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Abstract:  

In this note we consider the famous Meir-Keeler’s theorem in the context 
of b-metric spaces. Our result generalizes, improves, compliments, unifies 
and enriches several known ones in the existing literature. Also, our proof 
of Meir-Keeler’s theorem in the context of standard metric spaces is much 
shorter and nicer than the ones in (Ćirić, 2003) and (Meir & Keeler, 1969, 
pp.326-329).  

Keywords: b-metric space, b-complete, b-Cauchy, Meir-Keeler 
conditions, Picard sequence. 

Definitions, notations and preliminaries 

Let  dX ,  be a standard metric space and XXf :  be a self-
mapping. In the context of these spaces, the following (Meir-Keeler) 
conditions are well known:  For each 0  there exists   0   such  
that for all Xyx ,  holds 
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1     yxd ,  implies   fyfxd ,                   (1) 
or  

    yxd ,  implies   fyfxd ,                    (2) 
or  is contractive and 

    yxd ,  implies   fyfxd , .   (3) 
 

One says that the mapping f defined on the standard metric space 
 dX ,  is contractive if    yxdfyfxd ,,   holds, whenever yx  . 

For more details, see (Ćirić, 2003, pp.30-33, pp.56-58). 
 
In 1969, Meir-Keeler proved the following: 
 
Theorem 1 (Meir & Keeler, 1969, pp.326-329, Theorem) Let  dX ,  

be a complete metric space and let f be a self-mapping on X satisfying 
(1). Then f has a unique fixed point, say Xu , and for each 

uxfXx n
n  lim, .  

 
Inspired by the above Meir-Keeler theorem, Ćirić proved the 

following, slightly more general result: 
 
Theorem 2 (Ćirić, 2003, Theorem 2.5) Let  dX ,  be a complete 

metric space and let  f  be a self-mapping on X satisfying (2). Then f has 

a unique fixed point, say Xu , and for each uxfXx n
n  lim, . 

 
The example which follows shows that Ćirić’s result is a proper 

generalization of the famous Meir-Keeler theorem: 
 

Example 3 Let    
Nn

Nn n
nnX










 

3

1
3131,0  be a subset 

of real numbers with the Euclidean metric and let  f  be a self-mapping on 
X defined by  

   Nnnxandxiffx  1310,0 , 

 

Nnn
nxiffx







 

3

1
3,1

.
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12Then one can verify that f satisfies (2) while it does not satisfy Meir-
Keeler condition (1). For all details, see (Ćirić, 2003, p.33).  

 
Remark 1 Both previous theorems are true if the self-mapping 

XXf :  satisfies condition (3).  
 
Bakhtin (Bakhtin, 1989, pp.26-37) and Czerwik (Czerwik, 1993, 

pp.5-11) introduced  b-metric spaces (as a generalization of metric 
spaces) and proved the contraction principle in this context. In the last 
period, many authors have obtained fixed point results for single-valued 
or set-valued functions, in the context of  b-metric spaces. Now we give 
the definition of a b-metric space: 

 
Definition 1.1 (Bakhtin, 1989, pp.26-37), (Czerwik, 1993, pp.5-11) 

Let X be a nonempty set and let 1s  be a given real number. The 
function   ,0: XXd  is said to be a b-metric if, and only if, for all 

Xzyx ,,  the following conditions hold: 

b1)   0, yxd  if, and only if, yx  ; 

b2)    xydyxd ,,  ; 

b3)       zydyxdszxd ,,,  . 
 
A triplet  1,, sdX  is called a  b-metric space with the coefficient s.  
It should be noted that the class of  b-metric spaces is effectively 

larger than that of standard metric spaces, since a  b-metric is a metric 
when 1s . The following example shows that, in general, a  b-metric 
does not necessarily need to be a metric (Chandok et al, 2017, pp.331-
345), (Došenović et al, 2017, pp.851-865), (Dubey et al, 2014), (Dung & 
Hang, 2018, pp.298-304), (Faraji & Nourouzi, 2017, pp.77-86), 
(Jovanović et al, 2010), (Jovanović, 2016), (Kir & Kiziltunc, 2016, pp.13-
16), (Kirk & Shahzad, 2014). 

