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Introduction and Preliminaries

The applications of fixed point theorems are very important in diverse
disciplines of mathematics, engineering and economics. The origin of the
fixed theory is dated to the last quarter of the nineteenth century. The work
of S. Banach in 1922 known as the Banach contraction principle is the
starting point of the metric fixed point theory.

More on fixed point results and contractive conditions, the reader
can find in (Ciri¢, 2003), (Agarwal et al, 2015), (Kirk & Shahzad, 2014).

Theorem 1.1 (Banach contraction principle) Let (X , d) be a

complete metric space. Let T be a contractive mapping on X, that is, one
for which there is a 4 € [0,1) satisfying

d(Tx, Ty) < Ad(x, y)
for all X,y € X . Then, there exists a unique fixed point x € X of T.

This theorem is a forceful tool in the nonlinear analysis. It has many
applications and has been extended by a great number of authors.
Although the famous Banach contraction principle was proved in the
metric space, after 1990 many new modifications of the definition of the
metric space appeared.

From now on, R and N will denote the set of real numbers and
natural numbers, respectively. Let us recall the definitions of the b-metric
spaces, the rectangular b-metric spaces, the 2-metric spaces, and the
b,-metric spaces.

In the papers of Bakhtin (Bakhtin, 1989, pp.26-37) and Czerwik
(Czerwik, 1993, pp.5-11), the notion of the b-metric space was
introduced and some fixed point theorems for single-valued and multi-
valued mappings in the b-metric spaces were proved.

Definition 1.2 Let X be a nonempty set and s>1 a given real
number. The function d : X x X — [0,oo) is said to be a b-metric if for all

X,Y¥,Z € X the following conditions are satisfied:
. d(x, y)=0 ifand only if x=y;
= d(x y)=d(y,x);
< d(x,z)< s[d(x,y)+d(y,z)].
A triplet (X .d, s) is called a b-metric space with the coefficient s.

In the paper (George et al, 2015, pp.1005-1013), the authors
introduced the concept of a rectangular b-metric space, which is not
necessarily Hausdorff and which generalizes the concept of the metric
space, the rectangular metric space (RMS) and the b-metric space.
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Definition 1.3 (George et al, 2015, pp.1005-1013) Let X be a
nonempty set and s>1 a given real number. The function
d: XxX > [0,oo) is said to be a rectangular b-metric if the following
conditions are satisfied:

(RbM1) d(x,y)=0 ifand only if x=;

(RbM2) d(x,y)=d(y,x) forall x,ye X ;

(RoM3) d(x,y)<s[d(x,u)+d(u,v)+d(v,y)] forall x,ye X and all
distinct points u,v e X \{x, y}.

A triplet (X,d,s) is called a rectangular b-metric space with the

coefficient s (in short RoMS).

Also in (George et al, 2015, pp.1005-1013), the concept of
convergence in such spaces is similar to that of standard metric spaces.

In the paper (Gahler, 1963, pp.115-118), Gahler introduced the
concept of the 2-metric space.

Definition 1.4 (Gahler, 1963, pp.115-118) Let X be a nonempty set
and the mapping d : X x X x X — R satisfies:

(1) For every pair of distinct points X,y € X, there exists a point

ze X such that d(x,y,z)#0.

(2) If at least two of three points X, y, z are the same, then
d(x,y,z)=0

(3) The symmetry:

d(x,y,2)=d(x,z,y)=d(y,x,z)=d(y,z,x)=d(z,x,y)=d(z,y,x)

forall X,y,ze X.

(4) The rectangle inequality:

d(x,y,z)<d(x,y,t)+d(y,zt)+d(z xt) forall x,y,z,te X .

Then d is called a 2-metric on X and (X,d) is called a 2-metric
space.

