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Abstract:

A description of a pistol (rifle) cartridge often involves two ballistic
coefficients that characterize its ballistic qualities with respect to various air
resistance laws (ARLs). How close are the obtained ballistic trajectories
with varied ARL specifications and what are the differences between
them? How to evaluate ballistics if the ARLs are to be expressed in
various mathematical forms? In this paper, the evaluation of external
ballistics trajectories is given for two ARLs (the law brought in 1943 and
the Siacci law). All the obtained results relate to the TT pistol with
7.62 x 26mm Tokarev cartridge.The paper also presents the answer to
the question: how to calculate the ballistic trajectory if the ARL is
expressed as a rational function, piecewise function or spline. For the
1943 ARL, a graphical interpretation of the function Cd (i, v) in the form of
a surface is shown. This paper shows that, due to the selection of ballistic
coefficients, it is possible to obtain sufficiently similar form of ballistic
trajectories. A method of graphical comparison of external ballistic
parameters is presented as well as the mathematical tools for quantitative
analysis of a shape of ballistic curves.The difference between the two
trajectories is proposed to be estimated using a relative error in regard to a
selected ballistic parameter. Computer simulation considered for the 1943
and Siacci ARLs for the 7.62x25mm Tokarev cartridge indicates that the
profiles of the function of instantaneous projectile velocity vs time of flight
(TOF) had the greatest non-coincidence in relation to other ballistic
parameters (e.g. horizontal range, height of the trajectory, etc.) The
obtained maximum of the relative error was 0.8%. Its magnitude localizes
at the point of impact.

Key words: computer simulation, external ballistics, TT pistol, air
resistance law, drag function, the 1943 year law, bullet trajectory,
spline, Mathcad.
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There are no dangerous weapons;
there are only dangerous men.
Robert A. Heinlein

Introduction

For one projectil type (bullet) that has equal initial conditions (xy, yy,
6o, vp), but its motion is characterized by two different ARLs, it is possible
to calculate so-called «twins-trajectories». These are two trajectories
with a practically identical form, but due to differences in ARLs
descriptions, they have different values of the ballistic coefficients C.
Errors related to inequality of such trajectories are usually not reported
and it's completely unclear which of the external ballistic parameters x, y,
0, v for each of «twins-trajectories» has the greatest inconsistency.

In Europe and in the countries of North and South America, external
ballistics of small arms projectiles is generally based on the use of well-
known G1/G7 air drag models; however, ARLs like the 1943 year law
and the Siacci law are often used in the Commonwealth of Independent
States or in countries - former members of the Warsaw Pact (or in
countries that had in the past a military-technical cooperation with that
defense treaty). One of the objectives of this article is to show how to
carry out a ballistic simulation by using the 1943 and Siacci ARLs with
various forms of their mathematical expressions. The second task is to
present equality or inequality of the ballistic curves obtained as a result of
the estimation process. For reducing the computer simulation
(calculation) time, we will use the Mathcad 15 computer algebra system.

From the point of view of external ballistics, it is interesting to
estimate the ballistics of one of well-known pistols, for instance, of the
7.62mm Tokarev-TT' pistol using two previously mentioned ARLs. It is
known that pistols based on the TT construction were produced in many
countries and the 7.62x25 cartridge is widespread.

In the scientific article (Bogdanovich, 2012, p.42) one can find
«...one of the best pistols based on the 7.62mm TT design was certainly
the M57. This gun was constructed in Yugoslavia, at the «Zastava» plant
and produced by Serbian «Zastava Arms» for export to various
countries, including Europe and America». The arms plant «Crvena
Zastava» (Kragujevac) began to produce the pistol-predecessor of the
M57, namely the M54, in 1954 and at the same time the ammunition
factory «Prvi Partizan» (UZice) launched a serial production of the

' 7.62mm Tokarev self-loading pistol model TT 1930 (TT-30) / TT 1933 (TT-33). The
abbreviation «TT» means Tula-Tokarev.
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7.62x25mm Tokarev cartridges. In addition, it should be said that the TT
pistol and its upgrades were manufactured in PRC (Type 51 & Type 54),
in Hungary (M48, Tokagypt 58 with cartridge 9x19mm Para), in Romania
(TTC), in DPR Korea (Type 68) and in other countries.

Ballistic and technical data. Table 1 shows the necessary
technical specifications of TT-33, M54, and M57 pistols, important for
evaluating their ballistics.

Table 1 — Technical specifications of TT-33, M54, and M57 pistols
Tabnuua 1 — TexHu4Yeckue xapakmepucmuku riucmosnemos TT-33, M54, M57

Tabena 1 — TexHuuyke kapakmepucmuke nuwmosba TT-33, M54 u M57

s , Model of pistols
Neo/Ne Specifications Units TT-33, M54 V57
1 Chambering mm 7.62x25TT 7.62x25TT
2 Fire modes - Semi-Auto, Semi-Auto,
Single Action Single Action
3 Bullet weight g 5.49-5.52 5.49-5.52
4 Bullet length mm 14? -
5 Bore length mm 116 116
6 Rifling length mm 100 -
7 Number of grooves - 4 RH 4 RH
8 Number of lands - 4 4
mm per turn | 240 240
9 Twist rate inch perturn | 9.45 9.45
clb’ perturn | 31.496 31.496
I 541'45" 541'45"
10 Initial velocity mps 420 440
11 Bullet muzzle energy Joule 485.54 532.88
12 Bullet spin rate rps 1750 1750-1896
13 Effective firing range m 50 50
14 Bullet flight range m 800-1000 1640
15 Sight radius mm 156 158
16 Max mean pressure kg/lcm? 2234 -
17 Practical rate of fire rpm 30 -
18 Precision (range: 50 m) | m 0.25 -

Sources: (Bogdanovich, 2012, p.49) and author's estimations

% for ordinary bullet P-type (cyrillic: nyns «I» - npoctas)

clb — bullet caliber
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Based on (http://popgun.ru,nd), the curves of pressure and bullet
velocity vs rifling length (time) for the 7.62mm bullet of the TT-33 pistol in
a logarithmic scale were built (Figure 1). The main advantage of the
logarithmic scale is that it allows «to stretch the graph» in the direction to
the origin (to the point «0 mm» by using the argument bore length and to
the point «0 seconds» by using the argument time). The fragment a of
Figure 1 shows the change of the projectile velocity in the barrel; the
fragment b indicates the internal ballistic curve of the mean pressure in
the barrel.

