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Abstract

The present work offers some fundamental concepts of the Statistical Im-
plicative Analysis for modal variables and proposes an index to establish
the similarity between two modal variables. Expressions to calculate typi-
cality and contribution of the individuals to the classes that are formed in
the classification are also presented. This technique is illustrated by two
examples, one with binary data, which allows the coincidence between the
formulas presented and the existent for the binary case to be shown, and the
other for modal data with more than two modalities.

Key words: Classificatory Analysis, Typicality, Contribution, Modal
Variables.

Resumen

En el presente trabajo se ofrecen algunos conceptos fundamentales del
anélisis estadistico implicativo para el caso de variables modales y se propone
un indice para establecer la similaridad entre dos variables modales, asi como
expresiones para el calculo de la tipicalidad y contribucién de los individuos
a las clases que se forman en la clasificacion. Con el objetivo de ilustrar la
técnica presentada, es aplicada a dos juegos de datos, uno binario, el cual
permite mostrar numéricamente la coincidencia de las férmulas presentadas
con las existentes para el caso de variables binarias, y otro modal con mas
de dos modalidades.

Palabras clave: analisis clasificatorio, tipicalidad, contribucién, variables
modales.
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336 Larisa Zamora-Matamoros, Jorge Rey Diaz-Silvera & Lariza Portuondo-Mallet

1. Introduction

Régis Gras and its collaborators have developed the Statistical Implicative
Analysis (STA), which allows association rules in a dataset to be established, cross-
ing individuals and variables.

The initial objective of this method was to answer the question: if an object
has a certain quality, could it have some other one? This is the case of binary
variables (Gras 2000).

The research developed by Marc Bailleul from 1991 to 1994, (Bailleul & Gras
1994) showed the necessity to extend the concept of statistical implication to non-
binary variables, in particular to the modal variables.

Bailleul & Gras (1994) refer to the representation that the professors of mathe-
matics make of their own teaching, for which, the professors have been asked to
order a list of significant words depending on their importance. Their elections are
no longer binary. The words selected by a professor are arranged in a scale where
the top words are the most representative. The question of Bailleul is centered on
questions of the type: “if I select a word x with the importance i, then I select the
word y with the importance i, > 7,”.

For the application of the SIA techniques, CHIC (Classification Hiérarchique
Implicative et Cohésitive), (Couturier 2008) has been developed. This is a software
of analysis of data that was initially conceived by Regis Gras and it has been
successively improved for personal computers by Saddo Ag Almouloud, Harrisson
Ratsimba-Rajohn and, in its latest versions, by Raphagl Couturier (Version 5.0),
who incorporates the classification, by means of the similarity analysis.

Unlike the techniques of SIA, which are concerned with the cohesive and the
implicative analysis, in the specialized literature, expressions for the determination
of the similarity index, the significant nodes, the typicality and the contribution
of individuals to the classes in the case of modal variables do not appear. For this
reason, the present paper proposes a similarity index for the case of modal varia-
bles, as well as expressions for the determination of the typicality and contribution
of the individuals to the classes formed during the construction of the similarity
tree, extending the works of Bailleul & Gras (1994) and Lagrange (1998).

2. Statistical Implicative Analysis for Modal
Variables

In this section, a brief summary of the theory developed by Bailleul & Gras
(1994) and Lagrange (1998) for the case of modal variables will be presented. It
will be the guideline to define a similarity index for these variables.
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Fundamental Concepts on Classification and Statistical Implicative Analysis 337
2.1. The Intensity of Propensity

Lagrange (1998) defines the “propensity” as a non-symmetric association of two
variables whose values belong to the interval [0, 1] and introduces the “intensity of
propensity” to decide whether or not an observed association is significant. He also
proves that in the case of binary variables, the intensity of propensity is similar to
the implication intensity.

Similar to the case of binary variables, let us consider a set I formed by n
individuals and a set A = {a1,as,...,a,} formed by p modal variables, each one
of which can take values in the set M ={k € N :1 <k <m}.

To transform the m modalities to values in the [0, 1] interval, a weight is
assigned to each modality, varying from 1 (the strongest) to 0 by fractions of size

1
—T by means of the function v defined by:
m—

v: M-— VAL

(1)
—1
K kol
m—1
1 2 -2
where VAL =<0, ——, ———, ..., L, 1), conserving the notation used by
m—1"m-—1 m—1

Bailleul & Gras (1994).