Many generalizations of the concept of metric spaces are established,
and several papers are published on the topic of the b-metric spaces (see
(Aleksi¢ et al, 2018), (Aydi, 2016, pp.2417-2433), (Czerwik, 1993, pp.5-11),
(Czerwik, 1998, pp.263-276), (Dung & Le Hang, 2016, pp.267-284),
(Miculescu & Mihail, 2017, pp.2153-2163) and others), of the rectangular b-
metric spaces, see (George et al, 2015, pp.1005-1013), (Mitrovi¢ &
Radenovi¢, 2017, pp.3087-3095), (Mitrovi¢ & Radenovi¢, 2017, pp.401-407)
and others) and of the 2-metric spaces, see (Ahmed, 2009, pp.2914-2920),
(Aliouche & Simpson, 2012, pp.668-690), (Deshpande & Chouhan, 2011,
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pp.37-55), (Dung & Le Hang, 2013), (Fadail et al, 2015, pp.533-548),
(Freese et al, 1992, pp.391-400), (Gahler, 1963, pp.115-118), (Iseki,
1975, 133-136), (Iseki, 1976, pp.127-135), (Lahiri et al, 2011, pp.337-
352), (Lal & Singh, 1978, pp.137-143), (Naidu & Prasad, 1986, pp.974-
993), (Popa et al, 2010, pp.105-120) and others).

In the paper (Mustafa et al, 2014), the notion of the b,-metric space
was introduced and some fixed point theorems in the b,-metric spaces
proved.

Definition 1.5 (Mustafa et al, 2014) Let X be a nonempty set,
s >1 be areal numberand let d : X x X x X — R satisfies:

(1) For every pair of distinct points X,y € X, there exists a point
ze X suchthat d(x,y,z)=0.

(2) If at least two of three points X,y,z are the same, then
d(x,y,z)=0.

(3) The symmetry:

d(x,y,z)=d(x,z,y)=d(y,x,z)=d(y,z,x)=d(z,x,y)=d(z,y,x)
forall X,y,ze X .

(4) The rectangle inequality:

d(x,y,z)<s[d(x,y,t)+d(y,z,t)+d(z,xt)]

forall x,y,z,te X.

Then d is called a b,-metric on X and (X,d,s) is called a b,.metric
space.

Remark 1.6 Note that, d(x, Y, Z)Z 0 for all x,y,ze X . Applying the
rectangle inequality, we get
d(x,y,y)<s[d(z y,y)+d(x 2, y)+d(xy,2)].
By (2) and the symmetry of d, we obtain d(x, Y, 2)2 0.
Note that a 2-metric space is included in the class of the bo-metric

spaces with the coefficient s = 1.
Example 1 (Mustafa et al, 2014)

1. Let X =[0,40) and d(x,y,z)=(xy +yz+2x)" if x=y=z#X,
and otherwise d(x, Y, z) =0, where p>1 is areal number.

From convexity of the function f(x)=x" for x>0, then by Jensen
inequality we have
(a+b+c)” <3 Haf +bP +c”).
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So, (X,d,s) is a bo-metric space with s < 3.

2. Let a mapping d :R®— [0,+0) be defined by

d(x,y,z)= minﬂx —ylly-12|z- x|}

Then d is a by-metric on R, i.e., the following inequality holds:

d(x,y,z)<d(x,y,t)+d(y,zt)+d(z xt),

for all X,y,z,t eR. From the convexity of the function f(x)= xP on
[0,+oo) for p>1, we obtain that

d°(x,y,z)= min{jx —yl.ly-2,|z- x|}p

is a b,-metric on R with s < 3°*.

Definition 1.7 (Mustafa et al, 2014) Let {Xn} be a sequence in a
b-metric space (X,d,s).

1. {x,} is said to be bs,convergent to xe X, written as
lim ,_ x =x,ifforall aeX,lim__d(x,x,a)=0.

2. {x,} is said to be a brCauchy sequence in X if for all
aeX,lim,, . d(x,x,,a)=0.

3. (X,d) is said to be b,-complete if every b,-Cauchy sequence is a
b,-convergent sequence.

Definition 1.8 (Mustafa et al, 2014) Let (X,d,s) be a by-metric
spaces and let f:X — X be a mapping. Then f is said to be
bo-continuous at a point z € X if for a given & >0, there exists 6 >0
such that xe X and d(z,x,a)<d for all aeX imply that
d(fz, fx,a)< g. The mapping f is by-continuous on X if it is
b,-continuous at all ze X .

Remark 1.9 Let (X,d) be b,metric spaces. Then a mapping
f: X —> X is bycontinuous at a point xe X if and only if it is
bs-sequentially continuous at X, that is, whenever {x,} is br-convergent
to X, {fx,} is b,-convergent to f(x).

This paper is to derive theorems of Banach, Reich and Jungck in

the b,-metric spaces. Also, we obtain some results in partially ordered
b,-metric spaces.

