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Abstract:

In this survey paper, we consider some known results from the fixed
point theory with complex domain. The year 1926 is very significant for
this subject. This is the beginning of the research and application of the
fixed point theory in complex analysis. The Denjoy-Wolf theorem,
together with the Banach contraction principle, is one of the main tools
in the mathematical analysis.

Keywords: fixed point, Jordan curve, analytic function, complex
Banach space.

Introduction and preliminaries
Let f be an analytic map of the unitdisk D = {ZeC:|Z|<1} into
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itself. Now, we want to consider the fixed point of f and especially
a lemma implies that f has at most one fixed point in D and some
maps have no fixed point. If f :D — D is a continuous map, then f

must have a fixed point in D. From now on, we make the assumption
that f is an analytic function on the open disk D .

Definition 1.1 Suppose that f is an analytic map of the unit disk D
into itself. We say that ac D is a fixed point of f if f(a)=a. Also,
aedD is a fixed point of f if lim,_;- f(ra) =a.

The Julia-Caratheodory theorem implies that if aedD is a fixed
point of f, then lim,_- f(ra) exists (we callit f'(a))and 0< f'(a)< .

Theorem 1.2 ( The Denjoy-Wolf theorem from 1926.) If f is an
analytic map of D into itself, but not the identity map, there is a unique
fixed point a of f in D such that f'(a) <1.

The point a in the above theorem is called the Denjoy-Wolff point of f .
The Schwarz-Pick Lemma implies that f has at most one fixed
pointin D and if f has a fixed point in D, it must be the Denjoy-Wolf

point.

1
Z+—
2
z

1+
2

Example 1.3 1) The mapping f(z)= is an automorphism of

D with the fixed points 1 and —1, but the Denjoy-Wolff point is a =1
because f’(l):% (f'(-1)=3)

5 has three fixed

2) The mapping f:D — D given by f(z)= ; -

points: 0, 1, and —1. The Denjoy-Wolff point is a=0 since f’(O):%

and f'(+1)=3.
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3

3) The mapping f(z)= 222 +31
+1

with the Denjoy-Wolff point a=1 because f'(1)=1 (note that
f(-1)=9).

is an inner function fixing 1 and -1,

4) The inner function f(z):exp(z—?j has a fixed point in D
Z_
which is the Denjoy-Wolff point (a ~.21365), and infinitely many fixed

points on oD.

Definition 1.4 Let f :D — D be an analytic map. The set

F ={z eD:lim f(rz)= z}

r—1-

is called the fixed point set of f .

Theorem 1.5 If f is an analytic function that maps the unit disk into
itself, then there exists E — F which has linear measure zero.

Example 1.6 Let K be a compact set of measure zero in 0D. There
is a function f analyticin D and continuous on D such that f(D)c D
and the fixed point set of f is {0}UK.

Theorem 1.7 Let f be a univalent analytic function that maps the
unit disk into itself. Then the set F has capacity zero.

Example 1.8 For a given compact set K in 0D of capacity zero and
a point ae€ 0D\ K , there exists an analytic and univalent function in D
(say f ) suchthat f(D)c D and F ={ajUK.

In the next theorem, it is required that the Denjoy-Wolff point a = b,
be normalized, i.e., b, =0 or b, =1.

Theorem 1.9 Let f be an analytic function with f(D)c D and
suppose that by,b,,...,b, are fixed points of f.
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«If b, =0, then

i 1 on 1+ f(0)
b )1 -1 (0)

«If by=1 and f'(1)=1, then
¢

-1 _ Q)
Zf'(bj)—1‘1—f'(1)'

j=1
“If by=1and 0< f'(1)<1, then
2
n fL-b)|

Y lby)-1s< 2Re(%—l}

=

Moreover, the equality holds if and only if f is the Blaschke product
of order n+1 in case 1) or of order n in cases 2) and 3).
If f has infinitely many fixed points, then the appropriate inequality

holds for any choice of finitely many fixed points. In particular, only
countably many fixed points of f can have a finite angular derivative.

