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Abstract:

The purpose of this paper is to consider various contractive conditions in
b-metric spaces which have been recently published. Our results improve
and complement many recent results from this field. Using the recently
obtained result by R. Miculescu and A. Mihail (Miculescu & Mihail, 2017,
pp.1-11) the authors of this article show that the proofs of the majority of
known results in the context of b-metric spaces can be shortened.
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Introduction

It is well known that the Banach Contraction Principle (Banach, 1922,
pp.133-181) states that, if a self-mapping T of a complete metric space
(M ,d) is a contraction mapping, then T has a unique fixed point (say U)
and for each Ve M the corresponding Picard sequence gf "(v ?converges
to this fixed point U. In general, this principle has been generalized in two di-
rections. On the one hand, the usual contractive condition is replaced by a
weakly contractive condition. On the other hand, the action spaces are re-
placed by metric spaces endowed with an ordered or partially ordered struc-
ture or with some kind of generalized metric space (like cone metric space,
G-metric space, partial metric space, fuzzy metric space, etc.).

In 1989 I. A. Bakhtin (Bakhtin, 1989, pp.26-37) and in 1993 S. Czerwik
(Czerwik, 1993, pp.5-11) introduced a new distance on a non-empty set
which is called a b-metric. A b-metric space is an attempt to generalize the
metric space by replacing only the triangle inequality introducing one real
constant. Their definition of this new kind of generalized metric space is the
following.

Definition 1 (Bakhtin, 1989, pp.26-37), (Czerwik, 1993, pp.5-11) Let
M be a (non-empty) set and K >1 a given real number. A function

d,:MxM —[0,) is called a b-metric on M fif, for all p,q,r e M, the
following conditions hold:
(b1) d,(p,q)=0 ifand only if p=q;

(b2) d,(p,q)=d,(q, p);
(b3) d,(p,r)<K(d,(p,q)+d,(q,r)).

In this case, (M,d,K) is called a b-metric space.

If (M, <) is still a partially ordered set, then (M, < ,d,,K) is called an

ordered b-metric space.

Otherwise, for all other definitions of the notions in b-metric spaces
such as b-convergence, b-Cauchy sequence, b-completeness, see (Abbas
et al, 2016, pp.1413-1429), (Ansari et al, 2017, pp.315-329), (Bakhtin,
1989, pp.26-37), (Huang et al, 2015), (Jovanovi¢, 2016), (Radenovi¢ et al,
2017a, 2017b), (Roshan et al, 2013), (Zhang et al, 2017, pp.1334-1344)
and the reference therein.

Definition 2 (Khan et al, 1984, pp.1-9) A function ¢:[0, ) — [0, )
is called an altering distance function if the following properties hold:

(1) @ is continuous and nondecreasing;
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(2) ¢(t)=0 ifand onlyif t =0.
First, a very known (important) result from a b-metric space is the
following:

Theorem 1 (Czerwik, 1993, pp.5-11, Theorem 1) Let (M ,d,, K) be a
b-complete b-metric space andlet T : M — M satisfy
dy(T(p)T(a)<p(d,(p.a)) p.aeM, 1)
where ¢:[0,0) »>[0,0) is an increasing function such that
|im,ngo”(t)= 0 for each fixed t>0. Then T has an exactly one fixed
point v and

limd,(T"(p).v)=0 @)

foreach pe M. n%
Lemma 1 (Miculescu & Mihail, 2017, Lemma 2.2.) Let {t,} be a
sequence in a b-metric space (M ,d,, K) such that
dl(tn ' tn+l) Su- dl(tn—l’ tn) €)
for some u€[0,1), and each n=1.2,.... Then {tn} is a b-Cauchy
sequence in (M, d,,K).
Remark 1 In several published papers based on the b-metric

concept, the authors assume that x € [0,%) instead of 1 €[0,1), which is

obviously weaker. Then under this weaker condition they show that the
Picard sequence {t, =T(t,,)},.,, . t, €M is a b-Cauchy. For the proof,

the authors used the following clear inequality:
dy(t,,t, )< Kd(t,,t, )+ K2t b, )+ + K™, (¢, 1, )+
K""d, (t, ,.t.),
where nme N and n>m.

However, putting (p(r)= u-r, rel0,0), ye(O,l) in (1), the proof
of Theorem 1 from (Czervik, 1993, pp.5-11) follows that Picard sequence
{t,=T(t, )}, . t, €M isab-Cauchy.

Now, we can show that Lemma 2.2. from (Miculescu & Mihail, 2017)
is an immediate consequence of the one part of Theorem 1 from (Czerwik,
1993, pp.5-11).