 
Example 4 Let  ,X  be a standard metric space, and 

     1,,,  pyxyxd p  is a real number. Then  is a  b-metric with 
12  ps , but d is not a standard metric on X.  

 
Otherwise, for more concepts such as b-convergence, b-

completeness,  b-Cauchy and  b-closed set in  b-metric spaces, we refer 
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1 the reader to (Došenović et al, 2017, pp.851-865), (Dubey et al, 2014), 
(Dung & Hang, 2018, pp.298-304), (Faraji & Nourouzi, 2017, pp.77-86), 
(Jovanović et al, 2010), (Jovanović, 2016), (Kir & Kiziltunc, 2016, pp.13-
16), (Kirk & Shahzad, 2014), (Koleva & Zlatanov, 2016, pp.31-34), (Chifu 
& Petruşel, 2017, pp.2499-2507), (Kumar et al, 2014, pp.19-22), 
(Miculescu & Mihail, 2017, pp.1-11), (Paunović et al, 2017, pp.4162-
4174), (Singh et al, 2008, pp.401-416), (Sintunavarat, 2016, pp.397-416), 
(Suzuki, 2017), (Zare & Arab, 2016, pp.56-67). 

The following two lemmas are very significant in the theory of a fixed 
point in the context of b-metric spaces. 

Lemma 1.2 (Jovanović et al, 2010, p.15, Lemma 3.1) Let    0Nnna  

be a sequence in a  b-metric space  1,, sdX  such that  

    nnnn aakdaad ,, 11    

for some 






s
k

1
,0 , and each ,...2,1n  Then  na  is a b-Cauchy 

sequence in a b-metric space  1,, sdX .  
 
Lemma 1.3 (Miculescu & Mihail, 2017, pp.1-11, Lemma 2.2) Let 

   0Nnna  be a sequence in a  b-metric space  1,, sdX  such that  

    nnnn aakdaad ,, 11    

for some  1,0k , and each ,...2,1n  Then  na  is a b-Cauchy 

sequence in a  b-metric space  1,, sdX .  
 
Remark 2 In (Došenović et al, 2017, pp.851-865), it is proven that 

the previous lemmas are equivalent. 
 
Since in general a  b-metric is not necessarily continuous, many 

papers related with  b-metric spaces used the following lemmas to prove 
the main results. 

 
Lemma 1.4  (Aghajani et al, 2014, pp.941-960, Lemma 2.1) Let 

 1,, sdX  be a  b-metric space. Suppose that  na  and  nb  are  b-

convergent to a and b, respectively. Then  

        badsbadbadbad
s nn

n
nn

n
,,suplim,inflim,

1 2
2




. 
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12In particular, if a=b, then we have   0,lim  nnn bad . Moreover, 

for each Xc , we have  

        casdcadcadcad
s n

n
n

n
,,suplim,inflim,

1



. 

 
Lemma 1.5  (Paunović et al, 2017, pp.4162-4174, Lemma 2.3) Let 

 1,, sdX be a b-metric space and  na  a sequence in X such that  

   0,lim 1  nnn aad . 

If  na  is not  b-Cauchy, then there exist 0  and two sequences 

  km  and   kn  of positive integers such that the following items hold:  
 
           saadaad knkm

k
knkm

k
 


,suplim,inflim , 

          2
11 ,suplim,inflim saadaad

s knkm
k

knkm
k


 




, 

          2
11 ,suplim,inflim saadaad

s knkm
k

knkm
k


 




, 

          3
11112

,suplim,inflim saadaad
s knkm

k
knkm

k


 



. 