Let a and b be two modal variables, Lagrange (1998) defines the non propensity
index of a on b as:

5= 3 a0 i) -

xzel

and to define the intensity of propensity, he considers a set E of size N sufficiently
large, of which [ is a random part. The random index is defined as:

xzel

where {A,},cp and { B}, 5 are sets of random variables with equal distributions,
representative of the variables v, and 1, respectively, for which the observed
non propensity index s is one of its possible values. It is also proved that Z
follows approximately a Normal distribution of mean p = E[A, (1 — B,)] and

QZE[Az(lfBz)]Z Z*M

variance o , and therefore, for sufficiently large n, ——
o

n
follows approximately a Normal distribution of mean zero and variance one.

Lagrange (1998) defines the propensity coefficient and the intensity of propen-
sity of a on b as follows:
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338 Larisa Zamora-Matamoros, Jorge Rey Diaz-Silvera & Lariza Portuondo-Mallet

e Propensity coefficient:

~ 3 dwer Yo (2) (1= % () — Mg (1 —my)
q(ab) = z (4)

\/(82+m3) (24 =m)?)

n

e Intensity of propensity:

Z —mg (1 —my)

\/<83+m2> (s3+ (- m)?)

n

¢ (—q(ab))=1-P < q(a,b) (5)

where:

e m, (resp. my) is the empirical mean of 1, (resp. ¥y),
e 52 (resp. si) is the variance of 1, (resp. 1), and

e ¢ is the standard normal distribution function.

For a risk level a (0 < a < 1), propensity of a on b will be assumed if

6 (~g(a,0) >1—a.

2.2. Contribution of the Individuals

To define the typicality and the contribution of the individuals to a class or
a path for the binary case, the approach defined by Ratsimba-Rajohn (1992) has
been used, which presents the notion of respect of an implication among binary
variables, in the following way:

¢z (a,b) =1if [a(z) =1, a(z) =0] and b(z) =1,
¢z (a,b) =0if a(z) =1and b(z) =0
gow(ab)—plfa x)=0and b(z) =0,
where ¢, (a b) is the intensity of the implication of @ on b for the individual x and
p is a number between 0 and 1.

For modal variables, Bailleul & Gras (1994) only analyze the contribution of
the individuals to a class or a path. They proceed in two steps:

First. The set of the possible values that the couples of variables can take
is arranged according to the weights that have been assigned to each one of the
modalities.
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Fundamental Concepts on Classification and Statistical Implicative Analysis 339

In this classification, they divide the couples of variables in two groups:

G1: The couples (a,b) that verify: 1, (z) = Z:i and ¢y () = %,
with 1 <4 < (m—1) and 1 < j < ¢, which contradict the implication a = b.
The rank assigned to these couples of variables is given through the expression
1o ( (2) i () = D

G2: The couples (a,b) that respect the implication a = b and verify ¢, (z) =
TTZ:; and ¥y (z) = w, with m >4 > 1, and decrement —1, and 0 < 5 <
(i — 1). The rank assigned to these couples of variables is given by the expression

rg (Vo (), 9y (z)) = m? — i(i—1)

Second. The value that measures the respect or the contradiction of the impli-
cation is related to the implication intensity.

i+ 1.

Thus, the grade of adhesion of the individual z to the implication a = b is

defined as: (o (@)t (2)) — 1
rg a \T), Wb \T - T
b
m2 —1 ¥ (a7 ) (6)
From this grade of adhesion, Bailleul & Gras (1994) define the distance d of an
individual z to the class C formed by g sub-classes, for which the g generic couples

(ri,r2,...,7¢) and the g generic implications (¢1, 2, ...,¢,) have been defined
as (see Gras & Kuntz 2007):

degqp (x) =

1 . ((Pi - degr- (SC))
d(z,C)= |- —_— 7
.0 = |3 ™)
and the contribution of an individual x to the class C as:

d(z,C)

1@, 0) = 1= ®)

where x,, is the neutral individual, that is, the individual that assigns the value 0
to all the variables of the g generic couples 7;.
3. Classificatory Analysis for Modal Variables

In this section, an index to quantify the similarity among modal variables, the
typicality and the contribution of the individuals to a class C' is presented.

3.1. Similarity Index

Following the method to define the propensity coefficient, let us denote a set
E of size N, with sufficiently large N, from which a random subset I of size n is
selected, and a set A = {a1, a9, ...,a,} formed by p modal variables, each one of
which can take values in the set M = {k € N: 1 <k <m}. Specific weights are
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340 Larisa Zamora-Matamoros, Jorge Rey Diaz-Silvera & Lariza Portuondo-Mallet

1
assigned to each variable, from 1 (the strongest) to 0, in size fractions 1 by
means of the function ¢ defined in (1).