Vel , mps Pr, kg,l'l:mz
. 2] B
400 I »ac? T
300 ; .

L~ 15107
200 /
00 L 1x10°
[~ I,mm 50 |, mm
C] 10 100 1 10 100

Figure 1 — Internal ballistic curves of the TT pistol (argument - bore length)
Puc. 1 — BHympubannucmu4deckue Kpusebie nucmosnema TT (apaymeHm — OnuHa
cmeorna nucmorsema)
Cnuka 1 — YHympawre 6anucmuuke kpuse nuwmorsba TT (apaymeHm — dyxuHa uesu)

Vel , mps Pr, kgfcm 2
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Figure 2 — Internal ballistic curves of the TT pistol (argument time): a — the projectile
velocity in the barrel; b — internal ballistic curve of the mean pressure in the barrel.
Puc. 2 — BHympubannucmu4deckue kpusbie nucmonema TT (apaymeHm — 8pemsi):
a — ckopocmb cHapsila 8 cmeorie; b — sHympubannucmuyeckasi Kpusasi cpedHe20

OaeneHusi 8 cmeorie.
Cnuka 2 — YHympawre banucmuyke kpuse numosba TT (ap2ymeHm — epeme):

a) 6p3uHa npojekmuna yHymap yesu, 6) yHympauwra banucmuyka Kpuea cpedH-e

8pedHOCmuU npumucka yHymap uesu.
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The dependences of the bullet velocity and the mean pressure as a
function of time are also obtained (Figure 2). The graphs show that the
bullet initial velocity is 420 mps, and the mean pressure maximum is
2234 kg/cm?. The duration of the intraballistic cycle for the TT-33 pistol is
approximately 2.5 milliseconds.

The mathematical model. Longitudinal motion of a pistol bullet in the
Earth's atmosphere can be described by the system of ODEs with an
independent argument TOF (f) (Regodi¢, 2006). This type of mathematical
expression belongs to the Point-mass Trajectory Model type:

dv . pv°
—=- 0)-—AC
di gSIn( ) om d

do _ gcos(6)
dt v

1
x_, cos(@) "
dt
% =vsin()

where v — the instantaneous bullet velocity, m/s; ¢t — the time of flight, s;
g — the acceleration of gravity at the point of departure, m/s2; 6§ — the
angle of the velocity vector relative to the base of a trajectory, radian;
p — the air density, kg/m3; m — the mass of projectile, kg; A — the cross
section of the projectile, m2; C; — a drag function, dimensionless; x — the
abscissa (horizontal range) of the trajectory, m; y — the ordinate of the
trajectory, m.

The density of the air p as a function of the projectile flying altitude y:

p=po-H(y),
where py is the density of the air at the ground-level; H(y) is the function

which indicates a relative variation of the air density with respect to the
altitude y.

Using the standard ARLs Cy; and the coefficient i, it is possible to
transform the first ODE of system (1):

dv . sz .
= A
’ gsin(9) iC,,

m
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where i — coefficient taking into account a shape of (launched) bullet (so-
called form coefficient“), dimensionless; C;; — the standard air drag
function, dimensionless.

Coefficients i and ARL models. According to collected sources,
the i coefficients for the 7.62mm pistol bullet and 9mm bullets are shown
in Table 2.

Table 2 — Values of the coefficient i for pistol bullets
Tabnuuya 2 — 3HayeHue KoaghchuyueHma i 019 MUCMonemHbIX nysb
Tabena 2 — BpeGHocmu KoeghuyujeHma i 3a 3pHa nuwmosrba

T f cartrid d Initial Bullet ARL
bzﬁ:to cariridge an velocity | weight, 1943 Siacci Source
Vo, MPS g 1accl
(Kirillov,
7.62x25mm Tokarev 420 5.505 1.35 0.75 1963, p.68)
9x18mm Makarov® 315 6.1 - 0.98 (Vodorezov,
' ' 2017, p.166)
ox19mm Luger (FMJ) | 376 |74 | 1526 | 0.77 (https://
forum.guns.ru, nd)
(https://
9x19mm Luger (HP) | 308 9.4 1509 | 0.755
forum.guns.ru, nd)

A comparison of the values of the coefficients i for 7.62x25mm
Tokarev indicates that its value for the ARL of Siacci is 1.8 times lower
than i for the ARL of the 1943 year.

The 1943 law drag model is often used to describe ballistics of pistol
bullets, for example, for 9mm Para cartridge (Jankovych, 2012, p.29) or
for 9mm Luger (https://guns.ru, nd).

The coefficient i can be calculated by the following formula
(Faraponov et al, 2017, p.35)

m

i=———_C
10004

* In the book of Semikolenov, Bondarenko & Krasner «Principles of small unit weapons
firing» (Semikolenov et al, 1971) on the p.67 i is named as "the coefficient for the
Erojectile shape".

The files for software Exterior Ballistics 2.5 (http://ballistics.eu/index.html, nd) contain data
for the cartridge 9x18 Makarov with FMJ bullet (6.22 g.) and V;,=346 mps: BC=0.1; drag
model G1.

500




where i — the form coefficient, dimensionless; m — the mass of the
projectile/bullet, kg; d — the caliber of the projectile/bullet, m; C — the
ballistic coefficient of the projectile, m?/kg.

«Although the coefficient i is usually regarded as a constant value,
as it can be seen from the expression

<[22

it, strictly speaking, depends on the instantaneous projectile velocity.

Therefore, using a projectile (bullet) of the same shape in different
ranges of velocity, we can get some discrepancies in the numerical
values of the coefficient i. For the same reason, the value of the
coefficient i for the same projectile and for the same initial velocity
depends on the angle of departure (AOD). This is explained by the fact
that changing of AOD gives a change in the velocity range along the
trajectory» (Shapiro, 1946, p.58).

