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Abstract:

The existence and uniqueness of a Kronrod type extension to the well-
known Gauss-Turan quadrature formulas were proved by Li (1994, pp.71-
83). For the generalized Chebyshev weight functions and for the Gori-
Micchelli weight function, we found explicit formulas of the corresponding
generalized Stieltjes polynomials. General real Kronrod extensions of the
Gaussian quadrature formulas with multiple nodes are introduced. In
some cases, the explicit expressions of the polynomials, whose zeros are
the nodes of the considered quadratures, are determined.

Keywords: Stieltjes polynomials, Kronrod extension, Gori-Micchelli
weight function.

Introduction

Let @ be an integrable weight function on the interval (-1,1). It is
wellknown that the Gauss-Turan quadrature formula with multiple nodes

,[_lla’(f)f(f)dt = i_zzsAi,vf(i)(Tv)-i_ E, (f)(neN;seN,) (1)
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is exact for all algebraic polynomials of degree at most 2(s+1)z—1, and
that its nodes 7, are the zeros of the corresponding (monic) s -ortogonal
polynomial 7, (f) of degree n which minimizes the following integral

2542

¢(a0 s al 7"'an71 ) = J:ll ﬂ-n (t) a)(t)dtn Where ﬂ-n (t) = tn + anfltnil +...+ Cllt + aO .

In order to minimize ¢, we must have

'[_ll o(t)r, (t)zs+ltkdt =0, k=01,.,n-1. 2)

which are the corresponding orthogonality relations. For s=0, we have a
case of the standard orthogonal polynomials.

Following the well-known idea of Kronrod (Gautschi, Milovanovi¢,
1988, pp.16-18), S. Li proposed to extend formula (1) to the formula (Li,
1994, pp.71-83):

n 2s ) n+l

[ o) a=>30,rC)+ > K, 1E,)+R,,(/) 3)
v=l i=0 u=1

where 7, are the same nodes as in (1), and the new nodes 7, and new

weights o,

iv?

K ,are chosen to maximize the degree of exactness of (3). It

is shown in (Li, 1994, pp.71-83) that we can always obtain the maximum
degree 2(s+1)n+n+1 by taking 7, to be the zeros of the polynomial

A

7., which we call the generalized Stielties polynomial, satisfying the

n+l>°
1

orthogonality property L ot)z,, (pt)r, () dt=0, al peP.

At the same time, Li showed that 7,,, always exists and is unique if it

_ 1
is monic. In the special case when o(r)= (l—tz) %2 he determined z,.

explicitly and obtained the weights in (3) for s =1 and s = 2.
Consider the following four generalized Chebyshev weight functions

olt)=0,0):0,()=1-) ", 0,()= -],

o, (t) _ (1 _ t)—l/Z (1 n t)1/2+s o, (t): (1 _t)1/2+s (l +t)1/2 .
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Bernstein (1930, pp.127-177) showed that the monic Chebyshev
polynomial (orthogonal with respect to a)l(t)Tn(t)/Z”_l) minimized all
. X ﬂn(l‘lkﬂ S
integrals of the form L m dt (k>0).

This means that the Chebyshev polynomials 7, are s—orthogonal on
(-1,1) for each s> 0. Ossicini and Rosati (1975, pp.224-237) found three
other weight functions @,(¢)i=2,3,4) for which the s—orthogonal

polynomials can be identified as the Chebyshev polynomials of the
second, third, and fourth kind: U,V ,W,, which are defined by

Un(t):sin(nﬂ)e v cos(n+%)t9 - sin(n+%)0

sing " t cos(6/2) e sin(6/2)
respectively, where ¢ = cos 0. Itis easy to see that W,(~1)=(-1)"V,(t).

Explicit expressions of the generalized Stieltjes
polynomials

For an arbitrary integrable weight function a)(t) on [-1,1], Li proved

that the generalized Stielties polynomial 7, exists and is unique up to a

n+l

constant factor. He considered the case when ()=, (¢), see (Galjak,
20086). In this case, it is known that 7z, (¢)="T,(¢)/2"" . Li obtained that

;%2(;)%(@@)_%%@)} and for 1> 2
O = (T, (0)=T,, (O) == -1, ),

2" 2"
Let first (¢)be w,(¢). In this case, it is known that 7z, (¢)=U, (¢)/2".