Let {Az},cp and {B;} .p be two groups of random variables with equal
distributions, representatives of the variables a and b with weights v, and
respectively. Under the assumption of non a priori relationship between a and
b, the 2N variables {A,}, {B.} are independents and the N events {x € I} are

n
independents with an occurrence probability equal to N

Let us define the random variable:

5 Aanw o)

xzel

for which Z M is one of their possible values. This random variable

zel
follows approximately a Normal distribution of mean y = F[A,] F [B,] and va-

riance 02 = (Var (Az) +[E (AI)]2> (Var (Bg) +[F (Bz)]2> and therefore, for n
sufficiently large,
A. B,
S,
xzel n
zel (10)
o
follows approximately a Normal distribution of mean zero and variance one.
The proof of this result is similar to the one presented by Lagrange (1998) for

the random variable Z M
n

xzel

, therefore it doesn’t show up in this article.

The similarity index of a on b is defined as:

Z AzBa: — mgmy Z wa (x)nwb (l’) — g

n
F(a,b) =P | —2£L < zel (11)
\/(83 +mg) (sf +mj) \/(8§ +mg) (sp +mp)

n n

where:

e m, (myp) is the empirical mean of ¥, (¢),

e 52 (s?) is the variance of ¥, (),

which coincides with the similarity index defined for the binary case.

Let us prove this. For the binary case, there are just two modalities, this is,
M = {1,2} and the unique assignable weights are 0 and 1, therefore:

A,B, 1
o ZT = ECard(AﬂB)
zel
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o Z Yo (2) Py (2) — Z a (x)nb (=) = n:;b, where:

xel zel
na/\b:{xEIZ’(/)a(l‘):1/\’(/)1,(1‘):1}={l‘€]:a(£):1/\b($):1}
. Zwa = —, where:
xEI
ng={x el Y, (vr)=1}={zecl:a(z)=1}
o s2=02%(¢ 1[2@[12 nm]mami,
zel

therefore, s2 +m?2 = m,, and

Card (A B) _ Malb Nanb  Mallp

F(a,b) =P n n? o _n n?

\/nanb \/nanb
n3 n3
NgMNyp NgMyp
Card (AN B) — — Nanp — —
= < n = s(a,b)
MMy Mgy
n

3.2. Significant Nodes

For the determination of the significant nodes, a similar procedure to that of
the binary case is used, but to define the initial and global pre-order on A x A,
the index 5 (a,b) is used, this is, G5 () = {((a,b), (¢,d)) : 5(a,b) < $(c,d)}. For
more details, see (Zamora, Gregori & Orus 2009).

3.3. Typicality and Contribution to a Class C
The couple (a,b) so that:
$(a,b) >5(i,j5), Yie Aand j € B,

is called the generic couple of the class C' : A ~ B. The number §(a,b) is called
generic similarity of C.

If the class C has g subclasses (C included), then there will be g generic simi-
larities (51, S2,...,5,).

Based on the idea presented by Bailleul & Gras (1994), the grade of agreement
between two modal variables a and b is defined. For that purpose:

First. The set of the possible values that the couples of variables can take is
arranged, according to the weights that have been assigned to each modality.

The couples of this ordered set are divided into two groups:

G1: The couples (a, b) that verify the similarity a ~ b or for which a () = b (z).
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342 Larisa Zamora-Matamoros, Jorge Rey Diaz-Silvera & Lariza Portuondo-Mallet

G2: The couples (a,b) that don’t verify the similarity.

To establish a classification to the levels of similarity or non similarity, ranks
are assigned to the couples of values that the couples of variables (a,b) can take
for a given individual z, like it is shown below.

Ranks are placed on a m X m matrix (see Tablefor the case m = 4), where the
rank assigned to the cell (i, j), corresponding to the i-th modality of the variable
a and the j-th modality of the variable b, is given by the expression:

i—1)(2m —i
(m—jJrl)JrLz), fori#j
Rgi,j = (12)
m(m —1)
2

with 1 <¢ < (m — 1) and j decreasing from m to (i + 1) with decrement (—1). It
is also defined that Rg; ; = Rgj.;.

+1, fori=7j

TABLE 1: Assigned ranges.
ifj 1 2 3 4
1 7 3

7

=W N
~N Ot N
N O =

From this table we can appreciate that:

e The couple (1,4) corresponding to an individual for which ¢, () = 0 and
Yy (z) = 1 receives the lower rank, 1.

e For the rest of the cases, the cell receives a rank between 1 and 7, according
to the level of discrepancy or disagreement between a (x) and b (x).