For example, the relationship between the 1943 year ARL and the
Siacci ARL in the range of up to 5 M is shown in Figure 3 (Khaikov, 2017,
p.83). The coefficient i as a function of the Mach number (M) is
complicated, i.e. it is not monotonous. The graph of the i(M) function has
two local minimums and one local maximum (see the right graphics
window). However, i(M) can be characterized by some average value,
which is equal to half of the area under the i(M) function graph.

Cq (M), i(M) i(M)
0.8 T T T T 0.63 T T T T

i(M)
/\ _ 0.6

0.35

0.6

0.4

M s 1 M
0 1 P 3 ] 5 049 1 2 3 4 5

Figure 3 — Relationship between the two ARLs
Puc. 3 — OmHoweHue d8yx 3aKOHO8 cornpomusrieHusi 8030yxa
Cnuka 3 — OdHoc usmeRy dsa 3akoHa omrmopa ea3dyxa
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If i(M) and the coefficient i are considered as a constant, then the
function Cy(7,v) can be represented as a surface (Figure 4). For i=1, we

have a standard function C, (Z) which is a section of the surface
st a

(orange line). For i#1, the individual function C;, such as a purple line
(>1).

Using the value of the coefficient i, the caliber of the bullet, its mass,
it is possible to calculate the ballistic coefficient C (Germershausen,
1982, p.159)

C=1000-i-d> ¢

In this case, we obtain the function C4(C, v).
However, there is an alternative formula for calculating the ballistic

coefficient (BC) C =m - (d2 -i)_l. In order to avoid misunderstanding, it is

necessary to indicate a type of a calculation formula for ballistic
coefficient determination.

i@ C=f(i,%)
V --‘.--,.-._‘—,_-—_7-__-1_?-- ---------- \\‘

: Bl s

«Stretching» NS

" Border .

= Cq . — alaw of the 1943 year (i=1)
—Cq - adrag coefficient ( '.Cdet’ i=1)

© striking velocity (velocity of collision) e initial bullet velocity

Figure 4 — The function C4(i,v) in the form of a surface
Puc. 4 — ®yHkyus Cy(i,v) 8 hopme nosepxHocmu
Cnuka 4 — ®yHkyuja Cu(i,v) y 061uKy nospuiuHe
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So, if i(v) = const, then the surface (Figure 4) shows all possible
individual drag-functions which depend on i. When the coefficient i is

multiplied by C, (Kj , a linear transformation of the function takes place:
st a

for i >1, the graph is stretched from the abscissa axis i times; for 0< i <1
this is the compression of the graph to the x-axis by 1/i times.

Therefore, the standard function C, (XJ is the boundary between
st a
the «compression» and «stretching» zones of the Cy(i,v) surface. Since
any ballistic trajectory has the initial and striking velocity of the projectile,
due to the surfaces Cy(i,v) or Cy4(C,v) we can show the range of the
coefficient C,;that is necessary for flight path calculations.

Different forms of ARL expressions. ARLs or function can be
described as: a classical analytical function; a piecewise function and a
spline function. The spline function can be regarded as a special kind of
the piecewise function.

Analytical forms for the ARL of the 1943 year. In view of the fact that
the summit of the bullet trajectory in air for pistol external ballistics is not
a large value, the speed of sound can be considered as a constant value.
That is in the formula

M=v/a,

where v — instantaneous bullet velocity; a — local speed of sound
(constant).

The ARL of the 1943 year is a table-valued function that can be
found in (Konovalov & Nikolayev, 1979, p.191) and approximated using a

rational function:
-1
\% % %
cun (1) (5 (3))
a a a

The conducted investigation of possible approximation forms for the
ARL of the 1943 year led to the following rational function (Khaikov, 2017,
p.85) (0.1<v/a<4):
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Q=<

2
1.378212 - 7.1379605( j + 15.49868]{‘})
v a
443, (_j =

_ .
j + 99.290858(Vj
a

Q<

8.7777403 - 45.498974(

3 4 5
— 17.778376(Vj + 10.605229(‘}) - 1.7807148(Vj
a a a
" 3 4 5 "
- 17.778376(‘}) n 74.91108(") - 21.331814(‘})
a a a
6 ; 6 ()
- 1.6876336(‘}) + 1.164362(Vj - 0.2873904(‘))
a a a
" 6 7 8"
_ 3.0222138(") n 4.0786158(vj - 1.0962723(‘})
a a a
9
+ 0.025985844(Vj
a
9

+ 0.1012291(V)
a

Another form of mathematical expression for the ARL of the 1943
year is a sum of rational and exponential functions (R&EF) (Kozlitin &
Omelyanov, 2016, p.29):

3)

v b
Cd43R&EF (;j = z =+ 0 » +d0
Ol —| l+exp| b|— |+b,
a a

It should be noted that the rational function (i.e. first summand) uses
only even powers (from 0 to 12, namely 0, 2, 4,..10, 12). R&EF is

expressed by the following formula (0.1<v/a <4.0) with eighteen
empirical coefficients
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v
Cd43 (_j
R&EF a

- 9.4610(

2 4
~1.9382 + 4.2980() + 0.3207(Vj
a

v
a
v 2 v 4"
296.9213 - 853.9492(j + 985.5873(}
a a

8 10
) +8. 9342( j —0.9476(‘})
a

Q\<

—580. 8643(

(4)

8 0"
j +l78.6690(j —15.407].( j
a

0.0531

Q\<
Q<

+0.1639

The research carried out in (Khaikov, 2017, p.88) showed that the

matrixes P, Q, B

and D in formula (3) may have different coefficients. For

example, the matrices P;, Q;, B; and D; with alternative coefficients are

presented below:

P, =

10.189924313 —0.9050248435
—32.2497749054 2.8653174742
42.0499139169 —3.7411757325
—28.8388279297 |Q:=| 2.5742663163
9.989953385 —0.8961295841
~0.6976279168 0.0627439736
0.0403773785 —0.0036275618
0.06274397
B,=|16.399062 |D,=(11.416713)
57.358636
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The ARL of the 1943 year can be expressed as a piecewise function
(5) (Khaikov, 2017, p.80) consisting of 9 unequal intervals. This function
is a modification of the formula from (Konovalov& Nikolayev, 1979, p.84)
in which one more interval is added

0.157 0.1< (lj <0.73
a
o.oss(lj +0.133 0.73< (1) <0.82
a a
Vv 2 Vv \%
3.9(—j _ 6.4194(—) +2.8025831 0.82< (—) <091
a a a
1.5(1j—1.176 0.91< (Kj <1.00
a a
v vY v v
Coss,. (_j - —1.6(;] + 3.7632(;j ~1.8287616 1.00 < (;j <118| (5)
v -1
0.384sin(1.85(—j J 1.18< (Kj <1.62
a a
w7 v
0.29(—j +0.172 1.62 < (—j <3.06
a a
- o.ou{lj +0.301 3.06 < (ﬁj <353
a a
0.259 3.53< 1) <4.0
a

The «PWF» subscript denotes a piecewisefunction.