We have just proved the previous statement (Milovanovi¢, Spalevi¢, 2006,
pp.171-195), (Milovanovi¢ et al, 2006b, pp.22-28) and (Milovanovi¢ et al,
2009, pp. 246-250).
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Theorem 1. Let 7,,be the monic polynomial of degree n+1
satisfying the orthogonality relation

[[0=2)""% (@plo)z, ()" de=0, all peP,. @)
Then
. 1
ﬂ-nﬂ (t) = 2_;1 Tn+1 (t) (5)
Proof: In this case, orthogonality conditions (4) have the form
J'_ll (1-2)"2 (0% [U, ()" dt=0,k=0,L,...n (6)
We have
(1 - tz )S [Un (t)]2S+1 = Z ﬂjUn(2j+1)+2j (t)’ (7)
Jj=0
) (2s+1
Where 8, =27% (- 1){ . J
s=J

Conditions (4) can be written in the form
J: Vi-222, (@) (=2 [U, ()" de =0, k=0,1,...n. (8)

By using (7), the last conditions (8) obtain the form
\ ! \/—2~ k _
> B[ N1=02, (0 U 0y, (0)dE =0, k=0l1,...m. )
=0

Let #,,(t) be T,,(t)/2". By using (Monegato, 1982, pp.137-158)
2T, (1)U, (t)=U,, ,(¢) the integral under the sum in (9) for j =0 has the
form fl 1-£°T, , (t)tkUn(t)dt:%j_llx/l—tztkUzm(t)dt, and it is equal to 0
for k=0,1,....2n.

For j=1, the integral under the sum in (9) has the form
J'l\/l T, (t)'U,,, (¢)dt it | k=0, i
NI=27T,, o~ , and it is equal to 0 for k£=0,,...,n, if
3n+2>2n+1, which is always fulfilled. As for j=1, the same

conclusions for j>2 are obtained. Therefore, conditions (9) are fulfilled.

Finally, (5) holds because of the uniqueness of the generalized Stieltjes
polynomial.

722




Let now o(¢)=w,(¢) and we have just proved the previous statement

(Galjak, 2006), (Milovanovi¢, Spalevi¢, 2006, pp.171-195), (Milovanovic,
Spalevi¢, 2003, pp.1855-1873).

Theorem 2. Let fznﬂ(t) be the monic polynomial of degree n+1
satisfying the orthogonality relation

[L0=0" 00 2, Op(0)a, (e =0.a pe B, (10
Then
n 2
(0= 2 e (11
(2n)
where Pn(l/z’fl/z)(t) is the orthogonal polynomial with respect to the weight

function w(t) = 1=t
1+¢
Proof: In this case, it is known that the corresponding monic

s —orthogonal polynomial of degree n is

n 2
T, (t):anVn (t)= 2"(n) P72)(1) where P""*2)(¢) is the ordinary

(2n) "

1+¢

orthogonal polynomial with respect to the weight function ()= T In
—t
this case, orthogonality conditions (10) have the form
1 12 s+
[[a=0) Q2,00 B> =0, for
4 um n (12)
k=0.1,....n
We have (Ossicini, Rosati, 1975, pp.224-237)
s | 5 (-1/2./2) s+l N
(+2) [P0 Zy, o (0), (13)

s cj”l 2S +1
where 7; =2

= 1 /(227 (1!
Catorn U8 iy Jand c, (2n) /(2 (n) )

The above conditions (12) can be written in the form

j1/1+ 70O (o) [POP (O] de = 0, fork = 0,1,....m. (14)

By using (13), the last conditions (14) obtain the form
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z J' \,1+ n+1 t P ZICill/fj( )dt 07 k:()’l’"'an' (15)

n (12 1.1
2(2(’1'))' (t—l)Pn[z’ 2j(t). By using
n)
11 11

A 00 20,0, where. , =(21-10(2n}) (Monegato

1982, pp.137-158), the integral under the sum in (15) for j =0 has the
form

j\/—P[2 2J(z)[ jzdt_kj«/——tU (¢)*dt,

Let 7,,,(¢) be

anditisequalto 0 for k=0,1,...2n—1. For j=1,2,...,s, the integrals
under the sum in (15) have the form

_[ 1/1+ )k PRI )P (¢)ek de, and they are equal to O for

k—O,l,...,n, if 2n+1<3n+1< n(2j+1)+j , Which is always fulfilled.
Using these conclusions, we have that conditions (15) are fulfilled. Finally,
(11) holds because of the uniqueness of the generalized Stieltjes
polynomial.

