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Abstract:

In this note we consider the famous Meir-Keeler’s theorem in the context
of b-metric spaces. Our result generalizes, improves, compliments, unifies
and enriches several known ones in the existing literature. Also, our proof
of Meir-Keeler’s theorem in the context of standard metric spaces is much
shorter and nicer than the ones in (Cirié, 2003) and (Meir & Keeler, 1969,
pp-326-329).

Keywords: b-metric space, b-complete, b-Cauchy, Meir-Keeler
conditions, Picard sequence.

Definitions, notations and preliminaries

Let (X,d) be a standard metric space and f: X — X be a self-
mapping. In the context of these spaces, the following (Meir-Keeler)
conditions are well known: For each & > 0 there exists & = 5(¢)> 0 such
that for all X,y € X holds
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e<d(x,y)<&+d implies d(fx, fy)< e (1)

or
e<d(x,y)<e+d implies d(fx, fy)< e (2)
or f is contractive and

e<d(x,y)<&+0 implies d(fx, fy)<e. (3)

One says that the mapping f defined on the standard metric space
(X,d) is contractive if d(fx, fy)<d(x,y) holds, whenever x # y .
For more details, see (Ciri¢, 2003, pp.30-33, pp.56-58).

In 1969, Meir-Keeler proved the following:

Theorem 1 (Meir & Keeler, 1969, pp.326-329, Theorem) Let (X,d)

be a complete metric space and let f be a self-mapping on X satisfying
(1). Then f has a unique fixed point, say ue X, and for each

xe X,lim_,_ f'x=u.

Inspired by the above Meir-Keeler theorem, Ciri¢ proved the
following, slightly more general result:

Theorem 2 (Cirié, 2003, Theorem 2.5) Let (X,d) be a complete
metric space and let f be a self-mapping on X satisfying (2). Then f has
a unique fixed point, say u € X , and for each x e X,lim_,_ f"x=u.

The example which follows shows that Ciri¢’s result is a proper
generalization of the famous Meir-Keeler theorem:

Example 3 Let X =[0,1]u{3n-1} U{Sn +3i} be a subset
n neN

of real numbers with the Euclidean metric and let f be a self-mapping on
X defined by
fx=0, if 0<x<1and xe{3n-1}

neN ’
. 1
fx=1, if XE{3I’]+—}
3n neN °
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Then one can verify that f satisfies (2) while it does not satisfy Meir-
Keeler condition (1). For all details, see (Ciri¢, 2003, p.33).

Remark 1 Both previous theorems are true if the self-mapping
f : X —> X satisfies condition (3).

Bakhtin (Bakhtin, 1989, pp.26-37) and Czerwik (Czerwik, 1993,
pp.5-11) introduced b-metric spaces (as a generalization of metric
spaces) and proved the contraction principle in this context. In the last
period, many authors have obtained fixed point results for single-valued
or set-valued functions, in the context of b-metric spaces. Now we give
the definition of a b-metric space:

Definition 1.1 (Bakhtin, 1989, pp.26-37), (Czerwik, 1993, pp.5-11)
Let X be a nonempty set and let s>1 be a given real number. The
function d : X x X — [0,0) is said to be a b-metric if, and only if, for all
X,Y,Z € X the following conditions hold:

b1) d(x,y)=0 if, and only if, X = y;
b2) d(x, y)=d(y,x);
b3) d(x,z)<s[d(x,y)+d(y,z)].

Atriplet (X,d,s >1) is called a b-metric space with the coefficient s.

It should be noted that the class of b-metric spaces is effectively
larger than that of standard metric spaces, since a b-metric is a metric
when s =1. The following example shows that, in general, a b-metric
does not necessarily need to be a metric (Chandok et al, 2017, pp.331-
345), (Dosenovic et al, 2017, pp.851-865), (Dubey et al, 2014), (Dung &
Hang, 2018, pp.298-304), (Faraji & Nourouzi, 2017, pp.77-86),
(Jovanovic¢ et al, 2010), (Jovanovié, 2016), (Kir & Kiziltunc, 2016, pp.13-
16), (Kirk & Shahzad, 2014).

Example 4 Let (X,p) be a standard metric space, and
d(x, y): (p(x, y))p, p>1 is a real number. Then d is a b-metric with
s =2P" butdis not a standard metric on X.