511

Kumam, P. et al, Some fixed point theorems in b,-metric spaces, pp.507-524



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2019, Vol. 67, Issue 3

One sequence convergence test in the bo-metric space

The inequality given in the next Lemma 2.1 is key to proving our
main results.

Lemma 2.1 Let (X,d,s) be a br-metric space and {Xn} a

sequence in X. Suppose that 1 € (0,1) and let ¢ be a real nonnegative
number such that
d(x,, X, a) < Ad (X, 1, X, 4,a)+c(A" + ") (2.1)

m?n1?

forall m,neNand ae X . Then {Xn} is a b-Cauchy sequence in X.

Proof. Let m,neN, a€ X and p €N fixed such that p >-2log, s.

From (2.1) we have that
d(Xp 0 X0 2) < A4 (X, X, @)+ kA (A" + 47) (2.2)

for em‘|+|k m,nr;k, k eN and ame )n( . We have

d (X, Xy @) < S[ A (X p s X r @)+ A Xy s X0 @) + A (X, X0, X ) ]
<[ d(Xp,p0X,,8) + A" (X, X, @)

+emA" (L+ %) + A"d (Xg, Xy, X, ) +CmA" L+ A°) ]
<s[ d(x a) + A"d (Xy, X, @) + A"d (Xg, X, X,) ]
+4scmA™,

Next, as it is
d(xo, %, x, ) < s d(x X,) +d(Xg, X, g0 Xp ) + A (X, X X)) |
<g ﬂf‘d(xp,xo,xp)+cn/1”(/1p +1)+ APd(Xy, X, %)

+CpAP L+ A") + A"d (Xg, %o, X, ) +CNA" (L+ A7) ]

< 205(2n;t“ + p),

m+p'Xn'

n+p’Xn’

and
d(xm-#p’xn'a')S S[ d(xn+p'xn7a)+d(xm+plxn+p’a)+d(Xm+p’Xn’Xn+p) ]
<s[ A"d(x,,%p,a) +cnd" L+ 27 )+ 2%d(x,, X, @)

+CpA° (A" + A7) + AP (X, X, , X, )+ CpA" (A" + A7) |
<s[ 2"d(x,, %y, a) + 2°d (X, X, @) ]
+2cs[ p(A" +A")+nA" |,
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we obtain the following

d(Xy, X, @) < 8?[ 2"d(x,, %o, @) + 2°d (X, X,,8) +s2"d (X,, X,,a) ]

m?n?

+2¢s?[ p(A" +A") +nA" ]+ 25%cA" (24" + p).
So,

(L-522° d(x,, X,,2) < 227 (X, %o, )+ 52™d (xo, X, @) (2.3)
+2¢8%[ 2pA™ +(p+n)A" +2nA™" ], (2.4)
how is it p>—-2log, s we have 1-s%4? >0, therefore, we obtain

that {xn} is a b,-Cauchy.

Lemma 2.2 Let (X,d,s) be a b,-metric space and {xn} a
sequence in X. Suppose that 1 e [0,1) such that
d(x,,x,,a)< Ad(x, X, a) forall mneN, aeX.

m? “'n? m-1? *n-11
Then

1-s°p
forall m,n,peN, p>-2log,s and ae X..

d(x,,x,,a)

m?n?

d(x,,x,,a), (2.5)

Proof. It follows directly from Lemma 2.1, if we put ¢ = 0, see (2.4).

Remark 2.3 Note that both Lemma 2.1 and Lemma 2.2 improve the
result of Lemma 1.6. in (Fadail et al, 2015, pp.533-548).

A Theorem of Jungck in the b,-metric space

The following Theorem is the version of the Theorem of Jungck
(Jungck, 1976, pp.261-263) in b-metric spaces.

Theorem 3.1 Let T and | be commuting mappings of a b,-complete
b,-metric space (X,d,s) into itself satisfying the inequality

d(Tx, Ty,a) < Ad(Ix, ly,a) (3.1)

513

Kumam, P. et al, Some fixed point theorems in b,-metric spaces, pp.507-524



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2019, Vol. 67, Issue 3

for all X,y,ae X, where 0< A <1. If the range of | contains the

range of T and if | is b,-continuous, then T and | have a unique common
fixed point.