Let @ be an integrable weight function on the interval (a,b). Take
now a sequence of nonnegative integers o = (s,,s,,...) Forany ne N,
we denote the corresponding finite sequence (sl,sz,...,sn) by o, and

consider a generalization of the Gaurss-Turan quadrature formula (1) to
rules having nodes with arbitrary multiplicities

b n 2s, . o
[t} (@de=3"> 4,r"(,)+R(/) (16)
v=l i=0
Where 4,, = 4"z, =7 (i=0,1,...,25,;v =1,...,n). Such formulas
were derived independently by Chakalov and Popoviciu. A significant

theoretical progress in this subject was made by Stancu see (Milovanovic,
2001, pp.267-286).

In this case, it is important to assume that the nodes 7, =r£”’") are

ordered, say
7,<7,<..<7,,7T, € [a,b], (17)
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with odd multiplicities 2s, +1,2s, +1,...,2s, +1, respectively, in order to
have the uniqueness of the Chakalov-Popoviciu quadrature formula (16)
(Karlin, Pinkus, 1976, pp.113-141). Then, this quadrature formula has the

maximum degree of exactness d,, =2> s, +2n—1 if and only if
b n 2S|/+l
[TI-7) #olt)de=0, k=01..n-1.
a v=I1

The existence of such quadrature rules was proved by Chakalov,
Popoviciu, Morelli and Verna, and the existence and uniqueness subject to
(17) by Ghizzetti and Ossicini (Ghizzetti, Ossicini, 1995), (Milovanovic,
2001, pp.267-286), and also by (Milovanovi¢, Spalevi¢, 2002, pp.619-637).
Conditions (17) define a sequence of polynomials

T T (t)= ; t—rlno) T(”’”)<r(”’”)<...<r(”"’), o) ¢ a,bl,
{ ”,O'}neNo n,a() H( v 1 2 n v

v=l
2s,+1

b n
such that [z, ([ Te—r")  ole)dr=0, k=01,...n-1.
a4 v=l
These polynomials are called o - orthogonal polynomials and they
correspond to the sequence o z(sl,sz,...). We will often write simple 7,

instead of 7,"). If we have & =(s,s,...), the above polynomials reduce to

the s - orthogonal polynomials.

General Kronrod extensions of the Chakalov-
Popoviciu quadratures

Let o, =(s7,53,055 ) (5], € Ny, st =1,2,..,m)  Following the well-
known idea of Kronrod (Gautschi, Li, 1990, pp.315-329), we extend
formula (16) to the interpolatory quadrature formula

n+l 25

ff (=33 B, £ )+ S5 C O )R, (1) (18)

v=l i=0 u=1 j=0
where r, are the same nodes as in (16), and the new nodes z'; and new

weights B Cﬂf’ ;.. are chosen to maximize the degree of exactness of (18)

IR

which is greater than or equal to
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i(st +1)+i(2sz +1)+m—1:2(2”:sv +is;j+n+2m—l.

v=l u=l v=l u=1

We called quadrature formula (18) the Chakalov-Popoviciu-Kronrod
quadrature formula. The particular case is the Gauss-Turan-Kronrod

quadrature formula, if s, =s,=...=5, =s. In the theory of the Gauss-
Kronrod quadrature formulas, the important role is played by the Stieltjes

polynomials Enﬂ(x) whose zeros are the nodes r;, namely

n+l

En+l(x):H(t_T;)

Gori and Micchelli (Li, 1994, pp.71-83) have introduced for each n an
interesting class of weight functions. Consider a subclass of the Gori-
Micchelli weight functions,

,,(t)= {UTl(l)} (1 —tz)H/z, 1e{0,l,...,s}. (19)

In the particular case /=0, (19) reduced to the Chebyshev weight
function of the first kind o, (1 t )1/2 In this case,

(n 2,00, =((s=1)/2,5—1.. l,(s—l)/2)) when quadrature formula
(18) has the form (r] = 1% 1)

n_2s n_2(s=I)