Otherwise, for more concepts such as b-convergence, b-
completeness, b-Cauchy and b-closed set in b-metric spaces, we refer
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the reader to (DoSenovi¢ et al, 2017, pp.851-865), (Dubey et al, 2014),
(Dung & Hang, 2018, pp.298-304), (Faraji & Nourouzi, 2017, pp.77-86),
(Jovanovic et al, 2010), (Jovanovi¢, 2016), (Kir & Kiziltunc, 2016, pp.13-
16), (Kirk & Shahzad, 2014), (Koleva & Zlatanov, 2016, pp.31-34), (Chifu
& Petrusel, 2017, pp.2499-2507), (Kumar et al, 2014, pp.19-22),
(Miculescu & Mihail, 2017, pp.1-11), (Paunovi¢ et al, 2017, pp.4162-
4174), (Singh et al, 2008, pp.401-416), (Sintunavarat, 2016, pp.397-416),
(Suzuki, 2017), (Zare & Arab, 2016, pp.56-67).

The following two lemmas are very significant in the theory of a fixed
point in the context of b-metric spaces.

Lemma 1.2 (Jovanovi¢ et al, 2010, p.15, Lemma 3.1) Let {a, }neNu{O}

be a sequence in a b-metric space (X ,d,s> 1) such that
d (an 1 a'n+1) S kd (an—l’ an )

for some Kk € [Olj and each n=12,... Then {a,} is a b-Cauchy
s

sequence in a b-metric space (X,d,s>1).

Lemma 1.3 (Miculescu & Mihail, 2017, pp.1-11, Lemma 2.2) Let
{a, }neNU{O} be a sequence in a b-metric space (X,d,s >1) such that

d (an ! a‘n+1) = kd (an—l’ an )
for some k €[01), and each n=1,2,... Then {a
sequence in a b-metric space (X,d,s>1).

} is a b-Cauchy

n

Remark 2 In (DoSenovi¢ et al, 2017, pp.851-865), it is proven that
the previous lemmas are equivalent.

Since in general a b-metric is not necessarily continuous, many
papers related with b-metric spaces used the following lemmas to prove
the main results.

Lemma 1.4 (Aghajani et al, 2014, pp.941-960, Lemma 2.1) Let
(X,d,s>1) be a b-metric space. Suppose that {a_} and {b, } are b-

convergent to a and b, respectively. Then

Sizd(a,b)slimm[od(a b,)<limsupd(a,,b, )< s%d(a,b).

n!*>n n!'>n
nN—oo

<>



In particular, if a=b, then we have lim__ d(an,bn) 0. Moreover,
for each c € X , we have

%d(a,c)s liminf d(a,,c)<limsupd(a,,c)< sd(a,c).

n—oo N—o0

Lemma 1.5 (Paunovi¢ et al, 2017, pp.4162-4174, Lemma 2.3) Let

(X,d,s >1)be a b-metric space and {a, } a sequence in X such that
lim . d(a,.a,,)=0.

If {an} is not b-Cauchy, then there exist £ >0 and two sequences
{m(k)} and {n(k)} of positive integers such that the following items hold:

£< Iimm];d(am(k),an(k))s Iimfggd(am(k),an(k))é &,
£slimgnfd(am 180 )<I|msupd( ,an(k)ﬂ)s(esz,
S =% k—o0
&

slimigfd( (k)1 @ )<I|msupd( ! n())gesz,

k—a0

> I|m|nfd( K)o n(k)ﬂ)<|lmsupd( (k)1 & nk)+1)

In particular, if s=1 and {an} is not a b-Cauchy sequence, then

there exists £>0 as well as two sequences {m(k)} and {n(k)} of
positive integers such that the sequences

d(am(k)’an(k))’d(am(k)'an(k)+l)’d(am(k)+1' )and d( A ()10 @ n(k)+1) (4)

tendto ¢" as k > .

Main result

Now, according to the last Lemma (the condition s=1), we
formulate and prove the following result:

Theorem 5 Let (X,d) be a complete metric space and let f be a

contractive self-mapping on X satisfying the next condition:
Given ¢ >0, there exists ¢ >0 such that for all x,y € X

e<d(x,y)<e+0oimplies d(fx, fy)<e¢. (5)
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Then f has a unique fixed point, say ue X, and for each
xe X, lim_ _,_ f"x=u.