 
In particular, if 1s  and  na  is not a b-Cauchy sequence, then 

there exists 0  as well as two sequences   km  and   kn  of 
positive integers such that the sequences  

                   1111 ,,,,,,  knkmknkmknkmknkm aadandaadaadaad   (4) 

tend to   as k .  

 Main result 

Now, according to the last Lemma (the condition 1s ), we 
formulate and prove the following result: 

 
Theorem 5  Let  dX ,  be a complete metric space and let f be a 

contractive self-mapping on X satisfying the next condition: 
Given 0 , there exists 0  such that for all Xyx ,    

       fyfxdimpliesyxd ,, .   (5) 
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1 Then f has a unique fixed point, say Xu , and for each 

uxfXx n
n  lim, . 

 
Proof. Let 0x  in X be arbitrary. Consider the sequence of iterates 

  .00



n
n xf  If     0,, 000

1
0  xffxfdxfxfd nnnn  for some Nn , then 

0xfa n
n   is a fixed point of f. Assume now that   0, 0

1
0  xfxfd nn  for 

all Nn . Since  f  is contractive, the sequence   
00

1
0, n

nn xfxfd  is 

strictly decreasing. Therefore, there exists the limit of this sequence, say 

 , and   
0

1
0, xfxfd nn  for all Nn . Assume that 0 . In this 

case, by hypothesis, there exists a suitable   0   such that (5) 
holds. From the definition of  , it follows that there is Nn such that 

    
0

1
0 , xfxfd nn .      (6) 

According to (5), we get that  

     
0

2
0

1
0

1
0 ,, xfxfdxffxffd nnnn , 

a contradiction. Therefore   0,lim 0
1

0 
 xfxfd nn

n . 

Now we show that  00 n
n xf  is a Cauchy sequence. If this is not the 

case, by applying Lemma 1.5 to the sequence  00 n
n xf , we get that 

there exist 0  and two sequences of positive integers   km  and 

  kn  such that     kkmkn  , and sequences (4) tend to   as 

k . Using the condition (5) with    knkm ayax  ,  and the 

  0  , ones obtains that there exists a positive integer l such that 

for each lk  , we have  

                  knkmknkmknkm fafadimpliesfafadaad ,,, 11 . 

  
This contradicts the fact that 

           
 kasaadfafad knkmknkm 11,, . 

 Hence,   00 n
n xf  is a Cauchy sequence. 

The proof is further as in (Ćirić, 2003) and (Meir & Keeler, 1969, 
pp.326-329).  
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12 To our knowledge, it is not known whether Meir-Keeler’s and Ćiric’s 
theorems hold in the context of a b-metric space. Also, there is no known 
example that confirms that conditions (1) or (2) or (3) holds in the context 
of  b-metric spaces but that f does not have a fixed point. 

However, with a stronger condition than (1), we have the positive 
result. Hence, our main result is the following: 

 
Theorem 6 Let  1,, sdX  be a b-complete b-metric space and let 

 self-mapping on X satisfy the following condition: 
Given 0 , there exists 0 such that  

      fyfxdsimpliesyxd a ,, ,   (7) 

where 0a  is given. 
Then f has a unique fixed point, say Xu , and for each 

uxfXx n
n  lim, .  

  
Proof. It is clear that for all Xyx , we obtain  

   yxkdfyfxd ,,  ,      (8) 

where  1,0
1


as
k . 

Let Xa 0  be an arbitrary point. Define the sequence  na  by 

nn faa 1 for all 0n . If 1 nn aa  for some n, then an is a fixed point 

(unique) of f and the results follows. 
So, suppose that 1 nn aa  for all 0n . From the condition (8), we 

obtain 
   nnnn aakdaad ,, 11   .      (9) 

Further, according to (Miculescu & Mihail, 2017, pp.1-11, Lemma 
2.2.) we obtain that  na  is a b-Cauchy sequence in a b-metric space 

 dX , . By the  b-completeness of  dX , , there exists xu  such that  

uan
n




lim .        (10) 

Finaly, (8) and (10) imply that ufu  , i.e. u is a unique fixed point of 

f in X.  
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1 For the following facts and definitions, we refer to (Aghajani et al, 
2014, pp.941-960), (Jovanović, 2016) and (Kirk & Shahzad, 2014) and 
the references therein. 