[ 100, 0= 338, 7006, )+ 3 5260, b H(E ) € 70,

yz]o

(20)

Theorem 3. In the Kronrod extension (20) of the Gauss-Turan
quadrature formula (16) with the weight function (19), and for n>2, the
corresponding generalized Stieltjes polynomial

E,Ei?(r)(o-,m (s=1)/2,5=Lss =1,(s~1)/2)) is given by

n+1 (t _1)U" \( .i.e., the nodes 7, (1 =2,...,n) are the zeros of
U,, (t) (the Chebyshev polynomial of the second kind of the degree
n-1),and 7, =—1,7,,, =1.

When quadrature formula (18) has the form
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n+l 2s

f A=) a=3 38, /) ST R () @

v=l i=0 p=1 j=0
we have just proved the previous statement (Galjak, 2006), (Milovanovi¢
et al, 2006a, pp.291-305), (Milovanovic et al, 2006b, pp. 22-28).

Theorem 4. In the Kronrod extension (21) of the Gauss-Turan
quadrature formula (16) with the weight function a)z(t):(l—tz)lms the
corresponding generalized Stieltjes polynomial E( )( ) (0;1 = (s,s,...,s)) is

n+l1
given by EC)(()=7 (1), i.e., the nodes 7 (1 =1..,n+1) are the zeros
of T

n+l

When quadrature formula (18) has the form (z'l* :—1)

If M- () =3 Y B, 1)+ 83, 10 s gc:,lf‘”(—nmn(f), (22)

v=l i=0 u=2 j=0

we have just proved the previous statement.

(t) (the Chebyshev polynomial of the first kind of the degree 7 +1).

Theorem 5. In the Kronrod extension (22) of the Gauss-Turan
quadrature formula (16) with the weight function @, (r)=(1—7)""(1+¢)"*
the corresponding generalized Stieltjes polynomial
ES)0) (05, =(s/2.5....5)) isgiven by E)(0)= 1+

2

)
() (the

Chebyshev polynomial of the fourth kind of the degree n), and rl =-1.

. . B /2,1
ie. the nodes 7, (u=2,.,n+1) are the zeros of P!

When quadrature formula (18) has the form (7. T, =1).
J‘f 0)4 dt zszvf zzcj,yf(/)(r;)+ch,n+1f(/)(1)+Rn (f)’ (23)
v=l i=0 u=1 j=0 Jj=0

where 0)4(t)=(1—1)‘1/2(1+t)l/2” is the Chebyshev weight of the fourth

kind, in a similar way as in the previous case, the previous statement can
be proved.

Theorem 6. In the Kronrod extension (23) of the Gauss-Turan

quadrature formula (16) with the weight function o, (t): (l—t)_l/2 (l—r—t)w”
the corresponding generalized Stieltjes polynomial

727

Explicit expressions of the generalized Stieltjes polynomial , pp.719-730

Paunovi¢, Lj.,



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2017, Vol. 65, Issue 3

ET)0) (07, =(s.5.....5/2)) is given by E7)(r)= (¢ =1)P1212)(r),

n+l n+l

ie., the nodes 7 (u=1..,n) are the zeros of P">"?(¢) (the

Chebyshev polynomial of the third kind of the degree ), and 7., =1.

n+l
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SKCIMIMMUNTHBLIE BbIPAXEHNA OJ1A OBOBLWEHHBLIX
NMOOMHOXECTB CTUNTBLECA

JlunsHa P. MNayHoBWY
YHuepcuTteT B lNpuwtnHe—Kocosckon Mutposuue, Negarornyeckun
dakyneTeT B [NpnspeHe—Tlenocasuye, Jlenocasud, Pecnybnunka Cepbus

OBJNIACTb: maTtemaTtuka
BWO CTATbW: o63o0pHas ctatbs
A3bIK CTATbW: aHrnuickuin

Pe3some:

YHUKanbHOe rpuMeHeHuUe meopuu pacwupeHusi yHkyul KoHpoda
omHocumernbHO keadpamypHol ¢hopmyrnbl [aycc-TiopaHa dokasan Jlu
(Li, 1994, cmp.71-83). OnpedenieHbl 3KCrMUUUMHBIE 8blpaxeHusi Ons
0606UeHHbIX MoOMHOXecme Cmunmbecarno OMHOWEHUK K8eco8bIM
yHKyusm  Yebbiwwesa u eecosbiM  pyHKyusam  opu-Muwennu.
OnpedeneHo pacwupeHue @yHKkyuli KoHpoda o keadpamypHol
gopmyrne [aycca ¢ y3rnamu MHO204/IeHa.