Proof. Let X, in X be arbitrary. Consider the sequence of iterates

{f”xo};fo. If d(f”xo, f“”xo):d(f”xo, ff”xo):O for some ne N, then
a, = f"x, is a fixed point of f. Assume now that d(f”xo, f”*lxo)>0 for

H-00

all neN . Since f is contractive, the sequence {d(f“xo, f””xo)}nzo is
strictly decreasing. Therefore, there exists the limit of this sequence, say
g, and d(f”xo, f”+lxo)>g for all ne N . Assume that ¢>0. In this
case, by hypothesis, there exists a suitable & =J(g)>0 such that (5)
holds. From the definition of ¢, it follows that there is n € N such that
e<d(f"%, f"x; )<+ (6)
According to (5), we get that
d(ff"x,, ff “*1x0):d€f vy, 77 )< g
a contradiction. Therefore lim,_ _d (f "X, f ””XO): 0.

+00
n=

Now we show that {f “XO} » is a Cauchy sequence. If this is not the

+00

case, by applying Lemma 1.5 to the sequence {f”xo}

_o» We get that
there exist ¢ >0 and two sequences of positive integers {m(k)} and
{n(k)} such that n(k)>m(k)>k, and sequences (4) tend to &* as
k—>o0. Using the condition (5) with X=a,4),y=2a,, and the
5 =5(g)> 0, ones obtains that there exists a positive integer | such that
for each k>1, we have

e<d (am(k),an(k)): d (fam(k)_l, fan(k)_1)< g+ dimpliesd (fam(k), fan(k))g g.

This contradicts the fact that
d(fam(k)' fan(k)): d(am(k)+l! an(k)+1)—> ¢ ask—>oo.

Hence, {f "X, }:fo is a Cauchy sequence.

The proof is further as in (Ciri¢, 2003) and (Meir & Keeler, 1969,
pp.326-329).

8D



To our knowledge, it is not known whether Meir-Keeler’s and Ciric’s
theorems hold in the context of a b-metric space. Also, there is no known
example that confirms that conditions (1) or (2) or (3) holds in the context
of b-metric spaces but that f does not have a fixed point.

However, with a stronger condition than (1), we have the positive
result. Hence, our main result is the following:

Theorem 6 Let (X,d,s >1) be a b-complete b-metric space and let

f self-mapping on X satisfy the following condition:
Given ¢ >0, there exists 6 > Osuch that

g<d(x,y)< e+ implies s*d(fx, fy)< e, (7)

where a >0 is given.

Then f has a unique fixed point, say ue X, and for each
xe X, lim_ _,_ f"x=u.

Proof. It is clear that for all X,y € X we obtain
d(fx, fy)<kd(x,y), (8)
where k = sia elo).

Let a,€ X be an arbitrary point. Define the sequence {an} by
a,,=fa forall n>0.1If a,=4a
(unique) of f and the results follows.

So, suppose that a, #a,,, for all n>0. From the condition (8), we
obtain

d(a,,a,,,)<kd(a,,a,). (9)

Further, according to (Miculescu & Mihail, 2017, pp.1-11, Lemma
2.2.) we obtain that {an} is a b-Cauchy sequence in a b-metric space

for some n, then a, is a fixed point

n+1

n+1

(X,d). By the b-completeness of (X,d), there exists U € X such that
lima, =u. (10)

Finaly, (8) and (10) imply that fu=u, i.e. uis a unique fixed point of
fin X.

-
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For the following facts and definitions, we refer to (Aghajani et al,
2014, pp.941-960), (Jovanovi¢, 2016) and (Kirk & Shahzad, 2014) and
the references therein.

Definition 2.1 Let f and g be self-mappings of a nonempty set X
such that f(X)cg(X). Let x,€X be an arbitrary point. Then

fx, € g(X), so we can assume that fx,=gx, =Yy, (say) for some
X, € X. Again, fx e g(X), so we can choose X, € X such that
fX, = gx, =Yy, (say). Similarly, we can construct two sequences {xn} and
{y,} such that y, = fx, = gx
called a corresponding Jungck sequence for the point X, € X .

for all n>0. Here the sequence {yn} is

n+1

Definition 2.2 Let f and g be the self-mappings of a nonempty set
X. If z= fx=gx for some Xxin X, then X is called a coincidence point of

fand g, and z is called a point of coincidence of f and g. The mappings f
and g are called weakly compatible if they commute at their coincidence
points.

Lemma 2.3 Let f and g be the weakly compatible self-maps of a
nonempty set X. If f and g have a unique point of coincidence
z = fx = gx, then z is the unique common fixed point of f and g.

Now, we announce the following result which generalizes Theorem 5
in several directions:

Theorem 7 Let (X,d,s >1) be a b-complete b-metric space and let
f,g:X = X be two self-maps such that f(X)c g(X), one of these

two subsets of X being b-complete. Suppose the following conditions
hold:
for each ¢ > 0 there exists 6 >0 such that

e <d(gx,gy)< &+ 5 implies sd(fx, fy)< ¢
and fx = fy whenever gx = gy,
where a >0 is given.