 
Definition 2.1 Let  f  and g be self-mappings of a nonempty set  X  

such that    XgXf  . Let Xx 0  be an arbitrary point. Then 

 Xgfx 0 , so we can assume that 010 ygxfx   (say) for some 

Xx 1 . Again,  Xgfx 1 , so we can choose Xx 2  such that 

121 ygxfx   (say). Similarly, we can construct two sequences  nx  and 

 ny  such that 1 nnn gxfxy   for all 0n . Here the sequence  ny  is 

called a corresponding Jungck sequence for the point Xx 0 .  

 
Definition 2.2 Let  f  and  g be the self-mappings of a nonempty set 

X. If gxfxz   for some  x in X, then  x  is called a coincidence point of 

f and g, and z is called a point of coincidence of f and g. The mappings f 
and g are called weakly compatible if they commute at their coincidence 
points.  

 
Lemma 2.3 Let f and g be the weakly compatible self-maps of a 

nonempty set X. If  f and  g  have a unique point of coincidence 
gxfxz  , then z is the unique common fixed point of f and g.  

 
Now, we announce the following result which generalizes Theorem 5 

in several directions: 
 
Theorem 7 Let  1,, sdX  be a b-complete b-metric space and let 

XXgf :,  be two self-maps such that    XgXf  , one of these 

two subsets of X being b-complete. Suppose the following conditions 
hold: 

   
,

,,

00

gygxwheneverfyfxand

fyfxdsimpliesgygxd

thatsuchexiststhereeachfor
a











  

where 0a  is given.  
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12Then f and g have a unique point of coincidence, say Xz . 
Moreover, for each Xx 0 , the corresponding Jungck sequence  ny  

can be chosen such that zynn lim . In addition, if f and g are weakly 

compatible, then they have a unique common fixed point. 
Finally, we have an open question: 

 
Prove or disprove the following: 
 

 Let  1,, sdX  be a b-complete b-metric space and 

XXgf :,  be two given mappings such that    XgXf  , one of 

these two subsets of X being  b-complete. Assume that the following 
conditions hold: 

for each 0 , there exists   0   such that 

    gygxd ,  implies   fyfxd ,  and fyfx  , whenever 
gygx  . 

Then f and g have a unique point of coincidence, say Xz . 
Moreover, if f and g are weakly compatible, then they have a unique 
common fixed point. 
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ВИД СТАТЬИ: оригинальная научная статья 
ЯЗЫК СТАТЬИ: английский 

Резюме:  

В данной работе рассматривается знаменитая теорема Меира-
Килера в контексте b-метрических пространств. Наш результат 
обобщает, улучшает, дополняет и объединяет ранее полученные 
результаты, которые были опубликованы в научной литературе. 
Наше доказательство намного короче и лучше, чем 
доказательства, представленные в иных работах (Ћирић, 2003) и 
(Meir & Keeler, 1969, pp.326-329).  

Ключевые слова: b-метрическое пространство, b-полная 
система функций, b-Коши, условия Меира-Килера, 
последовательности Пикарда. 
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Сажетак:  

У овом раду разматрана је позната Meir-Keeler-ова теорема у 
контексту b-метричких простора. Наш резултат генерализује, 
побољшава, даје допринос, уједињује  и обогаћује познате 
резултате у научној литератури. Такође, наш доказ Meir-Keeler-
ове теореме у контексту стандардних метричких простора је 
много краћи и прикладнији него у радовима Ћирића, (2003) и Meir & 
Keeler-а (1969, pp.326-329).  

Кључне речи: b-метрички простор, b-комплетан, b-Cauchy-јев, 
Meir-Keeler-ови услови, Picard-ов низ. 
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