Second. The value that measures the respect or the contradiction to the full
agreement is linked to the similarity index.

For that, the grade of agreement of the individual x to the relationship a ~ b
is defined as:

degus () = 50— (a.b) (13)
2

where a (z) =i and b (z) =

The typical subject is defined as the subject whose grade of agreement coin-
cides with the value of the generic similarity for all the generic couples, this is,
degr, (x) =3; Vr;.

The distance of an individual x to the class C formed by g sub-classes is then

defined as:
p 1/2

EZ N _degm ))2 (14)

91:1 1_31
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Fundamental Concepts on Classification and Statistical Implicative Analysis 343

where (rq,72,...,74) are the g generic couples and (51,52, ...,5,) represents the
g generic similarities.

The typicality is defined by the fact that certain individuals are representative
of the population’s behavior; this is, with a similarity index close to that of the
formed class. The typicality of an individual x to the class C is calculated by the
expression:

d(z,C)

max d(y,C)

v (z,C)=1- (15)

Let us analyze the two extreme cases:

e If x is a typical subject, it should satisfy that deg,, = s; for all generic couples
-1
r;, which implies that Rg,, = % +1, that is, a () = b () for all the

generic couples r; = (a,b), and therefore, d (x,C) =0 and v (z,C) = 1.

e If x is in more disagreement with C, d(z,C) = max d (y,C), which means
y

that for all generic couples r;, deg,, () = 0, that is, the rank that is assigned
to all generic couples is 1, which occurs if for all generic couples r; = (a,b),
a(x)=1and b(z) =m, or a(x) =m and b(xz) = 1. However, if d (z,C) =

max d(y,C), then v (z,C) = 0.
yel

There are individuals more responsible than others in the formation of the
class. The contribution is defined to evaluate this degree of responsibility. The
contribution of an individual x to the class C' is given by:

¥(,C)=1-d(x,C) (16)
L 1/2
where d (z,C) = | = Z (1 — deg;, (:U))2 is the distance from the individual x
9=

Rg,, —1
to the class C and deg; = ey
¢ m(m-—1)
2

Let us analyze the two extreme cases, the individual of higher contribution and
the individual of lowest contribution to the formation of the class:

e If = is the individual of higher contribution to the formation of the class,

-1
then it satisfies that a (x) = b(z) and therefore Rg,, = % + 1 for
all generic couples r; = (a,b). Hence deg;. (z) = 1, Vry, = d(z,C)=0 =

¥ (z,C) =1.

e If z is the individual of lowest contribution to the formation of the class,
it satisfies that a () = 1 and b(x) = m or a(x) = m and b(xz) = 1 and
therefore Rg,, = 1 for all generic couples r; = (a,b). Hence deg;. (x) = 0,
Vr; and d(z,C) =1 = 5 (x,C) =0.
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4. Tllustration of the Technique

The techniques presented have been programmed in language R (R Core Team
2014), in a file that will be denoted as ASIM.R. Two examples are presented, the
first with binary data, to show the equivalence of the similarity index proposed
with the existent one for the binary case. The second example deals with modal
variables with more than two modalities, where the similarity index, the typicality
and contribution of the individuals to the classes formed during the construction
of the similarity tree are computed.

In the first example, seventeen binary variables are analyzed in a sample of 100
patients, from which 50 suffer from lung cancer and the other 50 don’t. Before
presenting the results of the application of both systems, CHIC and ASIM, it is
necessary to point out that CHIC, for similarity analysis in the binary case, allows
the user to choose the distribution (Poisson or Binomial); however, the results
that CHIC shows, in both cases, correspond to the Poisson approximation to the
Normal distribution. Given this difficulty, it is possible to compare the result
shown by the CHIC for the binary case, with the result shown by ASIM for the
modal case with two modalities.

The index proposed for the modal case with 2 modalities coincides with the

index proposed for the binary case, in this case the random variable Zme I A By

follows approximately a Normal distribution of mean p = E[A,] E[B,] = %
and variance o2 = (Var (A) +[E (Ax)]Q) (Var (By) + [E (Bm)]z) = , dis-
tribution that coincides with the Poisson approximation to the Normal distribu-
tion.

NaNp

The Figures [I] and [2] show the similarity indexes at level zero of the hierarchy.
The coincidence of the results can be appreciated.