«»



Then f and g have a unique point of coincidence, say ze X.
Moreover, for each X, € X, the corresponding Jungck sequence {yn}

can be chosen such that lim, .y, =z. In addition, if f and g are weakly

compatible, then they have a unique common fixed point.
Finally, we have an open question:

Prove or disprove the following:

« Let (X,d,s>1) be a b-complete b-metric space and
f,g: X — X be two given mappings such that f(X)c g(X), one of

these two subsets of X being b-complete. Assume that the following
conditions hold:

for each &>0, there exists J=0J(s)>0 such that
ng(gx,gy)<g+5 implies d(fx,fy)<e and fx=fy, whenever
gx=gy.

Then f and g have a unique point of coincidence, say ze X .

Moreover, if f and g are weakly compatible, then they have a unique
common fixed point.
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3AMETKA O TEOPEME MEWPA-KUNNEPA B KOHTEKCTE
b-METPUYECKMX MPOCTPAHCTB

MupbsiHa B. Masnosuy?®, CmosH H. PaueHOBMq6

@ YHusepcuteT B r. Kparyesal, EcTecTBeHHO-MaTeMaTu4iecknin dakynbTeT,
r. Kparyesau, Pecny6nuka Cepbus,
YHuepcuteT kopons Cayaa, EctecTtBeHHO-MaTeMaTMyeckun pakynbTeT,
HenaptameHT matematuku, Puaa, Caynosckas Apasus

OBNACTb: matematuka (MaTtemMaTmyeckas TeMatuieckas knaccudukauus:
nepsuyHas 47H10, BTopuyHasa 54H25)

BWO CTATbW: opuruHanbHas Hay4Has ctaTbs

A3bIK CTATbW: aHrnuinckmn

Pe3some:

B danHoU pabome paccmampueaemcsi 3HameHUmMasi meopema Meupa-
Kunepa e koHmekcme b-mempudeckux rpocmpaHcms. Haw pesynsmam
obobwaem, ynydwaem, OoronHsem u ob6beduHsem paHee rosyYeHHbIe
pesyrnbmamsl, Komopble 6biiu orybruko8aHbl 8 Hay4HOU numepamype.
Hawe  dokasamernbcmeo  HaMHO20  Kopoye U Jflydwe,  4Yem
Ookasamernbcmea, rnpedcmaessieHHble 8 UHbIX pabomax (hupuh, 2003) u
(Meir & Keeler, 1969, pp.326-329).

Knouesbie crnosa: b-mempudeckoe npocmpaHcmeo,  b-rosHas
cucmema yHKUUU, b-Kowu, ycrnosusi Meupa-Kunepa,
nocriedosamernibHocmu [ukapoda.

BENEWKA O MEIR-KEELER-OBOJ TEOPEMU Y KOHTEKCTY
b-METPUYKMNX NMPOCTOPA

MupjaHa B. NMasnosuh?®, CmojaH H. PapeHosuh®

@ YHusepanTteT y Kparyjesuy, MpupoagHo-matemMaTykm dhakynTer,
Kparyjeau, Penybnuka Cpbuja,
YHusepauteT kparba Cayaa, MNpupogHo-matematuykm akynTer,
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OBJIACT: matemaTtuka (MaTemaTnyka TeMaTcka krnacudukauuja:
npumapHa 47H10, cekyHoapHa 54H25)

BPCTA YJTAHKA: opurvMHanHm HayyYHu YnaHak

JESWNK YJTAHKA: eHrnecku

Caxemak:

Y oeom pady pasmampaHa je rnosHama Meir-Keeler-oea meopema y
KOHmMekcmy b-mempudkux npocmopa. Haw pesynmam zeHeparnusyje,
nobosrbwasa, Oaje OornpuHoc, yjedumwyje  u oboezahyje no3Hame
pesynmame y Hay4Hoj numepamypu. Takohe, Haw Ooka3 Meir-Keeler-
o8e meopeme y KOHmMeKcmy cmaHO0apOHUX Mempuykux rpocmopa je
MHO20 Kpahu u npuknadHuju Heeo y padosuma hupuha, (2003) u Meir &
Keeler-a (1969, pp.326-329).

KrbyuHe peuyu: b-mempuyku npocmop, b-komrnnemad, b-Cauchy-jes,
Meir-Keeler-osu ycnosu, Picard-o8 HU3.
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