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Abstract:

Introduction/purpose: Some properties of the zeta function will be shown as well
as its applications in calculus, in particular the “golden nugget formula” for the
value of the infinite sum 1+ 2+ 3 + ---. Some applications in physics will also
be mentioned.

Methods: Complex plane integrations and properties of the Gamma function will
be used from the definition of the function to its analytic extension.

Results: From the original definition of the ((s) function valid for s > 1 a mero-
morphic function is obtained on the whole complex plane with a simple pole in
s=1.

Conclusion: The relevance of the zeta function cannot be overstated, ranging
from the infinite series to the number theory, regularization in theoretical physics,
the Casimir force, and many other fields.

Key words: Zeta function, analytic continuation, complex plane integration.

Definition of the Zeta Function and its generalization

Consider the complex variable s = o + it with o and ¢ being real. For

o > 1 the series
+o0 1
() =) — (1)
n
n=1
is convergent. This defines the zeta function, already known to Euler (Eu-
ler, 1738), (Euler, 1740), the properties of which were discovered by Rie-

mann (Riemann, 1859) more than 100 years after Euler’s works.
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One generalization of this function is the following function

—+00

C(S,a)_zmla)s (2)

n=0

with ¢ > 0 due to Hurwitz (Hurwitz, 1932). For a = 1 one recovers the zeta
function. Working with the Hurwitz zeta allows us to obtain more general
results that can immediately be translated for the zeta function in the case

C(s,1).

By considering the definition of the I" function

I(s) = /0+OO ¥ e dx (3)

and by applying the substitution = — (n+ a)x, where n is an integer, we get

+oo
I'(s) = / " Hn + a)Pe 2Dy 4)
0
that is
F( ) 1 i /+Oo s—1 —;v(n-{—a)d (5)
S (n+ ) = ; z° e T .

Summing of n on both sides of (5) and using (2) leads to

s—le—az

+o00 +0oo oo .
I'(s)((s,a) = /0 5t Z et gy = /0 —dz, (6)
n=0

l—e®

the integral converges for ¢ > 1. This formula furnishes us with an inte-
gral expression for ((s, a) that will be useful to analytically extend the zeta
function even for ¢ < 1. (2) could be rewritten as

1 +o00 xs—le—aaz
((s,a) = T(s) /0 ﬁdx ) (7)

which bears resemblance to the I' function itself (3).
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The integral on the complex plane
From formula (7) we will consider the integral

—2 s—le—az
ne) = [ S (®)

1—e*
C

extended over the complex plane, z € C, on the contour C. When observing
the integrand we see that there is a branch point at z = 0 and that there exist
simple poles for z = +2nmi, where n = 1,2,3,.... Assuming there is a cut
on the real positive axis, we will make use of a Hankel’s type of contour for
the integral (Hankel, 1869). It comes from +oc just above the real positive
axis, goes around the origin and returns back to +oo this time below the
real positive axis, so it does not contain any of the above mentioned poles,
and does not pass through the branch point z = 0. We conclude that such
an integral (8) provides us with an analytical function for all values of s. We
can write the relation

_\s—1,—az . . +oo (_ ,.\s—1,—ax
/ ( Z) _ez dz = [eﬂ'z(s—l) _ 6_7”(8_1)}/ ( I’) e dr —
1—e 0

1—e*
c
+oo (__,.\s—1,—ax +oo (__,.\s—1,—ax
2isin[m(s—1)] / (:U)ieda: = —2isin(ms) / (33)766& .
0 1—e* 0 1—e*

9)
Remembering the reflection property of the T" function, for which

T(1— s)(s) = ——

(10)

sin(7s)’

combining with the result of (9) and plugging all back in (7), we end up with
an expression for Hurwitz’s ¢ from an integral on the complex plane

L(1-s) / (—z)sleme? & — T(-s)

((s,a) = — I,(s) . (11)

21 1—e* 271
c
Now, we have already noticed that the last integral 1,(s) gives an ana-
Iytical function for all values of s on the complex plane. Therefore the only
possible poles of ((s,a) could be given by the I'(1 — s) function, that is at
the points 1,2, 3, .. ..
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On the other hand, from definition (2), we already know that ((s, a) con-
verges for o > 1. We, therefore, conclude that the only possible pole for
((s,a) is to be found at the point s = 1, and it is a simple pole, because the
I" function has only simple poles for negative integers, of the form