Console E:/Laris S0 31
Indices de similaridad al nivel cero

CANCER EDAD SEXO PRB PRM PRN PAG PAP POR PCA BEBE FUMA PVE PRI PS1 P52 P53
CANCER 1.00 0.99 0.93 0.45 0.41 0.66 0.96 0.58 0.99 0.94 0.93 0.98 0.28 0.95 0.94 0.53 0.02
EDAD 0.99 1.00 0.79 0.47 0.31 0.76 0.74 0.25 0.92 0.73 0.83 0.96 0.65 0.84 0.92 0.36 0.20
SEXO 0.93 0.79 1.00 0.36 0.44 0.73 0.78 0.10 1.00 0.53 1.00 0.95 0.01 0.95 0.82 0.55 0.08
PRB 0.45 0.47 0.36 1.00 0.00 0.00 0.68 0.53 0.28 0.55 0.20 0.50 0.40 0.81 0.51 0.28 0.91
PRM 0.41 0.31 0.44 0.00 1.00 0.00 0.28 0.42 0.17 0.26 0.65 0.27 0.30 0.36 0.80 0.33 0.54
PRN 0.66 0.76 0.73 0.00 0.00 1.00 0.57 0.56 0.97 0.74 0.70 0.78 0.83 0.28 0.14 0.89 0.04
PAG 0.96 0.74 0.78 0.68 0.28 0.57 1.00 0.93 0.89 0.59 0.81 0.83 0.86 0.90 0.48 0.56 0.38
PAP 0.58 0.25 0.10 0.53 0.42 0.56 0.93 1.00 0.12 0.79 0.08 0.56 0.91 0.39 0.80 0.26 0.72
POR 0.99 0.92 1.00 0.28 0.17 0.97 0.89 0.12 1.00 0.91 0.98 0.96 0.08 0.98 0.97 0.34 0.10
PCA 0.%4 0.73 0.53 0.55 0.26 0.74 0.59 0.79 0.91 1.00 0.40 0.86 0.33 0.84 0.92 0.34 0.24
BEBE 0.93 0.83 1.00 0.20 0.65 0.70 0.81 0.08 0.98 0.40 1.00 0.95 0.05 0.83 0.82 0.49 0.15
FUMA 0.98 0.96 0.95 0.50 0.27 0.78 0.83 0.56 0.96 0.86 0.95 1.00 0.329 0.85 0.81 0.52 0.12
PVE 0.28 0.65 0.01 0.40 0.30 0.83 0.86 0.91 0.08 0.33 0.05 0.39 1.00 0.33 0.21 0.60 0.64
PRI 0.95 0.84 0.95 0.81 0.326 0.28 0.90 0.39 0.98 0.84 0.83 0.85 0.232 1.00 0.75 0.43 0.36
P51 0.94 0.92 0.82 0.51 0.80 0.14 0.48 0.80 0.97 0.92 0.82 0.81 0.21 0.75 1.00 0.00 0.08
P52 0.53 0.36 0.55 0.28 0.33 0.89 0.56 0.26 0.34 0.34 0.49 0.52 0.60 0.43 0.00 1.00 0.00
P53 0.02 0.20 0.08 0.91 0.54 0.04 0.38 0.72 0.10 0.24 0.15 0.12 0.64 0.36 0.08 0.00 1.00

FicUure 1: Similarity indexes at the level zero of the hierarchy with ASIM.R.

The Figures [3] and [] show the classes formed during the construction of the
similarity tree and its corresponding similarity indexes, obtained by ASIM.R.
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| ] Similarity E:\Larisa\ Espafia\ASL R\Articulo_Modal\Datos\Cancer Pulmon.csv1:2