First of all, we give the next result:

m+1

(4)
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Lemma 2 If {t,}

then there exists at least one mapping T :M — M such that it is Picard
sequence of T with t, as the beginning point.

Proof. We define T:M - M as T(t )=t for k =1,2,3,... as well
as T(t)=v0 incase teM \{tl,tz,...,tn,...} and v, ¢ {tl,tz,...,tn,...}. The last
one is possible if {t,,t,,...,t,,.. ;€ M and {t;,t,,...t ..} = M.

Proposition 1 Lemma 2.2. from (Miculescu & Mihail, 2017) is an
immediate consequence of (Czerwik, 1993, pp.5-11, Theorem 1).

Proof. Indeed, the {tn} is a Picard sequence of the mapping defined in
Lemma 2. It is obvious that the mapping T satisfies the condition (1)
where go(r): u-r, rel0,x), ,ue(O,l). Further (3) becomes
dl(T(tn_l),T(tn ))S ,ud(tn_l,tn), n=2234,. ie. the sequence {tn} is a
b-Cauchy according to the proof of (Czerwik, 1993, pp.5-11, Theorem 1).

Now, by (Czerwik, 1993, pp.5-11, Theorem 1) that is, by (Miculescu,
Mihail, 2017, Lemma 2.2.), the majority of already known results can be
improved. Also, by using the same argument some known results can be
made significantly shorter and nicer.

The first such result is the following:
Proposition 2 Let T be a self-map on a b-complete b-metric space

(M,d,,K) satisfying
d,(T(p).T?(p))< 4, (p. T (p))for some 4 e (0,1), (5)
either (i) for all pe M, or (i) for all pe M, p=T(p), and suppose that

T has a fixed point. Then T has a property P.
Otherwise, if T is a map which has a fixed point v, then v is a also a

fixed point of T" for every natural number n. However, the converse is
false. For, consider M =[0,1], T is defined by T(p)=1-p. Then T has a

unique fixed point at % but T" =1 for each n>1, which has every point

is an arbitrary sequence in the nonempy set M,

of [0,1] as a fixed point. On the other hand, if M =[0,7], T(p)=cosp,
then T is nonexpansive and every iterate of T has the same fixed point
as T. Involutions are also examples where F(T)=# F(T“) See, e.g.
(Jeong & Rhoades, 2005, pp.71-105) and the references therein.

We shall say that a map T has a property P if F(T)= F(T”) for
every ne N .

854




Proof (of Proposition 2). The statement for n =1 is trivial. Therefore,
we shall assume that n >1 is a given (fixed natural number). It is clear that
F(T)cF(T") Let ve F(T")

Case 1. Suppose that T satisfies (i). Then, using (5),

d,(v.T(v))= dl(T”(V).T””(V))
=d (T VT2 W) < 4 (T W) T ()
= (T (T (v)) (v )))
<A (T WTE V)<< 10d (0T V)
which implies that v =T (v).

Case 2. Letnow T satisfy (ii).

If v :T(v), then there is nothing to prove. Suppose, if possible, that
v;tT(v). Then a repetition of the argument for Case 1 again leads to
d, (v, T(v))< £"d, (v, T(v)), which implies that v=T(v) and F(T”): F(T)

Remark 2 Proposition 1.8. obviously generalize the corresponding
result, Theorem 1.1. from (Jeong & Rhoades, 2005, pp.71-105), for
standard metric spaces.

Corollary 1 Let T be a selfmap of a b-complete b-metric space
(M .d,, K) satisfying

d,(T(p),T(q)) < 2, (p,q)forall p,qe M and for some (0,1 (6)

Then T has a property P.

Proof. Indeed, condition (6) implies (5). Also, by (Czerwik, 1993,
pp.5-11, Theorem 1) F(T)#@. Then the result follows according to

Proposition 2.

The next is also generalization of one result from a metric to a
b-metric space.

Proposition 3 Let T be a selfmap of a b-complete b-metric space

(M, d,) satisfying

d,(T(p).T2(p))< 2, (p,T(p))for all pe M and some z € (0,1)  (7)
Then F(T)#@, if T is a b—continuous.
Proof. Let p,eM be an arbitrary point and let {pn} be a

corresponding Picard sequence. For each ne {O}u N we have
dl(pn+1’ pn+2 ) = dl(T(pn )’T 2(pn ))S /lel(pn ’T (pn )) = :Udl(pn ’ pn+l)‘ (8)
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Further, according to (Miculescu & Mihail, 2017, Lemma 2.2.) (see
also (6)) follows that {pn} is a b-Cauchy sequence. Since (M ,dl) is a

b-complete b-metric space there is ve M such that p, >V as n— .
The continuity of T implies that T(v)=v, i.e., F(T)=@.