I'(z) = n!((;lfm + (_Dn%“ D +O(z+n), (12)

where i(z) = d/dx[In(I'(x))]. For s =1, I,(1) is written as

Ia(]_) = / . dz = 273 Res (16 > = 2mi ) (13)

1—e* 2=0 —e 7

because for a > 0 the integrand is zero at infinity, and its residue is +1.
Hence, from (11) we obtain that

i S5 (14)

sl—%r(l—S)__

Equation (12) tells us that I'(1 — s) has a single pole for s = 1 with
the residue of -1. It, therefore, follows that ((s,a) has s = 1 as the only
singularity, which is a single pole with the residue of +1.

Functional equation

Formula (11) provides an expression for the Hurwitz zeta function ((s, a)
which is valid for all values of s € C\{1} by means of an expression con-
taining a complex integral (8) I,(s) (Hurwitz, 1932).

Consider now the real positive point (2N + 1)7, N being an integer, and
define the Hankel’s contour C in analogy to the previous one encountered.
The path runs from the point (2N +1)7 towards 0 just above the positive real
axis, goes around the origin z = 0 in a counterclockwise direction without
intersecting it, and returns to the original point just below the real positive
axis, and does not contain any of the simple points +2nmi of the integrand.
Consider then a circle C}, centered in the origin with the radius (2N + 1),
ending at the beginning of Cn. The full path Cy+Cl is closed, and the origin
lies outside of it, therefore we obtain
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N

el == Y (Y (15)

27 1—e*
Cn ey =l
where R;" and R;, are the residues of the integrand at the points +2n7i and
—2nmi respectively, for n = 1,..., N. This is true because all the poles are
inside the above defined contour, and the minus sign is necessary as this
contour runs clockwise. The residues at points +2min are given by
RE = (2ﬁn)5716¥%ﬂ(371)6¥2mna ’ (16)

n

hence

2sin (% s) cos(2man)
(27-[-)1—5 nl—s
2cos (5s) sin(2wan)
(271')1_8 nl-s

RF + R, = (27n)* ! 2sin (gs + 27ma) =

(17)

For a large N, the first part of the contour, C,, becomes the Hankel's
contour already encountered in (8), limy_.1 -, Cxr = C. The integral on the
circle C), does not contribute in the limit N — +o0. In fact, parametrizing
the variable on the circle path z = (2N 4 1)7e?, -7 < 0 < +r and fora > 0
one has

_\s—1_,—az +m
/ 2™ ] < / (2N + D)n]e= N+ gg —

Om[(2N + 1)7]fe~ GV  (18)

and this expression clearly goes to zero for N — +cc.
In the limit N — +oo applied to (15), we therefore obtain

1 _\s—1_—az 1 _\s—1_—az
TR o) S O S N ) A
N—+oo 271 1—e* 21 1—e*
Cn C

2sin (%S) +ZOO cos(2man) 2008 Z sin( 27ran (19)

(27-[-)1—5 — nl-s —
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and with the aid of (11) we can eventually write the converging series

+oo +oo

((s,a) = rd-s) [2 sin (Es) Zl M + 2 cos (gs> Z Sm(2mm)]

(27.[.)1—5 2 nl-s nl—s
(20)
By writing ¢ = 1 in (20) we obtain the functional equation linking the
values of ((s) and (1 — s) discovered by Riemann

(1 —s)

C(s) = (2m)® sin (gs) C(1—3s), (21)

and by making use of the T" function reflection property (10), we obtain the
alternative expression for the ¢ function reflection property

2151 (5)¢(5) cos (gs> — 51— s). (22)

Some special values of

In the previous section, we have seen that ((s) is a meromorphic function
on the complex plane, with a simple pole for s = 1. We will now discuss
some notable values of this function.

¢(2): the Basel problem

Historically, the first who posed the problem of the values of Z:ﬁ‘j 1/n?
was Mengoliin 1650 (Mengoli, 1650). Euler solved this problem in the years
after 1730, and he named it after his hometown (Euler, 1740).