File informatio:
Frequency of

- Correlation coe @ adg & @ & Q\E’% 7 %é' @‘? e e R

' CANCER || 100 |0.28 [0.53 [0.45 |04t |0.65 |056 |0.58 |0.99 |054 |D53 (058 [0.28 055 |0.84 |O.53 |02

Ve [Efe_J|ese |00 [os [o7 [oat [ore [o74 (025 |05z [ars |08 |ase [o85 [oe+ 052 |03 [om
[E=8_Jlose [ors [ro0 Jo2e Jo.es Jors ors Joro [r00 Josa [ro0 Jose Jo.or Joos Josz Jose Joce
|Fﬁﬂ 0.4% |0.47 038 [1.00 |000 000 (065 053 |0.28 |04 |020 |0.50 |0.40 |08 |08 |026 |05
FRM 041 |0.3% |0.44 [0.00 |1.00 |0.00 (028 042 |0.17 029 |04S |0.27 |0.30 |D.38 |0BD |0.33 |04
FRN ¢oe |0.78 jO.73 {000 (0.00 |1.00 |O.57 |O.58 10.97 |0.74 |0.70 |O.78 [0.83 |0.28 |0.14 |0.39 |0.04
FAG 088 |0.74 |O.78 |088 [0.28 |O.57 [1.00 |O: 989 (059 |0.B% |083 0.8 |080 048 |0.58 (D38
058 |0.25 j0.10 |0.53 |0.42 |0.58 (053 (100 |0.12 [0.79 |0.08 |0.58 |0.91 [0.38 080 |0.28 [D.72
E pge |osz 100 028 |o.a7 |os7 |oee [oiz |1o0 [0t [ose Jose [o.os [ose [os7 |o3e |00
FCA 054 1072 |053 |055 028 JO74 |052 |079 [0.91 |1.00 |040 |08 [0,33 |084 |092 |034 |024
[BEBE 052 [o.83 [1.00 [020 |0.8s |oro |08 [o0e [ose (040 (100 |03 [o.05 {082 |osz [o4e [ons
FUMA |05t [ooe [oss [oso [ozr Jars [oes ase [ose [o [oss [ro0 [o.38 [oms Joar ooz oz
PVE 028 (068 |0.07 |0.40 |0.30 |0.83 (088 (051 (008 [0.33 |0.08 [0.3% |1.00 (033 |0.21 |0.80 |0.6¢
PRI 058 |0.84 [O.55 |08 |0.38 JO.28 |0.50 |0.39 098 |0.84 |083 |0.85 JO.33 |1.00 |0.7% |043 |D.38
F31 054 |0.52 jO&2 |0.51 |0.80 |O.14 |D48 |0u80 |0.97 |052 |0B2 |08 |0.21 |O.F5 |1.00 |0.00 |[DO0S
F32 0.53 |0.38 055 |028 |0.32 |O0&9 (058 (028 |0.34 [0.34 |0.49 |0.52 [0.60 |D.43 (000 |1.00 |0.00
002 |0.20 j0.08 |08 |054 |0.04 (038 (072 |00 [0.24 |0.15 |D.12 064 [0.38 (008 |0.00 [1.00

FIGURE 2: Similarity indexes at the level zero of the hierarchy, obtained by CHIC.

Console E:/Larisa/Lanisa

es/Espana/ASl_R/Modal Agosto_19 2014/

R R N R R R R AR A AN

variables agrupadas por niveles

e e e VY VYOV e e VY VY ¥ e T O ¥ ¥ e e T R R

Nivel 1 : “(sExo,BeBE)”

Nivel 2 : "((SEX0,BEBE),POR)"
Nivel 3 : "(CANCER,EDAD)"

Nivel 4 : "((CANCER,EDAD),FuMA)"
Nivel 5 : "(PAG,PaR)"

Nivel & : "(((SEx0,BEBE),POR),PRI)"
Nivel 7 : "(PCA,Ps1)"

Nivel 8 "(PRE,PS3)"

Nivel 9 : "(((CANCER,EDAD),FuMA), (((SEX0,BEBE),POR),PRI))"

Nivel 10 : "(PRN,PS2)"

Nivel 11 : "((PAG,PAP),PVE)"

Nivel 12 : "((((CAMNCER,EDAD),FuMA), (((SEXO,BEBE),POR),PRI)), (PCA,PS1))"

Nivel 13 : "(((((CANCER,EDAD),FUMA), (((SEX0,BEBE),POR),PRI)), (PCA,PS1)), (PRN,PS2))"

Nivel 14 : "((((((CANCER,EDAD),FuMA), (((SEX0,BEBE),POR),PRI))}, (PCA,PS1)), (PRN,PS2)), ((PAG,PAP),PVE))"
Nivel 15 : “((PRB,P53),PRM)"

Ficure 3: Classes obtained by running ASIM.R.

Figure [5] shows the same results, by executing the software CHIC. The coinci-
dence of both results can be appreciated.

Figures[Gh and [Gp show the similarity trees obtained by means of each program.
Again the results are coincident.

Through the running of the above example and from the execution of other
datasets, we can say that the execution times between CHIC and ASIM.R are
similar.

Next, the results of a modal variable case with five modalities are presented. To
accomplish this, the file “DatosMusicaModalll.txt” is used. This file corresponds
to the degree of preference of twenty students to fifteen different kinds of music.
The degree of preference is assessed by a scale from 1 to 5, 5 being the highest
value of preference.
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Console E:/Larisa

e e G R A R R R R R R R R R R R R R Ry

clasificacion por niveles
R R R R R R R A A R A A R A A A AR R AR AR AR Ry

indice
Nivel 1 0.999074
Nivel 2 : 0.997657
Nivel 3 : 0.988194
Nivel 4 : 0.955888
Nivel 5 : 0.931400
Nivel 6 : 0.931062
Nivel 7 : 0.921997
Nivel 8 : 0.914071
Nivel 9 : 0.907252
Nivel 10 : 0.893640
Nivel 11 : 0.819734
Nivel 12 : 0.691713
Nivel 13 : 0.584519
Nivel 14 : 0.304926
Nivel 15 : 0.287690

FIGURE 4: Similarity indexes obtained by running ASIM.R.