If by,b,,b,,... are countably many fixed points for which f'(bj)< 0,

then the corresponding infinite sum converges and the appropriate
inequality holds.
With the assumption that an analytic function f is univalent and that

the Denjoy-Wolff pointis b, =0 or b, =1, we have the next assertion.

Theorem 1.10 Let f be a univalent analytic function with
f(D)c D and suppose b,,b,,...,b, are fixed points of f.

«If b, =0, then

Zn:(log f'(bj ))_1 <2ReB™

=1
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where B = |imH1—Iog{ f(rb,) j and |imzﬁolog(@j: log f'(0).

£(0)rb,

+1f by =0 and 0< f'(1)<1, then > (log f (b, )}* <~(log ' (V).

j=1

Moreover, the equality holds if and only if f is embeddable in a
semigroup and f(D)= D with n analytic arcs removed in case 1) or
n—1in case 2).

n _ 2
« If by=1 and f'(1)=1, then Zcf(logf'(bj))_lsﬂogﬂ,
=L |£(0)
where

= limea |m[log(1 f(rb,)- £(0) 1- f(o)ﬂm_

b, 1-1(0)f(1b,) (1)~ 1(0)

Remark 1.11 In (Anderson & Vasil'ev, 2008, pp.101-110), the
authors proved for b, = 0, case 1), the inequality

LIS 202 1
gf (b, pi > o

n
where ¢ >0 and Zaj =1. The equality holds only for the unique
j=1
solution of a given complex differential equation with a given initial
condition.
Considering b, =0, case 3) and the assumption that f is
embeddable in a continuous semigroup, in (Contreras et al, 2006,
pp.125-142) was proved that

1 Reb

W =Reo (O),

where G is the |nf|n|teS|maI generator of the semi-group and o is the
map from the linear fractional model.
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In case 3), an equality condition is not included and maybe this

inequality is not the best possible. Also, a sharp inequality to describe the
general case has not yet been obtained.

Main results

It is known that a continuous mapping of a simply connected, closed,
bounded set of the Euclidean plane into itself has at least one fixed point.
Let F be an analytic function in some domain S of the complex
plane. Standard results in real numerical analysis show that the equation

z=F(z) has at least one solution, called a fixed point of F. If S is
bounded and simply connected, F is continuous on the closure S of S,

and F(§)c S. If the mapping F is a contraction, then there is a unique
fixed point, and the iteration sequence defined by z 6 = F(Zn),
n=0,1,2,... converges to the fixed point for every choice of z, €S. IfS
is convex, then a necessary and sufficient condition for the mapping to
be a contraction is that the derivative F of F satisfies ‘F'(z)(gk,

zeS, where k<1.

The purpose of the next theorem is to show that the conclusion is
not affected if we replace the assumption that F is a contraction by the
condition that F is an analytic function.

Theorem 2.1 (Henrici, 1969)
We first prove a reduced form of the theorem. Let S denote the
interior of a Jordan curve T', let F be analytic in S and continuous on

SUT, and let F(SUT)cS. Then F has exactly one fixed point, and
the iteration sequence defined by z.., = F(Zn), n=0,1,2,... converges
to the fixed point for arbitrary z,€ S UT.

Note that the function F(z)= %zmo in |z| <1 satisfies the hypothesis

and ‘F'(z)‘ is arbitrary large.

Proof. First let S be the unit disk. By the hypothesis, we have

568



r:= maX|F(ZX<l. (1)

|z|<1
To prove the existence of a zero of z = F(z), we apply the Rouche

theorem (Ahlfors, 1953) with z in the role of the 'big’ function and F(Z)
in the role of the 'small’ function. Then, using (1), we can conclude that
z—F(z) and z have the same number of zeros inside |z|=1, namely

exactly one.
With s denote the unique fixed point and let

Z-S

tlz)= =.