Analytical forms for ARL of Siacci. The F-curve for the Siacci law is
written (Mori, 2013, p.41)

0.0442v(v - 300)

371+ (")w (6)
200

F.(v) = 0.2002v — 48.05,/(0.1648v — 47.95)° +9.6 +
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Due to division by 4.74-107*v* we can transform the F-curve into
the Cy - type function (Shapiro, 1946, p.37)

F(v)
C, \v)= = 7
.0) 4.74-10™*y? ")
The ARL of Siacci as a table-valued function can be found in
(Konovalov & Nikolayev, 1979, p.191).

The technology of using spline functions is demonstrated in the
appendix to this articleas well as in (Khaikov, 2018).

Different forms of the mathematical notations for ARLs of the 1943
year and Siacci law are combined in Table 3.

Table 3 — Forms of the mathematical notations for the ARLs of the 1943 year and Siacci
law
Tabnuya 3 — ®opmbl MameMamuyecKux 0603HayeHuUl 3aKOHO8 CoNPOMuUeeHuUst
8030yxa 1943 2o0da u Cuayyu
Tabena 3 — ®opme MameMamu4Kux rojMosa 3a 3akoHe omropa easdyxa u3 1943.
200uHe u Siacci-jegoe 3aKkoHa

Analytic functions Table-valued
ARL - - . . ;
Classical analytic form Piecewise form function
1943 Formulas 2 - 4 Formula 5 *0
Siacci Formulas 6, 7 - *

Mathcad programming code. The commented Mathcad-code is
presented below. The characteristics for a pistol bullet are determined:
caliber (0.00762m = 7.62mm), weight (0.0055kg) and a value of the i
coefficient (i_43) (according to the the chosen law):

d-=0.00762 ¢:=0.0055 i 43:=1.35

®* - source corresponds (Konovalov et al, 1979, p.191).
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An angle of departure (in radians) is calculated as a set of angular
degrees, minutes and seconds:

Gradus:=0 Min:=10 Sec:=0
0, = | Gradus + Min . 5¢¢ ) _5909.10°
180 60 3600

At the point of departure, the value of the acceleration coefficient of
gravity is determined as 9.18 m/s®. Further, it is necessary to determine
the time interval of integration: its boundaries and the total number of
integration points:

tpeq:=0 fona-=1.1 Mpoinss:=1000

The initial conditions (for formula (1)) are determined as a matrix-
column y, which will contain their known numerical values:

Yo :V(O)
L= (O)
a Ya = x(O)
Y3 :y(O)

In view of the fact that the initial velocity of the 7.62mm TT bullet is
420 m/s, the matrix-column y will look like:

420
2.051x107°
0
0

Y=
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The matrix D(t, y) has the form

2
—g-Sin(yl)—/()é(—y(’)'A-i_43-Cd(&j

D(t, y) — M (8)

Yo
Yo 'Cos(yl)

Yo 'Sin(yl)

The matrix-column D(%,y) (8) is the right-hand part of the system of
ODEs (1). It includes the following variables: the instantaneous projectile
velocity v —yy, the angle of inclination of the tangent 8 —y,, the abscissa
of the trajectory x —y,; the ordinate of the trajectory y — ys. In connection
with the fact that C; in formulas (2), (3) or other presenta long and cumber-
some expression, it is given in (8) only as a «short» notation.

If a calculation in the Mathcad system is implemented, then C; must
be replaced by the complete mathematical expression. In this formula, the
sign of v (velocity) is replaced by y,. i _43 — the form coefficient of the

1943 year law in the Mathcad program.

For example, the matrix-column D(t, y) will have the form (for C4 only

three initial terms are given; the powers of Yo are from 0 to 2). A Mathcad
a

script for D(t,y )is given below:

2
1.378212 - 7.1379605()/—0) +...
a

2
)_/)'Z(A.A.i_@
-m

- & 'Sin(yl

2
8.7777403 — 45.498974[&j + 99.290858[&j +...
a a

—g-(cos(y, )
Yo
Yo COS(y 1)

Yo 'Sin(h)
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The complete Mathcad script of C, 13 (ﬁ] and
a

Cd43kw (&j expressions is given in formulas (2) and (4). In order to use
a

the piecewise function (5) for the calculation in Mathcad, we transform it
to the form:

0.15717'[0.1 <Yo o 0.73)
a

[0.033& + 0.133}{(0.73 <20 ¢ 0.082)
a a

B 2
3.9(&j ~6.419420 ¢ 2.8025831}]’(0.082 <Jo o o.glj
a a

a

[1.5& —1.176)1‘/’(0.91< Jo o 1.0]
a a

2 2
—g-sin(yl)—pz(y')) A-i_43 —1.6[ﬁj +3.7632y°—1.8287616})‘[1.0<y°s1.18J
-m a a a

D(t, y)::

0.384sin| L& if[l.lB <Jo o 1.62}

0 a

a

0.29i +0.172 if[l.62 <Pog 3.06}
a

Yo
a

[— 0.01170 4 0.301}']’(3.06 Yoo 3.53)
a a

0.259;']”[3.53 <Y< 5.0)
a

- g~ (cos(y,))’
Yo
Yo+ Cos(yl )

Yo 'Sin(J’1)
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Below we give an example of the matrix D(%,y) for the description of the
ARL and the system of ODEs (1) by using the cubic spline. The import of
the table-valued function of ARL is carried out from an external file. Its
can be the text «.txt» file or the Microsoft Excel «.xls» file’.

