters >1). Let f: X — X be an increasing mapping
with respect to < such that there exists an element x,c X with
x,= fx,. Suppose that

s-d(fx,]fv)s ﬂ(d(x,y))M(x,y)+L-N(x,y), (2.5)
for all comparable elements x,y e X,

where L >0, f3:[0,+0) — [O,l) with S(t,)— ! implies t, — 0,
S S

ﬂmﬁlﬂ%ﬁ?
1+d(f, )

M<x,y>:max{d<x,y>,

and

N(x.y)=min{d(x, fc).d(x. ). d(y. fe).d(y. )}
If
(1) f is continuous, or

(2) whenever {x,} is a nondecreasing sequence in X such that

x, >uec X,one has x,< u forall ne N,
then f has a fixed point. Moreover, the set of fixed points of [ is well
ordered if and only if f has one and only one fixed point.

Proof. The condition (2.5) implies

d(fx, )< S%-M(x,y)w«N(x,y), (2.6)

L
for all comparable elements x,y e X, where L =—2>0.The rest of the
s

proof is similar to Theorem 2.1.

Remark 2.1. Since the proofs of the main results in (Ansari, et al,
2016), (Zabihi, Razani, 2014) are strongly dependent of Lemma 1.2 of
Aghajani et al. (Aghajani, et al, 2014, pp.941-960), it is too complex to deal
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with them. Our approach in Theorems 2.1-2.2, as well as in Corollary 2.1
covers all the results of (Aghajani, et al, 2014, pp.941-960) without utilizing
the lemma mentioned above. It is clear that our proofs are much shorter
and nicer.

Also, it is not hard to see that the main results in (Abbas, et al, 2016,
pp.1413-1429) have much shorter proofs by the application of our
approach, that is, without using Lemma 1.2 of (Aghajani, et al, 2014,
pp-941-960).

In the sequel, we consider all three results in the case where s =1,
that is, (X,d) is a standard metric space. Here we have to use Lemma
1.4 to obtain our results.

Theorem 2.3. Let (X , 5) be a partially ordered set and suppose that
there exists a metric d on X such that (X,d) is a complete metric
space. Suppose f: X — X is an increasing mapping with respect to <

such that there exists an element x, € X with x,< fx,. Assume that

L(x’y).d(fx,fy)g w(M(x,y))+L N(x,y)

1+;d(x, ) 27)

for all comparable elements x,y € X, where L >0,

M(x,y)= max{d(x, ¥) d(f;]iclzfi(j;f})}

and

N(x,y)=min{d(x, ). d(x, /), d(y, f).d(y, )}

(1) f is continuous, or
(2) wheneve r{xn} is a nondecreasing sequence in X such that

x, >uelX, onehas x,<u forall neN,
then f has a fixed point. Moreover, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

Proof. First we suppose that x, # x,,, forall n=0,1,2,... Then, by

n+l1

taking x=x,,y=x,,, in (2.7), we get

n+l
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1+d(xn’xn+l) 'd(x’7+1,x,7+2)él//(M(x X ))+LN(X X ),

1 n> " n+l n2 " n+l
1+5d(xn7xn+l)

where

M(xn 4 xn+1 ) = max{d(xn H xn+l )’ d(xnl,ilgl(-)x' d();’:ﬁ—l , ;C’Hz )} - d('x X )’
n+12 " n+2

d(‘xiﬁl > xn+2 )
1 + d(xn-H > xn+2 )

N(xn s X1 ) = min{d(‘xn R )’ d(xn s X2 )’ d(‘an s X1 )’ d(an s X2 )} =0.

