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RESUMEN

En este trabajo se presenta una expresión de la transformación general de Foldy-Wouthuysen a la representación quiral de 

las matrices de Dirac interactuando con un campo de fermión. La hipótesis es que a través de la multiplicación de la matriz 

de Pauli por las ecuaciones quirales de Maxwell en el caso de E i H , se obtiene la ecuación quiral de Dirac. Esta es la 

prueba del teorema de que la mecánica de ondas de partícula cuántica representa una electrodinámica especializada.

Palabras clave: Transformación de Foldy-Wouthuysen, ecuación quiral de Dirac, electrodinámica.

ABSTRACT

In this paper we offer an expression of the general Foldy-Wouthuysen transformation in the chiral representation of Dirac 

matrices interacting with fermion �eld. Our hypothesis is that through the multiplication of the Pauli matrix and Maxwell’s 

chiral equations in the case of E i H , one obtains the Dirac’s chiral equation. This is the proof of the theorem that the 

wave mechanics of quantum particles represent a specialized electrodynamic.

Keywords: Foldy-Wouthuysen transformation, chiral Dirac equation, electrodynamics.
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CHIRAL DIRAC MATRICES

The paper offers an expression of the general Foldy-

Wouthuysen transformation in the chiral representation of 

Dirac matrices interacting with fermion �eld x t, .

The paper [1, 2] discuss the theory of interacting 

quantum �elds in the Foldy-Wouthuysen representation 

[3]. These papers offer, in particular, the relativistic 

nonlocal Hamiltonian H
FW

 in the form of a series in 

terms of powers of charge e. Quantum electrodynamics 

in the Foldy-Wouthuysen (FW) representation has been 

formulated using Halmitonian H
FW

 and some quantum 

electrodynamics processes have been calculated within 

the lowest-order perturbation theory. As a result, the 

conclusion has been made that the FW representation 

describes some quasi-classic states in the quantum �eld 

theories. Both particles and antiparticles are available in 

these states. Particles, as well as antiparticles, interact 

with each other. However, there is no interaction of 

real particles with antiparticles – such interaction is 

possible only in intermediate (virtual) states. The FW 

representation modi�cation is required to take into a 

account real particle/antiparticle interactions. In the 

papers [1, 2] such modi�cation has been made using the 

symmetry identical to the isotropic spin symmetry owing 

to invariance of �nal physical results under change of 

sings in the mass terms of Dirac Hamiltonian H
D

 and 

Hamiltonian H
FW

. In the modi�ed Foldy-Wouthuysen 

representation, real fermions and antifermions can be 

in two states characterized by the values of the third 

component of the isotropic spin S
f
3 1

2
; real fermions 

and antifermions interacting with each other must have 

opposite signs of S
f
3

. Quantum electrodynamics in 

the modi�ed FW representation is invariant under P–, 

C–, T– transformations. Violations of the introduced 
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symmetry of the isotropic spin lead to the corresponding 

violation of CP– invariance. The standard model in the 

modi�ed FW representation was formulated in the papers 

[1, 4]. It has been shown that formulation of the theory 

in the modi�ed FW representation doesn’t require that 

Higgs bosons should obligatory interact with fermions 

to preserve the SU (2)– invariance, whereas all the 

rest theoretical and experimental implications of the 

Standard model obtained in the Dirac representation are 

preserved. In such a case, Higgs bosons are responsible 

only for the gauge invariance of the boson sector of the 

theory and interact only with gauge bosons W Z, ,

gluons and photons.

In the papers mentioned above, the energy representation 

of Dirac matrices derived by Dirac himself is used:

i
i

i

I

I

I

I

0

0

0

0

0

0

0
5

, , , i i0 (1)

Here we propose to change the Foldy-Wouthuysen 

transformation form by using the chiral representation 

of Dirac matrices.

c
i

i

i c c

I

I

I0

0

0

0

0

0

0
5

, ,
II

c
i

c c
i, 0

(2)

The chiral representation (2) is commonly used in the 

modern gauge �eld theories and in the Standard Model, 

in particular.

First consider the structure of equations describing 

the components of the wave functions 
D

 (x) for the 

two representation of Dirac matrices considered in the 

paper.

In relations (1), (2) and below the system of units with c 1

is used; x, p, are 4-vectors; the inner product is taken as

xy = xµy
µ
 = x0y0– xkyk µ = 0,1,2,3, k = 1,2,3; p i

x

k;

are Pauli matrices;
1 0

1 2 3

,

, , , ,i k k
;

D
 (x) is the 

four-component wave function, x x x x
R L

, , ,

are the two-component wave functions.

The following operator relations are valid for the free 

Dirac equation with representation (1):

p x p m x
x

x

p

D D0

0

; ;

xx p x m x

p x p x m x
0

;

;p m p

p m p

0

1

0

1
;

(3)

With representation (2), relation (3) looks like

p x p m x
x

x

p

D D

R

L

0
; ;

00

0

R R L

L L

x p x m x

p x p x m x

x
p p

m
x p

R

L R

;

0
0

p m x

x
p p

m
x p

R

R L

1

0
0

;

p m x
L

1
;

(4)

Relations (4) use the operador equality:

p E p m
0
2 2 2 2

Comparison between relations (3) and (4) shows that with 

the substitution below,

m p,
5 (5)

These relations transform into each other.

The Foldy-Wouthuysen transformations for the energy and 

chiral representations of Dirac matrices also transform 

into each other if the substitution (5) is made.