_g'Sin(yl)_

D(t,y):=

p-(1)

g-(cos(y,))’

-A-i_43-interp(cspline(vel,C, ),vel,C,, y,)

Yo
Yo-cos(y,)

Yo 'Sin(yl)

Alternatively, the data for the ARL may not be imported from the file,
but be part of the D(t, y) matrix. In this case, data are written in the form
of row-matrices (separated for velocities and separately for C, data).

Next, as in the previous example, we use cubic spline interpolation.

P'(yo)z

-m

- g-sin(y,)-

D(t,y)iz

‘A-i_43.

T
vel(—(O 200 400 e .j

T
Cd(—(7.105€—15 4921 51.533 e oj

int erp(cspline(vel, C, ), vel,C,,y, )

-g-(cos(,)f

Yo
Yo 'Cos(yl)

Yo 'Sin(yl)

Four black circles in two lines (vel and C;) symbolize the remaining
elements of the matrix-lines vel (tabulated instantaneous velocity) and Cy
(drag coefficient). The sign of T'denotes the matrix transposition.

The following Mathcad command-line is showed using the solver-
function rkfixed for the numerical solution of (1) (Kir'yanov, 2012, p.259):

Num_Result := rkfixed(y, tpeg tend, Npoins D) .

" Variables vel, Cd should be described as global variables. They are introduced to the
matrix D(t, y) using the «READFILE» Mathcad function.
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The solver-function rkfixed is implemented in the non-stiff fourth
order Runge-Kutta numerical method with a fixed step. More information
about the integration of ODEs in Mathcad can be found in (Khaikov,
2018, p.298).

Calculations. Calculations were performed for the ARL of the 1943
year for 4 Ctypes (RF, R&EF, piecewise, spline-function) and 2 types of
the Ciacci ARL (analytical and spline-function). The variable Num_Result
is the matrix that contains the results of the numerical solution of (1). In
this case, the matrix has the dimension of 5§ x 1001 elements and
contains 5005 numbers. Five columns of the Num_Result matrix are:
independent argument TOF (t); and elements of the matrix y (or D)
namely v, 6, x, y. 1001 rows are the sum of 1 (initial condition) and n
points. The first row of the matrix Num_Result includes t(0), v(0), 6(0),
x(0), y(0). The first column of the matrix Num_Result contains 1001
discrete TOF values: from t.,= #(0) t0 t.,q . The 5-by-1001 matrix from
the second to fifth columns (in each of them) has 1001 values of the
quantities v, 6, x, y respectively. This means that we have 1001 values of
instantaneous velocity, 1001values of 8, 1001 values of x and so on.

It was shown previously that for obtaining two trajectories with the
same horizontal range but characterized by different ARLs, it is necessary
to make selection of ballistic coefficients. This procedure allows obtaining
sufficiently close forms of both ballistic trajectories. However, due to the
fact that the bullet movement for each flight path is determined by the
intrinsic ARL, then the bullet retardation process will not coincide with
«twins-trajectories». For a comparison of dependencies between the
elements of ODEs (1), the method developed in (Khaikov, 2018, p.281-
303) will be used below. The solution of system (1) is represented as a
five-dimensional space. Each element of this 5D-space is a function
between the variables (x, y, 6, v) and the argument (¢), obtained as a result
of numerical solution (1). The angle 6 is calculated in angular minutes (or
minute of angle (MOA). Since the solution of system (1) depends on the
ballistic coefficient, it becomes possible to compare the same-named
dependencies (x;, v, 61, vi, t1), (x2 y2, 6 Vvi, t;) obtained for different
values of the coefficients ¢; and c¢,. The entire set of relations between the
variables and the independent argument of (1) is presented in Table 4.The
order of the values (x, y, 6, v, t) location in the 5-by-10017 matrix
Num_Result and in Table 4 is different.
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Table 4 — Structure of the relations for ODEs parameters (1) for two ARLs
Tabnuya 4 — Cmpykmypa coomHoweHul napamempos cucmemb! QuggpepeHyuanbHbIX
ypasHeHul (1) npu pa3nuyHbIX 3aKOHax ConPoMuUeseHusi
Tabena 4 — Cmpykmypa o0Hoca napamemapa O/L]J (1) 3a 0sa 3akoHa omrnopa ea3dyxa

X1, Xz Y1, Y2 61, 62 V1, Vo T4, T2
1 2 3 4 5
X1, Xo 1 X1 vs X4 X1 vs Y1 X4 vs 04 X4 vs V4 X4 vs T4
’ X2 Vs Xz Xz VS Y2 Xz VS 92 Xz Vs Vz Xz Vs T2
Y1 YZ 2 Y1 VS X1 Y1 VS Y1 Y1 VS 91 Y1 VS V1 Y1 VS T1
’ Y, vs Xo Y, vs Y, Y, vs 92 Y, vs V2 Y2 VS Tz
91 92 3 91 Vs X1 91 VS Y1 91 VS 91 91 Vs V1 91 Vs T1
’ 0, vs Xo 6, vs Yo 0, vs 6, 0, vs Vo 6, vs To
V1 Vz 4 V1 VS X1 V1VS Y1 V1 VS 91 V1 VS V1 V1 VS T1
’ V2 VS X2 V2VS Y2 V2 VS 92 V2 VS Vz V2 VS T2
T T, 5 T4 vs X4 T1vs Yq T1 vs 04 T4 vs V4 T1vs T4
’ T2 VS X2 T2 VS Y2 T2 VS 92 T2 VS V2 Tovs Ta

- relationship between the variables of ODEs (1);

- relationship between variables (1) and argument (t);

- diagonal cells.

The graphs lying inside the green backgroundare the functions
between the variables of ODE (1) (x, y, 6, v). The graphs located inside
the blue background associate the variables with the argument TOF ({).
The diagonal cells-graphs placed on a light yellow background of the
graphics window show the functions depending on themselves, for
example, «y is a function of y» and so on. A small red square on each of
25 graphs shows the starting point. If we plot a horizontal and vertical line
through the starting points of any graph (see Figure 5), they will connect
the starting points of the graphs along the vertical row and the horizontal
line.