Consider the series

sin(x):m——.—l————.—i—--- (23)

and divide this expression by z, obtaining the infinite polynomial

sin(z) 2zt af
=l-—=4+—=——=+4---. 24
z TR (24)
This function is well defined for all x € R and has its zeroes at the points
+nm, forn =1,2,3,.... Hence, this polynomial can be written as an infinite

product of the factors
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(- 0D 05 042) () ()
B () () T ) - e

n=1

That has to be compared with ((2), namely

—+00

g(2)22;=<1+1+;+-~>. (26)

n=1

Consider the coefficient of the polynomial (25) in 22. It is obtained by
picking exactly once each z? term in the factors, multiplyng it with all the
constant terms and then adding together all those terms. An analogy that
helps would be with the characteristic polynomial of a matrix, where the
coefficient of the lowest term of the polynomial (in our case, z?) is given by
the trace of the matrix that is the sum of all eigenvalues. This gives for the
z? term in (25)

11 1 a? 11 z?

2

— I I [ I R
x<7r2+47r2+97r2+ > 7r2<+4+9+ ) FQC()

(27)
Comparing this result with the x? term of (24), one obtains
.732 1‘2
-5 =5 (28)
giving eventually the required value for ¢
7T2
¢(2) = 5~ 1.6449 . (29)

Notice that, even though this brilliant procedure leads to the correct
value, it is wrong. In fact, one could multiply (25) by an arbitrary positive
function, say exp(z), and retain the same result, because the roots of the
polynomial will not change. Yet the series expansion of this new function
would be quite different from (24). The culprit is that it is not valid to treat
an infinite product or sum expecting it to behave like a finite one.
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¢(=1)

The infinite sum

+oo
1
14243+4+5+ = — (30)

n—l
n=1

is equivalent to ((—1). By writing s = —1 in (21), we get

1 T(Q) . T
((=1) = 5-—sin (=3 ) <) 31)
remembering the properties of the I" function and eq. (29) for the value of
¢(2) we have

1
(1) =g =1+2+43 4445+, (32)

so we end up with an astonishing result: the sum of all positive integers
is not only finite, but also negative! Of course this does not mean that the
usual addition rules turned out to be magically spoiled. In fact, consider the
finite sum

N
1+2+3+-~+N:Zn:N(N2+1), (33)
n=1

and this expression becomes infinite when N — +o0.

What it really means is that the definition of ¢ given in (1) is no longer
valid whenever o < 1, like in our case of s = —1. The ((s) that obeys to (21)
is the analytical continuation on the whole complex plane of the one defined
in (1), and they do coincide only when o > 1.

One could also think of equation (30) as an equivalence to a so—called
regularized ¢ function defined in (1). This technique is used very often in
theoretical physics and lays on a rigorous basis, too vast to be described
here. Loosely speaking, it is like considering the behavior of a function near
a pole, then discarding the divergent part while retaining the finite part. The
latter assigns the value of the function on the pole.
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For instance, by considering the behavior of the T" function close to neg-
ative integers described in (12), near the origin we have

1 6 2 4 2

ks

IimI'(z) = — —~

2
lim . D x4+ O(x*) (34)

so that a regularized T" function should assume the value
Reg[I'(0)] = —y ~ —0.5772.. (35)

It is worth noticing that the value of ((—1) appears in physics when com-
puting the Casimir force in one dimension, that arises as a fluctuation of the
vacuum energy when quantizing the electromagnetic field, or when com-
puting the ground state energy of the bosonic string theory, a model which
was an attempt to unify gravitational with other fundamental forces.

¢(0)
The infinite sum
400 1
1+1+1+1+1+"':Z:1no (36)
is equivalent to ((0). By writing s = 0in (21), we get
1 . (T
¢(0) = lim —T(V)sin (F5) ¢(1 = s) . (37)

and, remembering that { has a simple pole with residue +1 in s = 1, we
have

(T .7
E—% sin (58) C(1—3)= 5 (38)
Thus, by putting all the values in (37) we obtain

1
C0)=—5=1+1+1+1+1+-, (39)

obtaining once again a negative value for an infinite sum of positive terms.
The same considerations given for the case of ((—1) apply here.
Other useful information on complex functions could be found for in-
stance in (Denjoy, 1926), (Wolff, 1926), (Dosenovi¢, 2018), (Todorcevig,
2019).
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O3ETA-oYHKUUA N EE OCOBEHHOCTU