Proof. Let X, € X be arbitrary. Then Tx, and Ix, are well defined.
Since TX, € I(X), there is any x, € X such that Ix; =TX,. In general, if

X, is chosen, then we choose a point X,,, in X such that IX,, =TX, .

n

We show that {Ixn} is a bo-Cauchy sequence. From (3.1) we have
d(Ix,, Ix,,a)=d(Tx,_,,Tx,,,a)< Ad(Ix,_,, Ix,_,,a).

m-1?
So,

d(Ix,, Ix,,a)< d(Ix, ,, Ix,,,a), forall mneN, ae X . (3.2)

From Lemma 2.2 we obtain

(A" + 1)
— Sz p
for all mneN, aeX and for some peN such that it is

p>-2log, s. Thus, we obtain that {Ix, } is a b-Cauchy sequence in X.

d(Ix,, 1x,,a) < d (1%, 1x,,a), (3.3)

By the b,-completeness of X, there exists U € X such that
limIx, =limTx,_, =u.

n—oo n—oo

Now, since | is b,-continuous, (3.1) implies that both | and T are
bs-continuous. Since T and | commute, we obtain
lu= Iuimen)= limITx, =limTIx, =T |lim Ixn):Tu.

nN—oo n—oo

Let v=1Ilu=Tu.Weget Tv=Tlu=I1Tu=1Iv.If Tu=Tv, from (3.1)
we obtain

d(Tu,Tv,a)< Ad(lu, Iv,a) = 2d(Tu,Tv,a) < d(Tu, Tv,a),

a contradiction. So we have Tu=Tv, and finally we obtain
Tv=Ilv=v ie. vis a common fixed point for T and I. Condition (3.1)
implies that v is the unique common fixed point.

Theorem 3.2 Let T and | be commuting mappings of a complete
2-metric space (X ,d, s) into itself satisfying the inequality
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d(Tx, Ty,a) < Ad(Ix, ly,a) (3.4)

for all x,y,ae X, where 0< A <1. If the range of | contains the

range of T and | is continuous, then T and | have a unique common fixed
point.

From Theorem 3.1, we obtain the following variant of the Banach
theorem in b,-metric spaces.

Theorem 3.3 Let (X,d,s) be a b,-complete by-metric space and
T : X > X a mapping satisfying:

d(Tx,Ty,a)< ad(x,y,a) (3.5)
for all x,y,ae X, where ae[O,l). Then T has a unique fixed
point.

Proof. Put 1(x)=x,x € X in Theorem 3.1.

We obtain the following result as a consequence of Theorem 3.1 if
we put K :% and T to be the identity map, i.e. T(x): X, Xxe X.

Theorem 3.4 Let | be a continuous onto mapping of a b,-complete
bo-metric space (X,d,s). If there exists K >1 such that

d(Ix, ly,a)> Kd(x,y,a)

for all X,y,a e X, then | has a unique fixed point.

The Reich theorem in b,-metric spaces

The following theorem is the analogue of the Reich contraction
principle (Reich, 1971, pp.121-124) in the bo-metric space.

Theorem 4.1 Let (X,d,s) be a b,-complete b,-metric space and
T : X — X be a mapping satisfying:
d(Tx,Ty,a)< ad(x,y,a)+ Ad(x,Tx,a)+ ,d(y,Ty,a) (4.1)

for all x,y,ae X, where «, 3,y are nonnegative constants with

a+ f+y<1andmin {ﬂ,7}< 1 . Then T has a unique fixed point.
S
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Proof. Let X, e X be arbitrary. Define the sequence {xn} by
X, = IX, forall n >0. From condition (4.1) we have that

d(xn+l’ n’ )<ad( n’ n -1 )+ﬂd( n’ n+1’ )+7/d( n-11 n’ )

Therefore,

a+y
d(X,.., X, @) < d(Xx,, X, 5,a). 4.2
(Xnun )1_ﬁ( X,.1:8) (4.2)
Put r—ihL; We have that re[Ol) It follows from (4.2) that
d(x,.,, x,,a)<r"d(x,, x,,a) forall n>1. (4.3)

From conditions (4.1) and (4.3), we obtain

d (X Xy, 8) < o (X4, X0 008)+ A (%00 X, )+ 50 (%, 1, %, ,0)
< ad (X, 4, X, 2)+ A (X, x,,a)+ (%, , %, a)
_O‘d( Xin-11 X1, @ )+(ﬂrm_l+7rn_l (XO,’Xl’a)