Results analysis. Determining the magnitude of the relative error
(MRE) for pistol ballistics using two different ARLsis an important
element of assessment. To do this, we find the MRE of the horizontal
range, the height of the trajectory, the angle of inclination of the velocity
vector and the instantaneous velocity as functions of TOF. The relative
error is expressed in percent.
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Figure 5 — Relationship between the ballistic parameters8 ODEs (1) for ARL of Siacci
(blue dotted line) and 1943 year (red solid line) (in accordance with Table 4)

Puc. 5 — CoomHoweHue mex0dy bannucmudeckumu napamempamu cucmemsi (1) npu
3aKoHax cornpomuerieHusi 8030yxa Cuayyu (CuHsist nyHKkmupHasi nuHusi) u 1943 2oda
(KpacHasi crifiowHas 1uHusi) (coenacHo mabin. 4)

Cnuka 5 — O0Hoc usmely 6anucmuykux napamemapa OLJ (1) 3a Siacci-jee 3akoH
omriopa ea30yxa (nnasa ucrnpekudaHa fuHuja) u 3akoHa u3 1943. 2oduHe (rMyHa upeeHa
nuHuja) (npema mabenu 4)

Evaluation of the MRE for the horizontal range is
5.(t)= 100M.

X (t )43

8 each of 25 windows of Figure 5 contains 2 graphics, characterizing the ballistic
parameters in relation to the 1943 ARL and the Siacci ARL.
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The MRE for the height of the trajectory is

|J’(t)43 - y(t)Si| .

5,(t)=100 0.

The evaluation of the MRE for the instantaneous velocity of the
projectile is

|V(t)43 - V(t)5i|
V(t)43 .

The MRE for the angle of velocity vector relative to the base of a
trajectory

J,(¢)=100

|‘9(t)43 - e(t)5i|

0(t),s

The subscript «43» denotes that the calculations characterize the
1943 ARL and «Si» stands for Siacci.

The results of the calculations are shown in Figure 6. The MRE is
found for a TOF interval of 0-1.1 s. The time of 1.1 seconds corresponds
to the time of impact.

Figure 6a gives the function MRE of the horizontal range vs

TOF §(¢) and the instantaneous velocity vs TOF &, (¢). The results of the
calculations and comparisons show that 5x(t) and 5v(t) are TOF-
increasing functions. The maximum MRE for §_(¢) is 0.3% for TOF 1.1

seconds. A function characterizing the MRE for the instantaneous
velocity &,(¢)has a similar character (Figure 6a). The maximum value of
this function is 0.8% (for the same TOF point).

The result of dividing the function 5v(t) by the function dr(t) is
shown in Figure 6b. Thus, the MRE for the instantaneous velocity is
approximately 2.8-3 times larger than the MRE for the horizontal range.

In contrast to the functions mentioned above, the functions59(t),

5,(t)=100

5y(t) do not have an increasing character; moreover, they have

discontinuities (Figures 6¢, 6d). The discontinuity for the function 5€(t)
corresponds to the vertex of the trajectory. At this point, the angle @ is
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zero (division by zero). The discontinuity for the function ﬁy(t)

corresponds to the point of impact. At this point, the height of the
trajectory y is zero too and we have division by zero.

§2(6)% 6, (2),%

0z
0.6
0.4
0z
1]

100

0

o

- 50

- 100

o

--EI.EIS
5, (£). %

t,s

o

0.0s

0.1

015

0z

8, (B0 65t

5, () %

300

200

100

o

- 100

0.0s

t,s

o

0.0s

0.1

01

0z

Figure 6 — Results of the error analysis: &, (t), &,(t), &,(t), &,(¢)

Puc. 6 — Pesynsmamei ananusa nozpewrocmell: oyHkuuu S (t), 8,(t), 8,(t), s, (¢)

Criuka 6 — Pesynmamu ananuse epewaka §,(t), 5,(¢), &,(¢), s, (¢)

In contrast to the functions mentioned above, the functions o, (t) and

8,(t) do not have an increasing character as functionsd,(¢) and &, (¢);

moreover, they have discontinuities. The discontinuity for the function 6(z)
corresponds to the vertex of the trajectory (¢ = 0.084 s). At this point, the
0(t) = 0 (division by zero). The discontinuity for the function &, (t)

corresponds to the point of collision (¢ = 1.1 s). At this point, the height of
the trajectory is zero (division by zero).
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Summary and conclusions

The evaluations and external ballistics trajectories of the TT pistol
with 7.62x25mm Tokarev cartridge are given for two ARLs (the 1943
year and Siacci). The characteristic of the internal-ballistic period for the
TT is shown. The calculation feature is to use various forms of the ARL
mathematical notation: the classical analytical formulas, the piecewise
formula and the function-tables form.

For the ARL of the 1943 year, a graphical interpretation of Cy(i,v)
function in the form of a surface and its main elements is visualized.
Depending on the value of the form coefficient i, it is demonstrated how
the standard drag-function Cy(v) is transformed.

A method of graphical comparison of the ballistic trajectory
parameters is represented. This comparison takes place in a 5x5 matrix.

It is shown that due to the selection of the ballistic coefficients, it is
possible to obtain sufficiently close «twins-trajectories». However, in
connection with the fact that the movement of the bullet in each of them
is determined by different ARLs, then the slowing down of the bullet on
each of them will have its own independent nature and therefore will not
coincide with the «twins-trajectories».

The computer simulation considered for the ARLs of the 1943 year
and Siacci for the 7.62x25 Tokarev cartridge indicates that the profiles of
the function of instantaneous projectile velocity vs time of flight had the
greatest non-coincidence in relation to other ballistic parameters (e.g.
horizontal range, height of the trajectory, etc.) The obtained maximum of
the relative error was 0.8%. Its magnitude localizes at the point of impact.
The simulation results showed that the MRE for the instantaneous
velocity is approximately 2.8-3 times larger than the MRE for the
horizontal range.
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Appendix

Analytical form of the cubic spline function that expresses the
air resistance law of the 1943 year in the Mach number range from
0.1t04.0

The spline functionC,,; . (M)is given on the interval divided into 39

segments (parts). A cubic spline is a function that: on each segment
there is a cubic polynomial and it has continuous first and second
derivatives on the whole interval 0.1-4.0 M.Table 5 serves to describe a

cubic spline C,,3 (M) which is defined on 39 segments. All 39 parts of
the spline function have the same length equal to 0.1 M.

fo(M)  LSB, <M < RSB,
Caasg (M) = f,(M) LSB, <M < RSB, |,

fus(M) LSB,, <M < RSB,

whereﬁ(M) — the cubic polynomial assegments(parts) with the number

i; LSB;; RSB; — the left and right segment borders; M — the Mach number
as an argument of C,,, (M).