Hukona ®abwnaHo
He3aBUCUMbIN uccnegosartens, Pum, Utanus

PYBPUKA TPHTW: 27.00.00 MATEMATUKA:
27.25.17 MeTpunyeckas Teopust yHKLMNA,
27.33.00 NHTerpanbHble ypaBHEHWS,
27.39.29 MpubnmxeHHble meToabl
dYHKLMOHaNbLHOro aHanuaa

B[O CTATbW: o63opHas cTaTtes

Pesrome:

BesedeHue/uenb: B daHHoU crmambe npedcmasiieHbl HEKomopble
ocobeHHocmu d3ema-ghyHKUUU, a makxe ee rMpuMeHeHue 8 Ma-
memamu4eCcKoM aHasiu3e, 0coboe sHUMaHue yoesieHo hopmyrne
«golden nugget» npu ebiqucneHuu 6eckoHe4yHou cymmbl 1+ 2 + 3
+¢ ¢+, Bcmambe makxe rnpusodsimcs npuMephbi ee npUMeHeHuUs
8 husuke.

Memodnbi: lHmezpayusi 8 KOMIeKCHOU nnockocmu u ceolicmea
2amMma-ghyHKUUU UCMOMb3Yomcs Ha ecex amarnax: om ornpede-
nieHus ¢hyHKyuUU 00 ee aHannumMuU4YeCcKo20 pacliupeHus.

Pesynbmamel: U3 nepeoHayanbHo20 ornpedeneHusi pyHKyuu ¢
(s), omHocsawelics k s> 1, ebisodumcs MmepomopgbHast hyHKUUS
Ha eceli KOMI/IeKCHOU MI0CKOCMU C MPOCMbIM MOtocoM 8 S = 1.

Bbigo0dsi:  [J3ema-¢pyHKUyus 6e3ycriogHO uzspaem 8axHeUluwlyto
porb 80 MHO2UX obnacmsix, HayuHasi om BeCKOHeYHbIX ps0o8 u
3aKaHyueas meopuel quceri, peaynspusayuu 8 meopemuyeckol
usuke, cune Kasumupa u np.

Krnouesnie crioga: 03ema-gbyHKUUS, aHarnumu4eckoe npodormke-
Hue, UHMeapayusi 8 KOMMIeKCHOU MI0CKOCMU.

3ETA-®YHKUWNJA N HEKE HEHE OCOBUHE

Hukona ®abuaHo
He3aBWCHU UcTpaxusad, Pum, Utanuvja

OBNACT: matemaTtuka
BPCTA YJTIAHKA: npernegHu pag
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Caxxemak:

Yeo0/uurb: Y pady cy npukaszaHe Heke 0CObUHe 3ema-QyHKuUje,
Kao U HeHa fpuMeHa y Mamemamu4koj aHanu3u, Hapo4yumo
gopmyna ,golden nugget” 3a gpedHocm beckoHa4yHoz2 3bupa
1+2+3+.... Takohe, nomMeHyme cy U HeKe HeHe rpumeHe y ¢u-
3uyu.

Memode: WHmeepauuje komnmnekcHe pasHu u ocobuHe 2ama-
yHKyuje buhe uckopuwheHe 00 degpuHuyuje pyHkyuje 00 He-
He aHanumu4ke eKcmeH3suje.

Pesynmamu: O opuauHarsnHe depuHuyuje ¢pyHkyuje {(s) sanuod-
He 3a s >1, Jobuja ce MepomMopghHa hyHKYUja Ha Uerioj KOMIIIEK-
CHOj pasHU ca npocmum rnosiom Ha s = 1.

Bakrbyyak: U3y3emaH 3Hadaj 3ema-cbyHKyuje je HecyMmus, 00
beckoHa4HUX HU308a 00 meopuje b6pojeea, peaynapusauuje y
meopujckoj ¢pusuyu, Kasumupose cune u MHoz2ux Opyaux obna-
cmu.

KrbyyuHe pequ: 3ema-gbyHKyuja, aHarnumuyka KOoHmuHyauuja, uH-
meapauuja KOMIIeKCHe PasHU.
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