() 1-1zs
This is a linear transformation which maps |Z|£1 onto itself and

sends s into 0. Hence, the function G =toF ot™" has the fixed point 0
and it is continuous mapping of |z|<1 onto a closed subset of |z|<1.

Hence,
k :=sup|G(z) <1.

|z|<1
We can certainly assume that k >0, since otherwise, G and F are
constant and the proof is straightforward. The function k™'G vanishes at
0 and is bounded by 1, hence by the Schwarz lemma (Ahlfors, 1953) we

have k’l|G(z)| S|z| and consequently,
G(z) <k|z] (2)
for all z such that |Z|Sl.

Let w, =t(z,). Since

Wy =t(z00) = F(F(z,) = t(F (7 (w,))= G(w, ),

we conclude from (2) that |w,,|<kw,| hence that |w,|<k"|w,|, and

n+1
finally that w, — 0.

From the above, it follows that the iteration sequence converges to
the fixed point, i.e., z, =t™*(w, ) —>t7(0)=s.

We now turn to the case where S is an arbitrary Jordan domain. By
the Osgood-Caratheodory theorem (Caratheodory, 1960), there exists a
function g that maps S conformally onto |z| <1 and SUTI continuously
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and one-to-one onto |z|£1. It is easily seen that the function
H=goFog™ satisfies the hypotheses of the theorem for the unit disk.
Furthermore, if the points z, are defined by z = F(Zn), n=012,...
and w, = g(zn), then w,,, = H(Wn)' Consequently, the validity of the
theorem for the unit disk implies the validity for the general case.

We add some problems related to the previous theorem.

* It can be shown that k < 2r 5
1+r
«If S is the unit disk, than |z, —s|<(1+r)k", n=0,1,2,...
-« Let F(s)=F'(s)=---=F™¥(s)=0, F™(s)=0, for some

integer m>1. If S is the unit disk, show that
z,—8|<@+r)k'+k*+--+m", neN.

* A research problem is whether similar results can be established
for systems of analytic equations.

A set S is said to lie strictly inside a subset D of a Banach space if
there is some & >0 such that B,(x)c D whenever x e S. The following

theorem may be viewed as a holomorphic version of the Banach’s
contraction mapping theorem.

Theorem 2.2 (Earle & Hamilton, 1970, pp.61-65)
Let D be a nonempty domain in a complex Banach space X and

h:D—D a bounded holomorphic function. If h(D) lies strictly inside D,
then h has a unique fixed point in D.

Proof. Let us construct a metric p, called the CFR-pseudometric,
with the contraction h. Define
a(x,v)=sup{g'(xV: g :D — Aholomorphic| for xeD and ve X and
set
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for y in the set I' of all curves in D with piecewise continuous
derivative. Clearly « specifies a seminorm at each point of D. We view
L(y) as the length of the curve y measured with respect to a. Define

p(x,y)=inf{L(y):y e, 7(0)= x, (1) = y}
for x,y eD. ltis easy to verify that p is a pseudometric on D.
Let xeD and v e X . By the chain rule, we have

(goh)(x) = g'(h(x)h’(x
for any holomorphic function g :D — A. Hence,
a(h(x),h'(x)v) < a(x,v). (3)

By integrating this and applying the chain rule, we obtain
L(hoy)<L(y) for all yeT and thus the Schwarz-Pick inequality

p(h(x),h(y))< p(x, y) holds for all x,y eD.
Now, by hypothesis, there exists an £>0 such that B,(x)cD

whenever X eDD. We may assume that D is bounded by replacing D by
the subset
U 1B, (h(x)): xeD}

Fix t with 0<t <§, where ¢ denotes the diameter of h(D). Given

x e D, define

h,(y) = h(y)+t[h(y)-h(x)]
and note that h;:D — D is holomorphic. Given xeD and ve X, it
follows from h,'(x)v = (L+t)n’(x)v and (3) with h replaced by h, that

a(h(x) (X)) < ﬁa(x,v).