Jungck’s result in the concept of b-metric spaces:

Theorem 2 Let (M,dl, K) be a b-metric space and T,S:M —> M,
T(M)< S(M) be self mappings such that for all p,qe M.

dy(T(p).T(a))< 1a,(S(p).S(a)). where 1 <(0.1) ©)

Also, assume that, at least one of the following conditions hold:

(i) (T(M),d,) or (S(M),d,) is b-complete;

(i) (M,dl,K) is b-complete, S is b-continuous and T and S are
commuting.

Then T and S have a unique point of coincidence. Moreover, if T
and S are weakly compatible (for case (i)) then they have a unique
common fixed pointin M.

Proof. First, we notice that if a point of coincidence of T and S
exists, then it is unique. Indeed, if w, and W, are two distinct points of
coincidence of T and S, then there exist two points u,u, e M,u, #u,,
such that T(u,)=S(u,)=w, #w, =S(u,)=T(u,). Now, by (9) we have
d (Wi, wy ) = d(T (v, T(v, )) < 4y (S(v, ) (v, )) = el (i, w ) < dfy (g, w,),
which is a contradiction.

Further, the conditon T(M)cS(M) implies that there exists
Jungck’s sequence j, =T(vn)=S(vn+l), where {vn} is a sequence in
M,v, € M is an arbitrary point. We shall prove that the sequence {jn} is
a b-Cauchy. Indeed, for each ne {0} U N we have that

Ay (Jnias Jui2) = (T (V) TV,2)) < 20, (S(v,10), S (Vi) = 2 (s i)
i.e., for all ne{O}uN the sequence {jn} satisfies condition (3). This

means that it is b-Cauchy.

Now, let (i) holds. Therefore, since (S(M ),dl) is a b-complete
b-metric space, it follows that there exists veM such that
T(v,)=S(v,,,)=j, > Sv as n—c. We will prove that T(v)=S(v). In
order to prove this equality, we have
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%dl(T (V). S() < dy(T(V) T (v, ))+dy(T(v,). S(v)) < e, (S(v), S (v, )+ by (i, S(v))

= /Udl(s(v)’ jn—l)+ dl(jn's(v))_) #-0+0=0.

Hence, T(V)= S(v)= W is a point of coincidence (unique) of the pair
(T,S)

If (T(M),d,) is a b-complete the proof is very similar.

If (i) holds, then since (M,d,) is b-complete, there exists Ve M
such that T(vn): S(vn+1)= J, =V, as n—oo. Since both self-mappings
T and S are b-continuous, we have when N — oo

S(T(v,))— S(v)and T(S(v, )) — T(v) when n — cc.

Since T and S are commuting, we again obtain that T(v)=S(v)=w
is a point of coincidence (unique) of the pair (T,S).

For both cases (i) and (ii), according to the known Jungck’s result, it
follows that W is a unique common fixed point of T and S.

The next is a common fixed point theorem of the Zamfirescu type in
b —metric spaces.

Theorem 3 (Jovanovi¢, 2016), (Khan et al, 1984, pp.1-9), (Rhoades,
1977, pp.257-290, Theorem 4.3.) Let (M ,d,, K) be a b-complete b-metric

space and let T:M — M be a mapping and let there exist nonnegative
numbers a,b,c such that for all p,qe M at least one of the following
conditions:

1°d,(T(p), T ()< ad,(
2°d,(T(p). T(q)) < b
3°4,(T(p)T(a)<c

holds.
1

2K?'
Remark 3 By using (Miculescu & Mihail, 2017, Lemma 2.2) the

If a< %,b < c< 2_I1<2 then T has a unique fixed point.

conditions for a,b,c can be relaxing, that is., we get a <1,b <% ic< %

(for details see Theorem 2.2. below).
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Main results

In this section, we shall consider several important as well as
significant contractive conditions announced in the existing literature.
Readers can compare all these conditions to the corresponding ones in
the context of standard metric spaces, for more details see (Rhoades,
1977, pp.257-290).

Let ¥, be the family of all nondecreasing functions
w, :[0,00) = [0,00) such that limy;'(t) =0, for all t > 0.

n—oo
It is well known that if ¥; €Y, then Wl(t)<t if t>0 as well as

‘//1(0) =0.
Ouir first result is the improvement of the proof in (Abbas et al, 2016,
pp.1413-1429, Theorem 2.2.)