Each of the 39 cubic polynomials f,(M ) has 4 coefficients. The total
number of coefficients for C,,; is 156. The numbers in columns four
through seven (Table 5) describe a polynomial in the form:

3 2
ﬁ(M) =a,M°+a, M +a,M +a,,
where a3, a, a;, ap— the calculated coefficients.

The spline function consisting of 39 segments and described by the
coefficients from Table 5 is shown in Figure 7. All of the 39 cubic
polynomials drawn in the same range of Mach numbers, i.e. in a range of
0.1- 4 M, give a large number of «branches». Figure 7 and Table 5 were
obtained using software (Arndt Briinner, 2018).
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Cd 435

. M

Figure 7 — Graphical construction of the Air Resistance Law of the 1943 year

using 39 cubic polynomials in the MN range from 0.1 to 4 M
Puc. 7 — pachuyeckoe KoHcmpyuposaHue 3aKkoHa cornpomusreHusi 8030yxa 1943 eoda c
nomouwibto 39 Kybuyeckux nonuHomos, duanasoH 0.1-4 M
Cnuka 7 — 3akoH omropa sa3dyxa u3 1943. 2coduHe, epaghuyku npukasaH rnomohy 39

Kyb6Hux nonuHoma y onceay 00 0,1 do 4 maxa

Table 5 — Interval borders and coefficients of the cubic polynomials that describe

the ARL of the 1943 year

Tabnuua 5 — NpaHuubl UHMepPs8arnos u Ko3ghguUuUueHMbI, ONuUCkI8aOWUe 3aKOH
conpomusrneHusi 6o30yxa 1943 eoda

Tabena 5 — paHuue u koeguyujeHmMu uHmepsana KybHUX rnouUHOMa Koju Ornucyjy 3akoH

omropa sa30yxa u3 1943. coduHe

Num- | Borders Coefficients of the cubic polynomials with the argument M
ber Left Right | M”3 MA2 MA1 MAO

1 2 3 4 5 6 7

1 0.1 0.2 -0.00779 0.002337 -0.000156 0.157

2 0.2 0.3 0.038952 -0.025708 0.005453 0.156626
3 0.3 0.4 -0.148018 0.142565 -0.045029 0.161674
4 0.4 0.5 0.553119 -0.6988 0.291517 0.116801
5 0.5 0.6 -1.064459 1.727567 -0.921666 0.318999
6 0.6 0.7 1.704716 -3.256948 2.069043 -0.279143
7 0.7 0.8 -2.754406 6.10721 -4.485868 1.250336
8 0.8 0.9 35.312909 -85.254348 68.603379 -18.24013
9 0.9 1.0 -61.497231 176.13303 -166.645262 | 52.334463
10 1.0 1.1 23.676014 -79.386704 88.874473 -32.838782
11 1.1 1.2 2.793175 -10.473335 13.069766 -5.043723
12 1.2 1.3 0.151287 -0.962537 1.656809 -0.478541
13 1.3 14 1.601679 -6.619067 9.010297 -3.665052
14 14 15 -0.558002 2.451591 -3.688623 2.261111
15 15 1.6 0.630327 -2.89589 4.332598 -1.7495
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Num- | Borders Coefficients of the cubic polynomials with the argument M
ber Left Right | M*3 MA2 MM M70

16 1.6 1.7 -0.963308 4.753562 -7.906526 4.778033
17 1.7 1.8 1.222906 -6.396132 11.047955 -5.96284
18 1.8 1.9 -0.928316 5.22047 -9.861929 6.583091
19 1.9 2.0 0.49036 -2.865984 5.502333 -3.147608
20 2.0 2.1 -0.033122 0.274906 -0.779447 1.040245
21 2.1 2.2 -0.357871 2.320827 -5.075881 4.047749
22 2.2 2.3 0.464608 -3.107534 6.866514 -4.710007
23 2.3 24 -0.500559 3.552115 -8.450678 7.033173
24 2.4 25 0.537628 -3.922831 9.489192 -7.318723
25 25 26 -0.649953 4.984029 -12.777958 11.237235
26 2.6 2.7 1.062185 -8.370651 21.94421 -18.85531
27 2.7 2.8 -1.598787 13.183226 -36.251257 33.52061
28 2.8 2.9 1.332964 -11.443485 32.703532 -30.837193
29 2.9 3.0 -0.733069 6.530999 -19.42247 19.551276
30 3.0 3.1 0.59931 -5.460413 16.551765 -16.42296
31 3.1 3.2 -0.664173 6.289986 -19.874472 21.217485
32 3.2 3.3 1.057383 -10.236952 33.011728 -35.194462
33 3.3 34 -1.565357 15.728176 -52.673194 59.058953
34 3.4 3.5 1.204047 -12.519753 43.369764 -49.789733
35 3.5 3.6 -0.250832 2.756477 -10.097038 12.588203
36 3.6 3.7 -0.200721 2.215277 -8.148718 10.250219
37 3.7 3.8 0.053714 -0.608947 2.300908 -2.637653
38 3.8 3.9 -0.014135 0.164534 -0.63832 1.085369
39 3.9 4.0 0.002827 -0.033925 0.13567 0.079182

The Internet online service (Arndt Brinner, 2018) can be used for
cubic spline calculation and spline function visualization.
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KOMMbIOTEPHOE MOAENMPOBAHWE BHELHEW BANNTUCTUKA
MACTONETA C NCMNOJIb3OBAHMEM ABYX PA3NNYHbBIX
3AKOHOB COIMPOTUBIIEHNA BO3OYXA (paccmoTpeHue Ha
npumMmepe nuctoneta 7.62 mm TT)

Badum J1. Xalikos,
He3aBUCUMBbIV UccrneadoBaTenb, . KpacHogap, Poccuiickaa depepauns

OBJIACTb: mexaHuka - 6annucTuka
BWO CTATbW: opurmHanbHasa HayyHas ctaTbs
A3bIK CTATbW: aHrnuickuin