Integrating this as before, we obtain

1
ph(x)h(y))< —plxy)
for all x,y eD.
Now pick a point x, €D and let {Xn} be the sequence of iterates
given by x, =h"(x,). Then {x,} is a p-Cauchy sequence by the proof of
the contraction mapping theorem.
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Since X is complete in the norm metric, it suffices to show that
there exists a constant m >0 such that

plxy)z mfx-y @
for all x,y eD. Since D is bounded, we may take m =%, where d is

the diameter of D. Given xeD and ve X, define p(y)=ml(y—x),
where le X" with ||I||:1. Then g:D—>A is holomorphic and

Dg(x)v=ml(v). Hence a(x,v)=m|v| by the Hahn-Banach theorem.

Integrating as before, we obtain (4).

The previous result, so called the Earle-Hamilton theorem, is still
applied in cases where the holomorphic function does not necessarily
map its domain strictly inside itself. The following fixed point theorem is a
consequence of two applications of the Earle-Hamilton theorem.

Theorem 2.3 (Khatskevich et al, 1995, pp.305-316, S. Reic et al,
1996, pp.1-44)

Let D be a nonempty bounded convex domain in a Banach space
and h:D—D a holomorphic function having a uniformly continuous

extension to D. If there exists an & >0 such that [h(x)—X|> & whenever
x € 0D, then h has a unique fixed point in D .

The hypothesis that [h(x)—X|> & for all x €D is satisfied when D
[n(x)
[

have been obtained for the case where D is the open unit ball of a
Hilbert space.

contains the origin and sup,_., <1. Considerably stronger results

Theorem 2.4 (Goebel et al, 1980, pp.1011-1021)

Let D be the open unit ball of a Hilbert space and h:B—>B a
holomorphic function. If there is a point X, in B such that the sequence
{h”(xo)} of iterates lies strictly inside B, then h has a fixed pointin B. If
x € 0D, then h has a unique fixed pointin D .
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It is more complicated to obtain fixed points for nonexpansive
mappings which are not contractive. One important result is that a
nonexpansive self-mapping of a closed bounded convex set in a
uniformly convex Banach space has a fixed point. In (Goebel et al, 1980,
pp.1011-1021), it was shown that the CRF-metric p in the open unit ball

B of a Hilbert space is uniformly convex and the fixed point theorem for
holomorphic self-mappings of B was obtained.

Theorem 2.5 Let B be the open unit ball of a Hilbert space and
h:B — B an arbitrary function satisfying the Schwarz-Pick inequality:

ph(x).h(y)< p(x,y) -
for all x,y e B. If h has a continuous extension to B, then h has a fixed

point in B.

Corollary 2.6 If h:B— B is a holomorphic function that has a
continuous extension to B, then h has a fixed point in B.

For a treatment of the Cartesian products of the Hilbert balls, we
refer the reader to ( Kuczumow et al, 2001, pp.437-515).