Theorem 4 Let (M, < d;,K>1) pe a partially ordered b-complete
b-metric space and let T: M — M be an increasing mapping with respect to

< such that there exists an element P, € M with Po< T(V,). Assume that

<) () T(@) < pa(My(pa)+ L -Ny(p.)
1+Ed1(p,T(p))

(10)

for all comparable elements p,qe M, where L, >0, y, € ¥,,

_ dy(p,T(p))d.(a,7(a))
Ml(p,Q)—maX{dl(p,Q), 12d1($(p),$(q))q } (11)

and

N,(p,q)=min{d,(p,T(p)).d,(p.T(a))d(a. T(p).dy(@ T(@)}  (12)
If T is continuous, then T has a fixed point.

Proof. If Py iT(po) then P, <T(p0). Further, for the Picard
sequence we can assume that d,(p,, p,.,)>0 for all ne{0}UN. Now,
we will prove that

1
d, (P, pm)ﬁgdl(pn_l, p,)forallneN. (13)

Indeed, since
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1+Kdy(Pys Py) - 1+Kdi(poy Py) o 14i(PosiPa) o4
1 1 1
1+Edl(pn—1'T(pn—1)) 1+Ed1(pn—1’ pn) 1+§d1(pn—1' pn)
then by using (10) with p=p,,,q = p,, we obtain

Kdl(pn+l' pn): Kdl(T(pn )v-l-(pn_l))S Wl(dl(pna pn—l))+ L Nl(pn’ pn—l)‘

Because M, (P, Pos) = Ay (Poss P wa(di(pys Poy)) < di(py Pyy)  and
N,(p,, p,;)=0 we obtain that (13) holds.

This means that the sequence {pn} is a b-Cauchy, according to

Lemma 2.2. from (Miculescu & Mihail, 2017) which then converges to
some U € M. The continuity of T implies that U is a fixed point of T.

Remark 4 All that shows that our approach gives a much shorter and
nicer proof than the ones in (Ansari et al, 2017, pp.315-329). Also, by the
same method, the proofs of all results in (Ansari et al, 2017, pp.315-329)
can be improved.

In fact, the main (important) question is the following: Does some
given contractive condition in the framework of any class of generalized
metric spaces imply (give) that the corresponding Picard sequence is a
Cauchy (in this class)? The previously contractive condition is such. We

proved that for it holds d,(p,, p,.,)< #d,(p,, p,) forall ne N and some

HE (0,1). Since K >1 and 4 :% then the result follows by (Miculescu &

Mihail, 2017, Lemma 2.2.).

In the framework of b—metric spaces, the following two results are
specific.

Theorem 5 Let (M,d,,K) be a b-complete b-metric space and let
T:M — M be a b-continuous mapping. Also let

d,(Tp,Tq) < ad,(p,Tp)+bd,(q,Tq), forall p,ge M,a,b>0,a+b<1
that is

d,(Tp,Tq)<ad,(p,Tq)+bd,(Tp,q),forall p,geM,a,b>0,a+b <%

In each of the given cases, T has a unique fixed point (say V) and
forany ue M the sequence {T”(u)}—> vV as N — oo,
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Proof. In the first (Kannan) case, we obtain that
a

d,(p,... pn)§ﬁ~d1(pn, P, ) while in the second one (Chatterjea), we
have dl(pm, pn)S%-dl(pn, pn_l). According to (Miculescu, &

Mihail, 2017, Lemma 2.2.) it follows that in both cases that the Picard
sequence {T“ Po }‘ne{o}uN, P, €M is a b-Cauchy. Since T is b-continuous,

the result follows.

Conclusion

Based on the previous discussion, we can conclude that the proofs of
the majority results in the existing literature for the concept of b-metric
spaces can be significantly shortened by using (Miculescu & Mihail, 2017,
Lemma 2.2.).

All these results are in the following papers (Aghajani et al. 2014, pp.
941-960), (Allahyar et al, 2014), (Chandok et al, 2017a), (Chandok et al,
2017b, pp.331-345), (Demma & Vetro, 2015), (Ding et al, 2016, pp. 151-
164), (Dung & Hang, 2016, pp. 267-284), (Harandi, 2014, pp. 351-358),
(Kaushik et al, 2017), (Khamsi & Husain, 2010, pp. 3123-3129), (Kir &
Kiziltunc, 2013, pp. 13-16), (Kumam et al, 2015), (Latif et al, 20915, pp.
363-377), (Liu & Gu, 2016, pp. 5909-5930), (Ozturk & Ansari, 2017, pp.
45-52), (Parvaneh et al, 2013), (Petrusel et al, 2017, pp. 199-215), (Piri &
Kumam, 2016), (Roshan et al, 2014a, pp. 725-737), (Roshan, et al, 2015),
(Roshan et al, 2014b, pp. 613-624), (Sarwar et al, 2017, pp. 3719-3731),
(Sarwar & Rahman, 2015, pp. 70-78), (Sintunavarat, 2016, pp. 397-416),
(Zabihi & Razani, 2014).
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YCNOBUNA CXKATUA B b-METPUYECKUX NMPOCTPAHCTBAX

