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Abstract:

Introduction/purpose: The Laplacian energy (LE) is the sum of absolute
values of the terms u-2m/n, where u, i=1,2,...,n, are the eigenvalues of
the Laplacian matrix of the graph G with n vertices and m edges. In 2006,
another quantity Z was introduced, based on Laplacian eigenvalues,
which was also named ,Laplacian energy*”. Z is the sum of squares of
Laplacian eigenvalues. The aim of this work is to establish relations
between LE and Z.

Results: Lower and upper bounds for LE are deduced, in terms of Z.

Conclusion: The paper contributes to the Laplacian spectral theory and

the theory of graph energies. It is shown that, as a rough approximation,
LE is proportional to the tem (Z-4m*/n)">.

Keywords: Laplacian spectrum (of graph), Laplacian energy.

Introduction

Let M be a real symmetric square matrix of order n. Let (4,05,...,C,,
be the eigenvalues of M, and let {;+{>+---+(,=C. Then the energy of M is
defined as (Nikiforov, 2007), (Gutman & Furtula, 2019):

EM) =Yl -2 )

By using different matrices, one arrives at different ,energies”. The
first among them is the (ordinary) graph energy, based on the
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eigenvalues of the (0,1)-adjacency matrix of a graph (Li et al, 2012),
(Ramane 2020). It was introduced in 1978. Since then, more than 170
various ,energies“ have been considered in the literature; for details see
(Gutman & Furtula, 2019). In this paper, we are concerned with the
Laplacian energy.

Let G be a simple graph possessing n vertices and m edges. Label
its vertices by by v1, v2, ..., vn . Let deg(vi) be the degree (= number of
first neighbors) of the vertex vi. The Laplacian matrix of G, denoted by
L(G), is the square matrix of order n, whose (i,j)-element is

-1 if v, and v, are adjacent
L(G); =40 if v, and v, are not adjacent
det(v.) if i=]

For details of the theory of Laplacian matrices and their spectra see
(Grone et al, 1990),(Mohar, 1992), (Merris, 1994).

Let p1,p2,,..., gn be the Laplacian eigenvalues of the graph G, i.e.,
the eigenvalues of L(G). Then the Laplacian energy of G is

E=Y
i=1

The Laplacian energy was introduced in 2006 by the Chinese
mathematician Bo Zhou and the present author (Gutman & Zhou, 2006).
Since then, its theory was elaborated in due detail, see (Das & Mojallal,
2014), (Pirzada & Ganie, 2015), (Andriantiana, 2016), (Gutman &
Furtula, 2019), (Gutman, 2020), and the references cited therein.

In the same year when the concept of the Laplacian energy was
conceived (Gutman & Zhou, 2006), a paper was published in which an
unrelated Laplacian-spectral quantity was defined, and also named
.Laplacian energy“ (Lazi¢, 2006). The quantity put forward in (Lazic,

20086) is
Z=Y 1. (3)
i=1

In what follows we refer to Z as to the fake Laplacian energy.

It is evident that Z, Eq. (3), violates the general conditions that an
.energy“ needs to satisfy, see Eq. (1). The right-hand side of Eq. (3) is
just the second spectral moment of the Laplacian eigenvalues. Naming it
.energy“ was a misnomer. This was immediately recognized by all

om ,
Hi Nl (2)
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mathematicians who did research of the true Laplacian energy, Eq. (2),
and the paper (Lazi¢, 2006) was simply ignored.

The inventors of the Laplacian energy (Gutman & Zhou, 2006), as
well as the scholars who later studied it, were solely interested in its
mathematical properties. However, in recent years, the Laplacian energy
has gained popularity for a variety of technical applications, mainly in the
area of image analysis and pattern recognition (Luyuan et al, 2010),
(Song et al, 2010), (Meng & Xiao, 2011), (Xiao et al, 2011), (Huigang et
al, 2013), (Bai et al, 2014), (Deepa et al, 2016), (Pournami & Govindan,
2017), (Zou et al, 2018). In all the quoted papers, the Laplacian energy
was computed according to Eq. (2).

Not all scholars who work on applications of the Laplacian energy
are experts on its mathematical theory, and some of them seem to have
learned about the Laplacian energy by means of Google search.
Therefore, it happened that in some papers, instead of the true Laplacian
energy, a group of authors used Z, Eq. (3) (Qi et al, 2012), (Qi et al,
2013), (Qi et al, 2015). It may be that there are more such erroneous
works, spread in the non-mathematical literature.

The existence of papers in which the fake Laplacian energy is used,
motivated us to examine the actual (mathematical) relation between LE
and Z.