Since
1 + d(xn ’ xn+l )

1
1+5d(x xm)

because <1, and

> I’W(M(x xn+1 ))< d(xnﬂxnﬂ) and N(Xn,an)

n’

(2.8)

becomes d(xn+l > xn+2 ) < d(‘xn ’ xn+l )’
ie., d(xn,xnﬂ) is a decreasing sequence. Therefore, there exists r >0

such that lim,—« d(xn’er—I) = r. Assume that » >0, from (2.8), we have
1+7

1+lr
2

-rSr@lrSO,
2

which is a contradiction. Hence limn%d(xn,xnn ) =0.
Now, we suppose that the sequence {xn} is not a Cauchy sequence

in a metric space (X,a’). By putting x = x,,,), ¥ = X, in (2.7), we obtain
1+d(xm(k),xﬂ(k))

1
1+ Ed(xm(k), xm(k)H )

'd(xm(k)+| > X (k)1 )S ’//(M(xm(k)»xn(k)))"' L- N(xm(k)’xn(k))’ (2.9)

where
M (%0 %,0))
d > mlk d n(k)>*nlkH+
) max{d(xm(k)’xm(k)“ ) (xm(li)fd &) l(k)> 1(;6 ((:)) 1); - 1)}
and

N(xm(k)’xn(k))
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~ min{d (xm(k)’ Xpn(k)s1 )d (xm(k)’ Xo(kpsi )d (xn(k)’ Xon(k)o1 )d (xn(k)’ X (k1 );
Now, letting to the limitin (2.9), as k& — oo, and using Lemma 1.4, we get
1+¢&

1
-SSW(8)+L-0<8<:>—SSO,
I+—¢ 2
2
which is a contradiction. Hence the sequence {xn} is a Cauchy sequence.

The rest of the proof is the same as in Theorem 2.1.
Corollary 2.2. Let (X , 5) be a partially ordered set and suppose

there exists a metricd on X such that (X,d) is a complete metric space.
Suppose f: X — X is an increasing mapping with respect to < such that

there exists an element x, € X with x,< fx,. Assume that

1+d(x,
L) () plae ) M) LNGY)
1+5d(x, fx) '
for all comparable elementsx,y € X,
where L >0, 3 :[0,+0) — [0,1) with S3(¢,)— 1" implies 7, — 0,

M(x,y)= max{d(x, ) d(f;]:);zfi(j;?)}

and

N(x.y)=min{d(x, fc).d(x. ). d(y. fe).d(y. )}
If
(1) f is continuous, or

(2) whenever {x,} is a nondecreasing sequence in X such that
x, >uelX, onehas x,=u forall ne N,
then f has a fixed point. Moreover, the set of fixed points of £ is well
ordered if and only if /' has one and only one fixed point.

Proof. Since f3(d(x,y))<1, the condition (2.10) implies that

L(x’y).d(fx,ﬁ;)g M(x,y)+L-N(x,y).

1+;d(x,ﬁc) .11

On the similar lines of Theorem 2.3, we have the result.
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Remark 2.2. It is not hard to see that both functions y and £ in all
results are superfluous. But in our next result, the function S is not
superfluous.

Theorem 2.4. Let (X ,5) be a partially ordered set and suppose that

there exists a metric d on X such that (X,d) is a complete metric space.
Let /: X — X be an increasing mapping with respect to < such that the-
re exists an element x, € X with x,< fx,. Suppose that

d(fx, )< pld(x, y))M(x, y)+ L-N(x, ), (2.12)
for all comparable elements x,y € X, where
L>0, B:[0,4+00) —[0,1) with 5(¢,) — 1" implies 7, — 0,

M(x,y)= max{d(x,y)a d(iclﬁac’zfi(;?)}

and

N(x,y)=min{d(x, f).d(x, fr).d(y, fe).d(v, )}
If
(1) f is continuous, or

(2) whenever {xn} is a nondecreasing sequence in X such that

x, >uelX,onehas x,<u forall ne N,
then f has a fixed point. Moreover, the set of fixed points of f is well
ordered if and only if /' has one and only one fixed point.

The following example support our theoretical result given with
Corollary 2.1.