Szhwarz lemma and its application in the fixed point
theory

In this section, we will restrict our attention to the paper (Xu et al,
2016, 2016:84) where the sharp estimates of a boundary fixed point is
obtained using the Schwarz lemma. This lemma provides a very powerful
tool for studying several research fields in complex analysis. For
example, almost all results in the geometric function theory rely heavily
on the Schwarz lemma (Ahlfors, 1953), (Anderson & Vasil’ev, 2008,
pp.101-110), (Beardon, 1990, pp.41-150), (Beardon, 1997, pp.1257—-
1266), (Budzynska et al, 2012, pp. 504-512), (Budzynska et al, 2013a,
621-648), (Budzynska et al, 2013b, pp.747-756), (Burckel, 1981,
pp.396—407), (Caratheodory, 1960), (Contreras et al, 2006, pp.125-142),
(Cowen, 2010), (Cowen, 1981, pp.69-95), (Cowen & Pommerenke,
1982, pp.271-289), (Denjoy, 1926, pp. 255-257), (Earle & Hamilton,
1970, pp.61-65), (Goebel et al, 1980, pp.1011-1021), (Goebel, 1982,
pp.1327-1334), (Harris, 2003, pp.261-274), (Hayden & Suffridge, 1971,
pp.419-422), (Hayden & Suffridge, 1976, pp.95-105), (Henrici, 1969),
(Julia, 1918, pp.47-295), (Khatskevich et al, 1995, pp.305-316),
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(Kuczumow, 1984, pp.417-419), (Kuczumow et al, 2001, pp.437-515),
(Lemmens et al, 2016), (Mateljevi¢, 1998, pp.1-4), (Reich & Shoikhet,
1996, pp.1-44), (Rudin, 1978, pp.25-28), (Suffridge, 1974, pp.309-314),
(Wolff, 1926), (Xu et al, 2016, 2016:84). On the other hand, the Schwarz
lemma at the boundary is also useful in complex analysis, and various
interesting results have been obtained (Ahlfors, 1953), (Anderson &
Vasilev, 2008, pp.101-110), (Beardon, 1990, pp.41-150), (Beardon,
1997, pp.1257-1266), (Budzynska et al, 2012, pp. 504-512),
(Budzynska et al, 2013a, pp.621-648), (Budzynska et al, 2013b, pp.747—
756), (Burckel, 1981, pp.396—407), (Caratheodory, 1960), (Contreras et
al, 2006, pp.125-142), (Cowen, 2010), (Cowen, 1981, pp.69-95), (Cowen
& Pommerenke, 1982, pp.271-289), (Denjoy, 1926, pp.255-257).

We will summarize without proofs the relevant material on (Xu et al,
2016, 2016:84). First we set up the notation and the terminology.

Let D denote the unit disk in C . With the notion H (D, D), we have

the class of holomorphic self-mappings of D . Here, N stands for the set
of all positive integers. The boundary point & € 0D is called a fixed point
of f eH(D,D) if
£(&)=1im f(ré)=¢.
r-1-

The classification of the boundary fixed points is given at the
begging of this survey. This classification can be done via the value of
the angular derivative

: f(z)-¢
f =Zlim—————,
(é:) ¢ Z—§
which belongs to (O,OO) due to the Julia-Caratheodory theorem (see

Julia, 1918, pp.47—-295). This theorem also asserts that the finite angular
derivative at the boundary fixed point & exists if and only if the

holomorphic function f'(z) has the finite angular limit Z|im,_,. f(z). For
a boundary fixed point & of f, if f'(£)e(0,0), then & is called a
regular fixed point. The regular fixed point is attractive if f'(£)e(0,1)

neutral if f'(£)=1, or repulsive if f'(&)e(L,o0),

By the Julia-Caratheodory theorem (Julia, 1918, pp.47-295) and the
Wolf lemma (Wolff, 1926), if f e H(D,D) with no interior fixed point,
then there exists a unique regular boundary fixed point & such that
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f'(£)e(0,1] and if feH(D,D) with an interior fixed point, then

f'(£)>1 for any boundary fixed point & € aD.
The following known results are very significant.

Theorem 3.1 Assume that f e H(D, D) has a regular boundary
fixed point 1 and f(0)=0. Then

: 2
f (1)zm.

Moreover, the equality holds if and only if f is of the form

f(z)= _Zla—_azz' zeD,

for some constant a  (—1,0].

The next theorem is the improvement of the previous ones. It was
announced 60 vyears later and showed how to dispense with the
assumption f(0)=0.

Theorem 3.2 If f eH(D,D) with £=1 as its regular boundary
fixed point, then
f'(1)z 2(1_|2f(01)lz _
1-|f () +|1 (0)
Finally, the previous result has been improved and the better
estimate has been obtained.