Thus, the general Foldy-Wouthuysen transformation 

with Dirac matrices in the chiral representation 

U U
FW
chir

FW

chir
chir chir chir0
1 2 3

1 .... , as well 

as the fermion Hamiltonian in the Foldy-Wouthuysen 

representation

H E qK q K q K
FW
chir chir chir chir

5 1
2

2
3

3
...

can be obtained. From the corresponding expressions for 

U H
FW
en

FW
en, with Dirac matrices in the energy representation 

(see [1, 2]) with substitution m p,
5

, we 

have
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the relations

p x p x m x

p x p x

R R L

L L

0

0
m x

R

(6)

CHIRAL APPROACH OF
MAXWELL’S EQUATIONS

Also the relations (6) can be obtained under the chiral 

approach of Maxwell’s Equations where the electric �eld

E  is parallel to the magnetic �eld H [5], that is E i H ,

where 0 0
/ .

If one wanted to describe the hydrogen gas by means 

of electrodynamics one should start from the firmly 

established experience that the hydrogen gas may 

absorb and reemit electromagnetic energy, and that 

without external intervention there is no indication 

that the gas to contain electric charges [6-11]. Thus 

we consider the hypothesis witch visualizes the gas 

as charge free electromagnetic field as the starting 

point with the lest number assumptions; and so we 

try characterize the field by the covariant chiral 

Maxwell system [5]

rotE T
c t

H div T E
m e

( ) ( )1 0 1 0, (7)

rotH T
c t

E div T H
e m

( ) ( )1 0 1 0, (8)

Here, T is the chiral scalar factor with divT E H
e m,

( )

T div E H
e m,

( ) ,0  and the condition of charge-free 

by means of

divE divH0 0besides (9)

Solv ing the  wave equat ion for  E H  with

T T T mc
e m

/ 2 , and by considering we have

rotE H
T

E H
mc

E H( ) ( ) ( )
1

(10)

Our hypothesis is that through the multiplication of 

the matrix Pauli for chiral Maxwell’s equations with 

E i H , one obtains the chiral Dirac equation (6). 

Using the algebraic relation [12]

ˆ ˆ ˆA divA i rotA (11)

in equation (10) together with the two div equations (9), 

transform that system (10) in to

ˆ ( ) ( )i
c

mc
E H H E

(12)

where E H
E H( ) ˆ ( ˆ ) .

Below the system of units with c 1  equation (12) 

is exactly equal to the chiral Dirac equation (6), if 

E H R L
( ) ( ) .

To probe this close connection we can obtain the well known 

normal Dirac equation, we get for (7, 8) the equations

rotE T
c t

H E
m0

1 0 0( ) , div (13)

rotH T
c t

E divH
e0

1 0 0( ) , (14)

with E grad H grad, . Equations (13) and (14) 

can be transformed as:

0
2

0
2

1

1

( ) ( , ),

( ) ( , ).

T mc

T mc

m

m

So, scalar multiplication of the rot equations in (10, 11) 

by the Pauli-vector, and using the algebraic relation [12] 

ˆ ˆ ˆA divA i rotA we have

H
c t

i E

E
c t

0

H

E grad H grad

0

,

(15)

Equation (15) can be expressed in terms of in matriz 

notation this reads

0

0

1 0

0 1

1

c t

i E

H

E grad H grad

0

,

(16)
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Denoting the quantity on witch the differential operators 

act by 
D

, that is

i E

H

iE iH

iE iE

H H

H H

3

3

3

33

1 1

2 2

3 3

4 4

' ''

' ''

' ''

' ''

(17)

with X X iX
1 2

 and considering the well-known 

connection

0

0
(18)

between the Pauli and Dirac matrices, we get for (13) 

system

1 0

0 1

1
0

c t

E grad

D

, HH grad

(19)

Here one has to bear in mind that each of both columns 

matrix (14) that is

D D

iE

iE E

H

H iH

iE
3

1 2

3

1 2

1

and

E

iE

H iH

H

2

3

1 2

3

(20)

Independently represent a system of functions solving 

(16). From this, a separation of the time dependence 

according to

D D
i te (21)

�nally yields the amplitude equation

i
c D

1 0

0 1
0 (22)

If we use equation (13) in (22), it’s agreement with the 

Dirac amplitude equation

i

c

mc

mc
D

2

2

0

0
0 (23)

is complete. Now normalizing eq. (23) with 

1 1, ,c p , we can write as

p x p m x
D D0

; (23’)

And the transformation to a chiral Dirac equation is trivial 

by using relation (5).

The equations (20) as well as (21) or (22), show in addition 

that the electrodinamical and the wave mechanical �eld 

component are connected by simple linear relation, the 

same holding true for the refraction ( , µ) in relation to 

the scalar T.

This isomorphism can be checked easily and directly 

because the eight Eq. (10, 11) may be combined into two 

systems of four equations each, in the following way:

i rotH ic E divH

i rotH ic

3

1
3

1

1

0

E rotH c E

idivE rotE c

1 2

1
2

3

1

0

H

i rotE ic H rotE c H

3

2

1
2 1

1
1

0

00

(24)

Inserting here the �rst or second wave function of (21) into 

the �rst system (upper signs) or the second one (lower signs), 

respectively, the wave functions of (20) ends up immediately, 

in both cases and we are back to Dirac again

CONCLUSION

Using a chiral representation of the Foldy-Wouthuysen 

transformation for the Dirac equation we show that the 

same result can be obtained with a chiral electrodynamics 

using the matrix Pauli.

With this we proof the theorem that waves mechanic of 

quantum particle represents a specialized electrodynamics. 

The result seems unambiguous and incompatible with the 

current doctrine which rest on a particle interpretation.
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