Wy Simirity paa sl Rk cul Camcer Pularics 51

== e

Classificatisn at level : 1 : (SEXD BEBE) similarity : 0.000E7S

Classification at level :
Classification at level :
Classification at level :
Classification at level :
Classificatien at level :
Glassificatien at level :
tlassificatien at level :

Classification akt level :

¢ [PRE P53} sinilarity = B.#1MATH

: ([SEXD BEBE) POR) sinilarity : 0.997657

© (CRMCER EDAD) similarity @ 0.98819%

£ [(CBHEER EDAD) FUMAY similarity : 0.955RA8

© (PRG PAP) similarity @ 0.3814

© ([(SEXD BERE) POR) PAL) similarity : 0.931862

© [PLR P31} simdlarity = B.¥21997

© [[[CHHCER EDAR) FUKAY [((SEXD BEBE) POR) PRL)) similarity : @.98725%

Classification ab lewel : o (PEM P52} similarity : B.EBD364

ClassiFicatiem at lewel : 11 = [(P&E PAP) PUE) similarity : 8.81973u

Classificatien at lewel : 12 - [({(CAHCER ED&D) FUMA) (((SEXD BEBE) POR} PRI)) {PCA P31)) simdlarity @ 8.49171U

Classification at level : 13 : [((((CAHCER ES&D) FUMA) (({SEX0 BEEE) POR) PRI)) {PCA PS1)) {PAM P52)) sinilarity : B.SEUS?
Classificatien at lewel : 44 : [[({{{CAKCER EDAD) FURA) ({{SEXD BEEE) POR) FRID) {FCA PE1)) (PAN PS2)} [(PAG PRP} PUE)) similarity : 8.304876

Classification at lewel @ 15 - [(FEE P53) PAM) similarity : 8.28769

Ficure 5: Classes and similarity indexes obtained by executing CHIC.

Figures 7] [§] and [0] show the similarity indexes obtained at the level zero of the
hierarchy, the grouping of variables in each level of this hierarchy, and the indexes
to which they were joined.

The similarity index of the class 1 formed by variables HIP and PUN (see
Figures [§| and E[) is 0.934143; it means that HIP and PUN are the most similar
music types in the population of which the sample under study has been selected.

The second class is formed by the variables JAZ and HEA. This class also
shows a big similarity index (0.922925), but smaller than the previous one (see
Figures [§| and E[) Then we can say that the preference for these music types is
high, but smaller than for the previous group (HIP and PUN). The other classes
are interpreted in a similar way.
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FIGURE 6: Similarity trees.

Console E:/Larisa/Larisa_Personales/Espana/ASI_R/Modal Agosto 19 2014/

R M R N N N N R R R M M N N R R N N N H N NN N N NN N N NN N NN NN NN NN N NN NN NN NN RN NN NN RN MR RRH

Indices de similaridad al nivel cero
R A R R R R R R R R R R T R R R R R R R R R R R R R R R R R R R R Y
HIP OPE MAQ JAZ FLA RUM HEA POP CLA DAN REG HAR RAP PUN SKA
HIP 1.00 0.29 0.56 0.54 0.27 0.63 0.73 0.56 0.75 0.71 0.76 0.56 0.28 0.93 0.60
OPE 0.29 1.00 0.40 0.79 0.78 0.34 0.35 0.40 0.90 0.20 0.33 0.30 0.84 0.26 0.72
MAQ 0.56 0.40 1.00 0.64 0.50 0.43 0.81 0.40 0.52 0.54 0.73 0.42 0.57 0.61