Peswome:

Ana nucmonemos M54, M57 (7.62%25 Tokapee nampoH) cobpaHbl
bannucmuyeckue napamempbl xapakmepusyruue ux bannucmuky. B
cmamee OaH pacyém eHewHebannucmu4eckux mpaekmopud 0nsi dgyx
3aKoHo8 corpomuerieHusi 8o30yxa: 1943 2o0a u Cuauyu, rnpu 3mom
ucrnonb308aHbl  pasHble  8UObl UX  Mamemamuyeckol  3anucu
(knaccudeckue aHanumuyeckue ¢hopmyrisi, hopMyribl KyCO4HO20 8uda, a
makxe yHKyuu-mabnuupl). [ns peweHus bannucmu4yeckol cucmemsbl
OugbbepeHyuanbHbIX ypasHeHul npu mabnudyHoMm 3adaHuu ¢yHKUUU
conpomuseneHusi 8030yxa UCrOMb3yomcs crnalHbl. [ns 3akoHa 1943
200a rokasaHa epachudeckasi uHmeprpemauusi pyHkyuu Cy(i,v) 8 sude
rogepxHocmu U €€ OCHOBHble 3rieMeHmbl. [loka3aHO, 4mo makyto
[108EPXHOCMb MOXHO rocmpoume Orisi 1106020 3aKOHa COMPOMUBIeHUsI
8030yxa. [loka3aH criocob epaghuyHeckoeo cpasHeHus bannucmu4YecKux
MpaeKmopHbIX fnapamempos. Bce 6bIyucrieHuUsi 8binosiHeHbl 8 cpede
Mathcad 15, e cmambe npueedéH npozpamMmHbIl KOO pacyéma.
lNoka3aHo, Ymo 3a c4ém rnodbopa barnIucmu4yeckux KoaghgbuyueHmos
MOXHO noslydums docmamoyHO 6ru3kue Mo ¢bopMe mpaeKkmopuu.
OdHako 8 cesi3u C meM, 4mo O8UXeHUe Mynu Mo Kaxoou u3 Hux
oripedensiemcsi pasHbIMU 3aKoHaMmu COrpomuesieHusi eo3dyxa, mo
3ameldrieHue nynu Ha Kaxool u3 Hux bydem umemb C801 CO6CMBEHHYIO
Hesasucumyro ¢hopMmy U MO3MOMYy MOXem He coenadamb C
«mpaekmopuel-080UHUKOM».

Knwyesble criosa: e6HewHsIs b6annucmuka, nucmonem M54,
nucmonem M57, nampoH 7.62%x25 TT, 3aKoH conpomueneHusi
8030yxa, mpaekmopus nynu, criadH, Mathcad.
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KOMMJYTEPCKA CUMYNALMJIA CNOJbHE BANNUCTUKE
MAWTO/LA NPUMEHOM [OBA PA3NMWYUTA 3AKOHA OTMOPA
BA3OYXA (Ha npumepy nuwitorba 7.62 mm TT)

Badum J1. Xajkos
HesaBWcHW nctpaxusad, KpacHopap, Pycka ®epnepaumja

OBJIACT: mexaHuka — banuctuka
BPCTA YJTAHKA: opurMHanHm HayyYHu YnaHak
JE3VK YNTAHKA: eHrnecku

Caxemak:

8a banucmuky memka nuwmoJsba (MywkKe) Kapakmepucmu4Ha cy 0ea
banucmuyka KoegbuyujeHma Koja ce OOHOCe Ha pasfudume 3aKoHe
omropa 8a3dyxa. Konuko cy crnudHe basucmuyke nymare 0obujeHe
rnomohy pasnu4umux 3akoHa U Kakge cy passniuke usmely mwux? Y
osom pady ripouerbyje ce crnosbHa banucmuyka fymarba Ha OCHO8Y
0sa 3akoHa onimopa ea30yxa (3akoH u3 1943. 2oduHe u Siacci-jes
3aKkoH). Ceu dobujeHu pesynmamu odHoce ce Ha nuwmosb TT ca
MemkoMm ,mokapes8” Kanubpa 7.62x25 mm. Y pady je, makohe,
npukaszaH HayuH u3padvyHaearba banucmuyke ymare ako je 3aKOH
omropa ea3dyxa u3paxeH Kao payuoHasiHa QyHKUuja, fpekudHa
¢yHKyuja unu spline. 3akoH onmopa ea3dyxa u3 1943. eoduHe
npukasaH je kao epagpuyka uHmeprnpemauuja yHkyuje Cd (i,v) y
obnuky nospwuHe. [llokasaHo je Oa je moeyhe Oobumu 0080SbHO
cnudaH obnuk  bamucmudykux — riymarea  3axeasbyjyhu  uzbopy
banucmuykux koeguyujeHama. MpedcmasrbeH je Memod epachuykoa
rnopefjera  criorbHUX — banucmuykux — rapamemapa, Kao U
MamemMamuyku anamu 3a KeaHmumamueHy aHanu3y obnuka
banucmuykux kpueux. lMpednoxeHo je Oa ce pasnuka usmehy dse
nymare o0pedu nomohy penamusHe gpeuwke y 00Hocy Ha u3abpaHu
banucmuyku napamemap. Komrjymepcka cumynayuja 0ea rnomeHyma
3aKoHa omriopa sa3dyxa 3a 3pHO ,mokapes” kanubpa 7.62x25 mm
rnokasyje Oa cy npogunu ¢pyHKyuje o0Hoca mpeHymHe O6p3uHe
rnpojekmurna u epemMeHa riema umanu Hajeehe Henodydaparwe y
00HOCYy Ha ocmarne 6anucmudke rnapamempe (Hrp. XOpU3OHMaJsIHU
domem, eucuHy nymare, umd.). Hajeeha OJdobujeHa epedHocm
penamusHe gpewke buna je 0,8%, nokanusoeaHa y madku ydapa.

KrbyuHe peyu: Komrjymepcka cumynauyuja, crosbHa 6anucmuka,
nowmosb TT, 3aKkOH omropa ea3dyxa, QyHKyuja 4eoHO2 omiiopa,
3aKoH u3 1943. 2oduHe, nymarsa 3pHa, spline, Mathcad
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