TamesHa M. JoweHosny®, MupbsHa B. ﬂasnoemqﬁ, CmosH H. PageHoBuy®

? YuueepcuTeT B r. Hosn-Cag, TexHonorndeckuin akyneTteT, r. Hosn-Cag,
Pecnybnuka Cepbus,

6 YHusepcuteT B I. KparyeBau, EcTecTBeHHO-MaTemaTnyeckmi akynbTeT,
WHCTUTYT MaTematukm n nHcpopmaTukm, r. Kparyesau, Pecnybnvka Cepbus,

® Benrpafckun yHusepcuteT, MalmHocTpouTernbHbIn hakynbTeT, r. benrpag,
Pecny6nuka Cepbus

OBJIACTb: maTemaTtuka (MaTemaTmyeckas TeMaTnyeckas knaccmdukaums:
nepsuyHas 47H10, BTopuyHasa 54H25)

B CTATbW: opurmHanbHasa HayyYHas ctaTbsl

A3bIK CTATbW, aHrnuickui

Pe3some:

B daHHoU pabome npedcmasrieH aHanu3 passuyHbIX yCrio8uli cxxamusi 8
b-mempudeckux  npocmpaHcmeax,  Komopble  HedasHO  Obiu
orny6IIuKO8aHbI. Ha OCHOBaHUU uccriedosaHuli Hacmosiuux
pe3yribmamos Mbi GOMOHUMU U OMKOPPEKMuUposasnu MHoaue acrekmsal
pesynbmamog 6 OaHHoU obracmu. Tak, Harnpumep, uccnedosas
HedagHue pe3yrnbmamel, nosry4eHHble P. Mukynecky u A. Muxaunom
(Miculescu & Mihail, 2017, pp.1-11), asmopbl Hacmoswel cmambu
dokasarnu, 4mo MHo2ue U38eCmHbie pe3yfbmambl 8 KOHmeKcme
b-mempudeckux rnpocmpaHcme mMoaym bbimb 3HaYUMEesIbHO COKPaLEHbI.

Knrouessie criosa: mempudeckoe rpocmpaHcmeo, obwas
ukcuposaHHasi moyka, QOYyHKUUSI U3BMEHEHUsT paccmosiHUs, moyKa
cosrnadeHus, HU3Kasi CoeMecmumMocmb.

KOHTPAKTVBHW YCITOBU Y b-METPUYKM NMPOCTOPUMA

Tamjata M. [loweHosuh?, Mupjana B. Maenosuh®, Cmojax H. PageHoBrh®
 YuusepauteT y Hosom Capy, TexHonowku dakyntet, Hosu Caa, Penybnuka
Cpbwja,
YHuBepanteT y Kparyjesuy, INpupoaHo-MaTteMaTnykmn pakynTter,
WHcTuTyT 32 MmaTtemaTtuky n uHdopmMaTuky, Kparyjeeau, Penybnuvka Cpbuja,
® YHueepauteT y Beorpany, MalumHcku dakyntet, Beorpaa, Peny6nvka
Cpbuja

OBJIACT: maTtemaTtuka (MaTemMaTnyka TeMaTcka knacudukaumja: npumapHa
47H10, cekyHaapHa 54H25)

BPCTA YJTAHKA. opurvHanHm HayyHu YnaHak

JESNK YJTAHKA: eHrnecku

Caxemak:

Lurb ooz pada jecme da pasmompu pa3He KOHmMpaKkmueHe ycrioee y
b-mempuykum rfipocmopuma Koju cy HedaeHo objasrbeHu. Hawu
pesynmamu ronpaesbajy u Oonyryjy MHoz2e HedasHe pesyrimame U3
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ogo2 KoHmekcma. Kopucmehu HelasHo 0OobujeHu  pesynmam
P. Mukyneckya u A. Muxauna, (Miculescu & Mihail, 2017, pp.1-11)
aymopu 080e YriaHKa rioka3syjy 0a 0oka3u MHoaux ro3Hamux pe3ynmama
Yy KOHmeKcmy b-Mempuukux npocmopa moay 6umu docma ckpaheHu.
KrbyyHe peyu: MempuyKu npocmop, 3ajedHuYKa GhukcHa mayka, ¢hyHKUuja
rpomeHe pa3darbuHe, madvka KouHyudeHyuje, criaba komrnamubusHocm.
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