From this, together with Lemma 2.1 (we can put
A =a,c=max{B,yd(x, x,a)

for all m,neN, note that if r=0 then the proof is trivial) we
conclude that {x, } is Cauchy. By the b,-completeness of (X,d,s) there

exists X" € X such that

limx, =x". (4.4)

n—oo

Now we obtain that X is the unique fixed point of T. Namely, we
have
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d(x*,Tx*, a)s s[d (xn+1,Tx*, a)+ d(x*, Xna1s a)+ d(x*,Tx*, XM)]
= s[d (Txn,Tx*, a)+ d (x*, Xoi1s a)+ d (x*,Tx",Txn )]
< s[ad (xn, X", a)+ pd(x,,x,,,,a)+ ;d(x*,Tx*, a)

+ d(x*, xn+l,a)+ ad(x*, X", xn)+ ,Hd(x*, x*,Tx*)
+ }/d(X*, Xn' Xn+1)]
and

d(Tx*, X", a)s s[d (Xn+1, X", a)+ d(Tx*, X, 1s a)+ d(Tx*, X", XM)]
= s[d (Xn+1, x*,a)+ d(Tx*,Txn,a)+ d(Tx*, X", TX, )]

< s[d (XM, X", a)+ ad(x*, xn,a)+ yil (x*,Tx*, a)

+ 30 (%,, %,,0a)+ad (X7, X7, x, )+ Ad(x", X", TX)
+;/d(x*,xn,xn+1)]

Since limd(x",x,,a)=0, limd(x,,x,.,,a)=0,

n—oo nN—o

Iimd(x X x*):O and min(ﬂ,y)<%, we have d(x*,Tx*,a):O for

n?! *n+l

allae X i.e., Tx" =x" (Axiom (1) in Definition 1.5).

For uniqueness, let y* be another fixed point of T. Then it follows
from (4.1) that
d(x*, y*,a): d(Tx*,Ty*,a)s ad(x*, y*,a)+ ,Bd(x*,Tx*,a)Jr;d(y*,Ty*,a)
:ad(x*, y*,a)< d(x*, y*,a)

is a contradiction. Therefore, we must have d(x*,y*,a):O, ie.,
X" =y".

From Theorem 4.1, we obtain the following variant of the Kannan
theorem (Kannan, 1968, pp.71-76) in b,-metric spaces.

Theorem 4.2 Let (X,d,s) be a b,.complete b,-metric space and
T : X —> X be a mapping satisfying:

d(Tx,Ty,a) < pd(x,Tx,a)+d(y, Ty,a) (4.5)
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for all Xx,y,ae X, where f,y nonnegative constants with

p+y<land min{ﬂ,y}< 1 Then T has a unique fixed point.
S

A result in partial order bo-metric space

Let Fs denote the class of all functions £ [O, oo) - [Olj satisfying
S

the following condition:
1
,B(tn)—>g as N — o impliest, >0 as n — .

In the paper (Mustafa et al, 2014), Mustafa et al. obtain the following
result in partially ordered b,-metric spaces.

Theorem 5.1 (Mustafa et al, 2014, Theorem 1) Let (X,<)be a
partially ordered set and suppose that there exists a b,-metric d on X
such that (X,d,s) is a b,-complete b,-metric space. Let f : X — X be
an increasing mapping with respect to < such that there exists an
element X, € X with X,<fx,. Suppose that

sd(fx, fy,a) < g(d(x,y,a))M(x, y,a) (5.1)
for all a € X and for all comparable elements X,y € X , where

M(x,y,a)= max{d (x,y,a), : ()i:)((j ?f)f(f))// ;y)’ a)} -

If f is by-continuous, then f has a fixed point. Moreover, the set of
fixed points of f is well ordered if and only if f has one and only one fixed
point.

In the further, we consider that M (x,y,a) is given as in Theorem
5.1.

In the paper (Fadail et al, 2015, pp.533-548), Fadail et al.
generalize, complement and improve Theorem 5.1 in several directions.