Theorem 3.3 If f eH(D,D) with £=1 as its regular boundary
fixed point, then

: 2
f )= :
0 mel 1= f2(0)+ £'(0)
- f()
For a fuller treatment and a deeper discussion of fixed point results

in complex domain, we refer the reader to (Xu et al, 2016, 2016:84) and
the references given there.
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O HEKOTOPbIX M3BECTHbIX PE3YIbTATAX O HEMOABMXHON
TOYKE B KOMIMNEKCHOM AOMEHE: MCCNEOOBAHUME

TamsbsiHa M. JoweHosuy®, Xerk Konenap®, Cmosit H. Pagerosny®
? YumsepcuTeT B r. HoBn-Cag, TexHonornyeckuin pakynsTer,
r. Hoeun-Cap, Pecny6nuka Cepbus
6 [endTcknin TeXHMYeCcKnin yHusepcuteT, PakynbTeT ANEKTPOTEXHNKN,
MaTeMaTuku U MHopmaTukuy, r. dendt, HuaepnaHabl
® Benrpaackui yHusepcuteT, MalMHOCTpoUTENbHbIN (hakynbTeT,
r. benrpag, Pecnybnuka Cepbus

OBJIACTb: maTtemaTtuka
BWO CTATbW: o63opHas ctatbs
A3bIK CTATbW: aHrnuickuin

Pe3swome:

B 0aHHol 0630pHOU cmambe npedcmasnieHbl HEKOMOopbIe U38ECMHbLIE
pesynbmambl meopuli O HEernod8UXHOU MOoYKke Hal KOMIIIEKCHbIM
domeHom. Hado noduepkHyms, 4mo 1962 200 serissemcs Krrovesbim Orisi
OaHHOU obracmu. Bedb umeHHO moelGa Havanu npoeodumbcs
uccriedosaHusi o MPUMEHEHU0 meopuli O HErnood8UXHOU mMoYKe 8
pamMKax KOMIMIIEKCHO20 aHarnu3a. Teopema eduHcmeeHHocmu Orisi psdos
Bonbpa-LaHxya Hapsdy ¢ baHaxoebiM  NpUHUUMNOM  CXamusi,
CcmaHoesImcsi aiagéHbIM MemoOoM (Pe3yribmarmomM) Mamemamu4ecKozo
aHanusa.

Knoyesble criosa: HernodeuwxHasi mo4ka, Kpusass XKopOdaHa,
aHanumudeckue yHkyuu, nosiHoe banaxogo npocmpaHcmeo.

HEKW MO3HATW PE3YINTATU N3 HEMOKPETHE TAYKE Y
KOMIMJIEKCHOM OOMEHY: NCTPAXNBAHE

Tamjaxa M. [loweHosuh?, Xerk Konenap®, Cmojan H. PageHosuh®
& YuusepauteT y Hosom Cagy, TeXHOMOLLKM dakynTer,
Hoeu Capg, Penybnuka Cpbuja
TexHonowkmn yHnBep3nuteT y [lend Ty, PakynTeT enekTpoTexHuke,
MaTemaTtuke U padyHapckux Hayka, OendT, XonaHguja
® YHueepauteT y Beorpaay, MalumHcky dakynTer,
Beorpag, Penybnuka Cpbuja
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OBJIACT: maTtemaTtuka
BPCTA YJTIAHKA: npernegHu unaHak
JE3VK YJTAHKA: eHrnecku

Caxemak:

Y oeom nipeanedHom pady pazmampaHu Cy HEKU NMo3Hamu pesynmamu
U3 meopuje HerokpemHe mayvyke Had KOMIIEKCHUM OOMEHOM.
Ucmpaxueare U [puMeHa meopuje HEroKpemHe madke y
KOMrneKcHoj aHanusu 3anodemu cy 1926, coduHe. Teopema Denjoy-
Wolf, 3ajedHo ca baHaxoeum npuHUUNomM KoHmMpakuyuje, jedHo je o0
enasHux opyha (pe3ynmama) Mamemamuyke aHanuse.

Krby4He peyu: HerlokpemHa maudka, KopOaHose Kpuee, aHanumu4yke
yHKUUje, KomrnnekcaH baHaxoe npocmop.
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