B omlernbHbix criydasix  onpedesieHbl  SKCAMUUUMHbIE  8bIPaXEHUs
MHOXecms, Hyfu  KOmOpbIX Sefsomcesi  y3namu — uccredyembix
kealdpamyp.

Knouesbie  criosa:  nodMHoxecmea Cmunmbeca,  pacuwupeHue
¢yHkyul KpoHpoda, opu-Muwennueecosasi QoyHKUUSI.

EKCMIIMUNTHU N3PA3W YOTTWUTEHMX CTUNTJECOBNX
NMONMMHOMA

JburbaHa P. NayHoBuWh
YHusepautet y MpuwtnHu — Kocosckoj MutpoBuLM, Yunterscku gakynteT y
Mpu3speHy — Ilenocaswuhy, llenocasuh, Peny6nuka Cpbuja

OBNACT: maTemaTuka

BPCTA YJ1IAHKA: npernegHu ynaHak
JE3VK YJTAHKA: eHrnecku
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Caxemak:

EasucmeHyujy u jeduHcmeeHocm KpoHpodosux ekcmeHsuja 3a 0o6po
nosHame [ayc-TypaHoee kealOpamypHe ¢hopmyne Ookasao je [lu (Li,
1994, cmp.71-83). O0pefieHu cy ekcruyumHu u3pasu 3a yornumeHe
Cmunmjecose nonuHome y o0OHocy Ha Yebuweerbege MEXUHCKe
yHKYUje, Kao U y OOHOCYy Ha MeXUHCKY cpyHkUuujy [opu-Mudenu.
HegpuHucaHa je KpoHpodosa ekcmeH3uja 3a [aycoee keaOpamypHe
gopmyrie ca euwecmpykum 4eoposuma. Y HeKUM CriydYajesuma
o0pefieHU cy eKkcnnuyumHu uspasu rosluHoOMa, Yuje cy Hyse 4e8oposu
rnocmamparux keadpamypa.

KrbyuHe peyu: Cmunmjecosu rnonuHomu, KpoHpodosa ekcmeH3uja,
meXXuHcKa ¢byHkyuja Mopu-Mudenu.

Paper received on / [lata nony4yenusi pabotsl / Jatym npujema ynaHka: 03.03.2017.
Manuscript corrections submitted on / [laTa nony4eHus ncnpaeneHHon Bepcum paboTel /
Oatym goctaerbana ncnpasku pykonuca: 21.03.2017.

Paper accepted for publishing on / Jata okoH4aTenbLHOro cornacoBaHusi paboTel / Jatym
KOHa4Hor nNpuxBaTana YnaHka 3a objasreusamne: 23.03.2017.

© 2017 The Author. Published by Vojnotehnicki glasnik / Military Technical Courier
(www.vtg.mod.gov.rs, BTr.mo.ynp.cpb). This article is an open access article distributed under the
terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/3.0/rs/).

© 2017 AsTop. Ony6nukoBaHo B «BoeHHo-TexHu4eckuii BecTHUk / Vojnotehnicki glasnik / Military
Technical Courier» (www.vtg.mod.gov.rs, BTr.mo.ynp.cp6). [lJaHHas cTaTbsl B OTKPLITOM 4OCTYynNe n
pacnpocTpaHsieTcsi B COOTBETCTBUM C NnuueH3nen «Creative Commons»
(http://creativecommons.org/licenses/by/3.0/rs/).

© 2017 AyTtop. Ob6jaBro BojHoTexHuukm rnacHuk / Vojnotehnicki glasnik / Military Technical Courier

(www.vtg.mod.gov.rs, BTr.mo.ynp.cp6). OBo je YunaHak oTBOpeHOr Npuctyna n aguctpudyupa ce y
cknagy ca Creative Commons licencom (http://creativecommons.org/licenses/by/3.0/rs/).

730