Theorem 5.2 (Fadail et al, 2015, pp.533-548, Theorem 2.1) Let

(X,<) be a partially ordered set and suppose that there exists a
b,-metric d on X such that (X .d, s) is a b,-complete b,-metric space with
s>1. Let f: X — X be an increasing mapping with respect to <
such that there exists an element x, € X with x,<fx,. Suppose that

518



s°d(fx, fy,a) < g(d(x, y,a))M(x, y,a) (5.2)

for all ae X and for all comparable elements X,y e X, where
g€ (0,1]. If f is bo-contuniuous then f has a fixed point. Moreover, the set
of fixed points of f is well ordered if and only if f has one and only one
fixed point.

Using Lemma 2.1, we get the following result.

Theorem 5.3 Let (X ,5) be a partially ordered set and suppose that
there exists a bo-metric d on X such that (X,d,s) is a b,-complete
b-metric space with s>1. Let f: X — X be an increasing mapping
with respect to < such that there exists an element x, € X with x,=<fx,.
Suppose that exists 1 € (0,1] such that

d(fx, fy,a) < AM(x,y,a), (5.3)

for all ae X and for all comparable elements X,y e X . If f is

b.-continuous, then f has a fixed point. Moreover, the set of the fixed
points of f is well ordered if and only if f has one and only one fixed
point.

Proof. Since X,=<fx, and fis an increasing function, we obtain that

f n+1

2 n
Xoﬁfxoﬁf Xoﬁ"'ﬁf Xo= Xo=-e.

Since x,=X,.,, where X, ., = fX,,n €N, from (5.3) we obtain

n+l>

d(x,,x,..,a)< A max{d (X4, %,,a), d (anlJ,rXcr; ’(i)d)fxn ’ Z”)*l’ a)}
n?! *n+l?

<2d(x,_,,%,,a)
Using induction, we conclude that
d(x,x,.,,a)<Ad(x,, %,a), (5.4)

forall neN, a e X . Further from conditions (5.3), we have

d(x,,x,.,a)< A max{d (X1, %,_5,), d (Xmirf& ’(i)d E(X”;’)X” ’ a)}

m?“n?

< Amax{d(x, . x,_,a),d(x, %, ,a)d(x,_,,x,,a)k

m-1? *m?

Now, from inequality (5.4), it follows
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d(x,,x,,a)< A max{d (X1 X1, @) A" d (%4, X,,8)2"d (X, Xy, a)}
<Ad (X, X, _y,a)+ A" "2 (X, X,,a)

<2d (X, 4%, .a)+ (A" + 27 )%(x,, %,,)

= 2d (X, 1, X, ,a)+ (A" + A7)

where ¢c=d 2(XO, X, a). Now, because of Lemma 2.1, we get that

{x,} is a bCauchy sequence in (X,d). The rest of the proof is the
same as in (Mustafa et al, 2014) (Steps IV and V).

Note that condition (5.1) implies (5.2) and condition (5.2) implies

(5.3).

Example 2 Let X ={(a,0):a€[0,40)}U{(0,2)} and let d(x,y,z)

denote the square of the area of a triangle with the vertices X,y,ze X,

d((2,0).(b.0).(0,2))=(a~b)".

Then d is a by-metric with the parameter s =2. Introduce an order

in X by

(a,0) < (b,0)=ax=h,
with all other pairs of distinct points in X incomparable.
Consider the mapping f : X — X given by

f(a,0)=(1a,0) for a[0,+x) and (0,2)=(0,2),
and the function S €F, given as

Bt)= 21::“ for t €[0,4+0).
Then f is an increasing mapping with (a,0) < f(a,0) for each a>0.

1. If /’t:1 then the assumptions of Teoreme 5.1 are satisfied

(Mustafa et al, 2014, Example 3).

2. If /”L:% then the assumptions of Theorem 5.2 are satisfied

(Fadail et al, 2015, pp.533-548, Example 2.6), but we cannot apply
Theorem 5.1.