Example 2.3. Let X = {0,1,2} and define the partial order < on X
by <:={(0,0),(1,1), (2,2),(0,1)}. Consider the function f: X — X given as
f0=f1=1, f3=0 which is nondecreasing with respect to <. Let
x, =0. Hence fx,=f0=1, so x,<fx,. Now, define the b-metric on X
by d(x,y)= (x—y)2 forall x,ye X. Then (X,d) is a b-complete b-metric
space with s=2. It is easy to verify that this example satisfies all the
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conditions of Corollary 2.1 for each ﬂ:[O,w)—)[O,%) with ¢z, >0+

whenever f(t, ) — %— :

Finally, we formulate the following result (Geraghty fixed point
theorem in the framework of a b-complete b-metric space):

Theorem 2.5. Let (X ,d) be a b-complete b-metric space and let
s >1. Suppose that a mapping f: X — X satisfies the condition

d(fx. fy)< Bld(x.y)d(x. y).

forall x,y € X,where :[0,0) —[0,1) with ¢, — 0+ whenever
,B(tn)—> 1— for each sequence ¢, (0,).
Question. Prove or disprove Theorem 2.5.
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YMNMOPAOQOYEHHbBIE B METPUYECKME NMPOCTPAHCTBA U
CANMAIOLWME OTOBPAXEHNA TUTA GERAGHTY

Cymum Yangok®, Mupko C. NosaHosuu®, CmosiH H. PapgeHosud®

@ YumsepcuteT Tanap, ®akynbTeT matematuku, MaTtuana, Haus

6 YHuBepcuteT B benrpage, ®akynbTeT anekTpoTexHuku, r.benrpag,
Pecny6nuka Cepbus

® YHusepcuteT B Benrpage, ®akynbTeT MalLMHOCTPoeHus, r.6enrpan,
Pecny6nuka Cepbusi

OBNACTb: matematuka
B CTATbW: opurmHanbHasa HayyYHas ctatbsl
A3bIK CTATbW: aHrnuiickmin

Pe3some:

B hHacmosiwel cmambe, ©6nazodapsi HoeomMy Memody,
npedcmasneHbl Hosgeliwue pesynbmamsi uccnedosaHull
HernoosUXXHOU  MOYKU, rnposedeHHbie  pasHbIMU  asmopamu.

lNpedcmasneHue daHHbIX pe3ybmamoe nodKpensieHbl npumMepamu.

Knoyesble crioga: HenoaBwxKHasi Todka, 6-meTpuka, CpaBHUTENbHbIN,
ynopsigoyeHHbii, GERAGHTY-oTobpaxeHune, 6-Koww, 6-komnner.

YPEBEHW B-METPUYKU MPOCTOPU N KOHTPAAKTVBHA
MNPECINMKABAHA TEPAITXTUJEBOT TUMA

Cymum Yangok®, Mupko C. JOBaHOBVIhﬁ, Cmoja+ H. PageHosuh®

@ YuusepauteT y Tanapy, MaTtemaTuukn dpakyntet, Matuana, Muauvja

o YHuBepautet y beorpaay, EnektpotexHuuku cpakynteT, beorpag,
Penybnuka Cpbuja

® YuusepauteT y Beorpaay, MawumHcku bakynteT, Beorpag,
Penybnuka Cpbuja

OBNACT: maTematuka
BPCTA YJTAHKA: opyrnHanHu Hay4Hu YnaHak
JE3UK YJIAHKA: eHrnecku

Caxemak:

Kopuwhemem Hoeoe rnipucmyna, y pady cy npedcmasibeHu
HedasHU pe3ynmame (PUKCHE mauyKke, KOjy je ycmaHos8uso eulie
aymopa, Ha MHo20 Kpahu u nenwu Ha4uH. HasedeH je u npumep Koju
mo unycmpyje.

KrbydHe pedu: dmkcHa Tadka, 6-meTpuka, ynopeaus, 0o6po ypeheH,
leparxTunjeBo npecnukaBake, 6-Kowwnjes, 6-komnner.
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