Relating the two Laplacian energies

In (Gutman 2020), it was pointed out that the relations

iﬂi =2m
i=1
and

iﬂiz =2m +id89(vi)2
i-1

i=1
are well known (Grone et al, 1990). There it was shown that

n n 2
> =2m+ deg(v) ~ -
i=1 i=1
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where

« 2m
M ==
n
Recall that
D4 =0 and |y |=LE 4)
i=1 i=1
Bearing in mind Eq. (3), we get
Z =2m+ ) deg(v,)* (5)
i=1
and
o, 4m?
DM =T ©
-y n
Starting with
D220 =14 )? 20
i=1 j=1

and using Egs. (4) and (6), we get

n n n n 2
DWW IESII AR |:2n[2—4”‘ J—ZLEZZO

i=1 j=1 i=1 j=1 n

fom which,
2
LESI{Z—4m]_ 7)
n

Starting with

Dt

i<j

n 2 n n
&= S 1] =S+ 2Tl Hai e S o2
i=1 i=1 1

i<]j i=

and taking into account that because of (4),

DM = DD = D
i=1

i<j i=1 j=1

2

=2
i=1

we get
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L2223 4"

i=1

2
LE > 2[2—4%) @)

Combining (7) and (8), we arrive at

Discussion

From the bounds (9), we see that, as a rough approximation, there
should exist a linear relation between the Laplacian energy (LE) and the

term /Z — 4m?*/n , with Z standing for the fake Laplacian energy. As
the first guess, we may have

Jn++2 - 4m?
2 n -
The approximation (10), as well as any other approximation based

on the bounds (7) and (8), is of poor quality. Namely, in contrast to the

Laplacian energy, the right-hand side of (10) is structure-insensitive.

This, of course, is the consequence of the structure-insensitivity of the

fake Laplacian energy, Z.

For instance, if the graph G is regular of degree r, then Z=nr(r+1). If
the graph G has n, vertices of degree a, and ny, vertices of degree b, so
that n,+ ny,=n, then

_2M=mD )+ 2M M8
a—b b—a

and Z is independent of the parameters n, and n,. Thus, for the

chemically important class of (molecular) graphs with vertices of degree

two and three, Z=6(2m-n), independent of any other structural detail.

Then the same holds also for the right-hand side of Eq. (10).

LE =

(10)
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ABE SHEPT UKW JTAMNACA 1 X COOTHOLWEHKNE

UeaH N'yTmaH

KparyeBaukuii yHuBepcuteT, EcTecTBeHHO-MaTeMaTuieckun akynorer,
r. Kparyesau, Pecnybnuka Cepbus

PYBEPUKA TPHTW: 27.29.19 KpaeBble 3agayun n 3agaym Ha cObCTBEHHbIE
3Ha4yeHus AN 06bIKHOBEHHbIX AnddepeHumanbHbIX
YpaBHEHUIN U CUCTEM ypaBHEHUN

BWO CTATbW: opurmHanbHasa Hay4YHas ctatbs

A3bIK CTATbW: aHrnuickmin

Pe3swome:

BeedeHue/uenb: OHepeus flannaca (LE) npedcmasnsgem cobol cymmy
abconomHbIx  3HavyeHull  U-2m/n, e0e u, i=1,2,...,n sensromcs
cobcmeeHHbIMU  3HadeHusimu G epachbl  mMampuuybl flannaca ¢
sepwuHamu n u pebpom m. B 2006 20dy bbina egedeHa eenu4vuHa Z,
OCHOBaHHasi Ha xapaKmepHbIx 3Ha4YeHusix flarnnaca, komopasi rnosyquna
HaseaHue «Jflannacosa aHepeusi». Z — 3mMO CyMMma Keadpamos
cobcmeeHHbIX 3HadeHul Jlannaca. Llenbto daHHOU pabombi sensemcsi
ycmaHosrieHue coomHowieHul mexoy LE u Z.

Pesynbmambi: HWwxHSsT u 8epxHssi epaHuubl Onsi LE ebigodsimes U3
yHKUUU Z.

Bbigodbl: Cmambsi criocobecmeyem criekmparibHol meopuu flannaca u
meopuu aHepauu epaghos. B epyboli annpokcumayuu bbifio rnokas3aHo,
ymo LE nporopyuoHanbHa (Z-4m*/n)"2.

Kntouesnle crniosa: Jlannacoe cnekmp (epagp), sHepaus Jlannaca.

JBE JNNAMJACOBE EHEPIMJE N OOHOCU MEBY HbUMA

UeaH N'yTMaH
YHusepautet y Kparyjesuy, MNpupoaHo-matemaTtuyku akynTer,
KparyjeBau, Penybnuka Cpbuja

OBJACT: maTtemaTtuka
BPCTA UJTIAHKA: opyruHanHu Hay4Hu pag
JESUK YJTAHKA: eHrnecku
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Caxemak:

Yeod/yurb: Jlannacoea eHepeuja (LE) jecme cyma ancorymHux
gpedHocmu nojmosa Ur2m/n, 20e cy W, i=1,2,..,n, corcmeeHe
gpedHocmu Jlannacose mampuue epagha G ca n epxosa U m usuua.
FoduHe 2006. ysedeHa je Opyaa eenu4vuHa Z, 3acHosaHa Ha Jlarnnacosum
ceojcmeeHUM 8pedHocmuMa, Koja je makohe Ha3eaHa ,Jlarnnacosa
eHepeuja’. Z je cyma keaOpama Jlarnnacosux ceojcmeeHuUxX epedHocmu.
Lurb 080z pada je Hanaxere o0Hoca usmehy LE u Z.

Pesynmamu: [Jora u eopra epaHuya 3a LE odpefjeHe cy kao ¢hyHKUuje
00 Z

Sakrbyyak: Pad OdonpuHocu flannacoeoj criekmparnHoj meopuju U
meopuju eHepauje epagposa. [lokasaHo je Oa je, Kao epyba

anpokcumauyuja, LE nporiopyuoHarHa ca (Z-4m /n)1/2.
KrbyuHe peyu: Jlannacos ciekmap (epacgha), Jlannacosa eHepauja.
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