3.1f A4 e(%,lj then the assumptions of Theorem 5.3 are satisfied,

but we cannot apply Theorem 5.2.
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HEKOTOPbLIE TEOPEMbl O HENOABWMXHbLIX TO4YKAX B
b,-METPUYECKUX NMPOCTPAHCTBAX

Mym Kymam®, 3opar 1. Mutpoeud®, MupbsiHa B. Maenosuy®

@ TexHonorMyeckuit yHmeepenteT kopons MoHrkyta B TXoHBYpH,
EctectBeHHO-MaTeMaTU4eckuin cakynbTeT, ViccnenoBarensckas rpynna no
TEopUN HEMOABWKHbBIX TOYEK U NX MPUMEHEHMIO, LIeHTp TeopeTnyeckmx n
BbIYMCINUTENbHBIX HayK, 3gaHne Hay4Hou nabopatopuu,
r. baHrkok, Koponesctso TavnaHg

6 YHuepcuTeT B I. BaHa-Jlyka, OneKkTpoTexHuyYeckmin pakynbTeT,
r. bans-Jlyka, Pecny6nuka Cepbckasi, BocHus u epuerosuHa

® YHueepcuTeT B r. Kparyesall, EcTecTBEHHO-MaTeMaTUYecKuin qpakyrnbsTer,
r. Kparyesau, Pecny6nuka Cepbus

PYBPUKA M'PHTU: 27.00.00 MATEMATUKA,

27.39.27 HennHenHbIi PyHKUMOHAmNbHBIV aHanm3
BWO CTATbW: opurmHansHas Hay4Has ctaTbs
A3bIK CTATbW: aHrnunckuin

Pe3some:

Bo esedeHuu daHHOU cmambu Mbl QOKasanu pesyrnbmam, Komopbil
sernsgemcs docmamoyHbIM ycrnosuem onsa cxodumocmu
nocnedosamersnbHocmel 8 by-Mempudyeckom npocmpaHcmese. [anee
npedcmaessieHbl HEKOMOPbIe MEOPEMbI O HENOOBUXHOU MOYKE 8
bo-mempuyeckom — npocmpaHcmee.  Hekomopble  u3  Hawux
pesynbmamos  npedcmasnsiom  coboli  coomeemcmesyoujue
0b60bweHUss  u38eCMmHbIX  pe3ynibmamog 8  b,-MempuyecKkom
npocmpaHcmee, 8 Kadecmee  Ookazamesibcmea  pueedeHhb!

rpuMepbI.

Knroyesbie crioga: HernoO8uUXXHbie moyku, 060bwWeHHbIe HernooOB8UXHbIe
mouku, 2-Mempudeckoe rnpocmpaHcmeo, b,-mempuyeckoe
rpocmpaHcmeo.
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HEKE TEOPEME O ®WKCHOJ TAYKN VY b,-METPUYKNM
MPOCTOPVMA

Mym Kymam®, 3opar 1. MMTpOBMﬁS, MupjaHa B. Masnosuh®

@ TexHoroLwukn yHusepauteT Kparba MoHrkacta y ToH6ypujy,
MpupoaHo-maTtemaTnykmn pakynteT, IcTpaxnsayka rpyna teopuje u
npumeHe puKCHNX Tavaka, LieHTap 3a Teopujcke 1 pavyHCcke Hayke,
3rpaga HayyHe nabopatopuje, baHrkok, KparbeBuHa TajnaHg
YHuepauteT y bawoj Jlyun, EnekTpoTexHnukn dakynTer,
Barba Jlyka, Penybnuka Cpncka, BocHa n XepuerosuHa

® YuueepsauteT y Kparyjesuy, MpupoagHo-MaTeMaTuyku dakynTer,
Kparyjeau, Penybnuka Cpbuja

OBJIACT: matemaTtuka (MaTemMaTnyka TeMaTcka krnacudukauuja:
npumapHa 47H10, cekyngapHa 54H25)

BPCTA YJTIAHKA: opurmHanHu Hay4Hu pag

JES3UNK YJTAHKA: eHrnecku

Caxemak:

Y osom pady npeo je dokasaH pe3ysnmam Koju daje G080sbaH yCcri08 3a
KOHBep2eHUuUjy Hu3zoea y by,-mempudykom rnipocmopy. Takohe,
HasedeHe cy Heke meopeme O (DUKCHOj mayku y bo-Mempuykom
npocmopy. Heku pesynmamu npedcmaesbajy o00zoeapajyhe
e2eHeparnu3ayuje nosHamux pesynmama y by-Mempu4Kkom rnpocmopy,
a npumepu cy npeseHmupaHu 8a mo nomsepade.

KrbyyHe peyu: c¢pukcHe mayke, 3ajedHu4Kke DUKCHE madke,
2-mempuyKU rpocmop, bo-mempuyKu npocmop.
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