o
i

JAZ 0.54 0.79 0.64 1.00 0.68 0.44 0.92 0.64 0.80 0.36 0.90 0.64 0.38 0.67 0.72
FLA 0.27 0.78 0.50 0.68 1.00 0.46 0.39 0.50 0.61 0.39 0.68 0.50 0.89 0.31 0.43
RUM 0.63 0.34 0.43 0.44 0.46 1.00 0.57 0.43 0.58 0.64 0.59 0.43 0.41 0.65 0.41
HEA 0.73 0.35 0.64 0.92 0.39 0.57 1.00 0.64 0.77 0.49 0.92 0.64 0.22 0.83 0.71
POP 0.56 0.40 0.81 0.64 0.50 0.43 0.64 1.00 0.40 0.52 0.54 0.73 0.42 0.57 0.61
CLA 0.75 0.90 0.40 0.80 0.61 0.58 0.77 0.40 1.00 0.41 0.76 0.30 0.46 0.71 0.51
DAN 0.71 0.20 0.52 0.36 0.39 0.64 0.49 0.52 0.41 1.00 0.52 0.52 0.36 0.73 0.38
REG 0.76 0.33 0.54 0.90 0.68 0.59 0.92 0.54 0.76 0.52 1.00 0.54 0.38 0.79 0.61
HAR 0.56 0.30 0.73 0.64 0.50 0.43 0.64 0.73 0.30 0.52 0.54 1.00 0.42 0.57 0.61
RAP 0.28 0.84 0.42 0.38 0.89 0.41 0.22 0.42 0.46 0.36 0.38 0.42 1.00 0.31 0.63
PUN 0.93 0.26 0.57 0.67 0.31 0.65 0.83 0.57 0.71 0.73 0.79 0.57 0.31 1.00 0.61
SKA 0.60 0.72 0.61 0.72 0.43 0.41 0.71 0.61 0.51 0.38 0.61 0.61 0.63 0.61 1.00

FI1GURE 7: Similarity indexes at the level zero of the hierarchy.

Console E:/LarisafLarisa_Personales/Espana/AS] R/Modal_Agosto_19_ 2014/
R R R R R R R R R R R R R R A R R R R R R R R R R R R AR R R R R AR R AR R AR AR RRR
variables agrupadas por niveles

T R R e R R R R R R A R R N AR R R R R R R R R R A AR R W Ry

Nivel 1 : "(HIP,PUN)"

Nivel 2 : "(JAZ,HEA)"

Nivel 3 : "(OPE,CLA)"

Nivel 4 : "(FLA,RAP)"

Nivel 5 : "((JAZ,HEA),REG)"

Nivel 6 : "(maq,POP)"

Nivel 7 : "(RuUM,DAN)"

Nivel 8 : "(HAR,SKA)"

wnivel 9 : "((OPE,CLA),(FLA,RAP))"

Nivel 10 : "((HIP,PUN),((JAZ, HEA),REG))"
Nivel 11 : "((MaQ,POP), (HAR,SKA))"

Nivel 12 : "(((HIP,PUN),((JAZ,HEA),REG)),(RUM,DAN))"

FiGURE 8: Classes obtained.
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Clasificacion por niveles

indice

Mivel 1 : 0.934143
Nivel 2 : 0.922925
Mivel 3 : 0.900668
Nivel 4 : 0.839664
MNivel 5 @ 0.831791
MNivel 6 : 0.814453
Nivel 7 : 0.644702
MNivel 8 : 0.613585
Nivel 9 : 0.497993
Nivel 10 : 0.327310
Nivel 11 : 0.285067

Mivel 12 : 0.042301

FIGURE 9: Similarity indexes obtained.

Figure [I0] presents the similarity tree for the music data classification shown
in Figures [8 and [9]

Similarity tree
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FiGure 10: Similarity tree.

The typicality of the individuals and the optimal group are shown for each one
of the formed classes. In Figure[TI] we can see that individuals for which the value
of the typicality in a class is 0 exist, for example, the individual 7 in the class
3. These individuals are in more disagreement, this is, the values taken for the
variables in each generic couple for these individuals are respectively the minimum
(modality 1) and maximum (modality 5) value or vice versa.

On the contrary, there are individuals whose typicality value in a class is 1, for
example, the individual 1 of the class 3. The values taken for the variables in each
generic couple for these individuals are the same. The degree of agreement among
these variables for this individual coincides with the similarity index, being hence
the most typical individual.

Figures [I3] and [I4] show the contributions of the individuals and the optimal
group. The results related to the contribution can be interpreted as follows. When
the contribution of an individual to a class is 1, for example, individual 1 of class
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Console £/

Tipicalidades de los individuos a las clases

Clase[1] Clase[2] Clase[3] Clase[4] Clase[5] Clase[6] Clase[7] Clase[8] Clase[9] Clase[10]
i i

Indiv_i 1.00000 1.00000 1.00000 0 1.0000000 0 0.3110467 0.5713400
Indiv_2 1.00000 1.00000 1.00000 1 1,0000000 1 1 1 1.0000000 0.9330531
Indiv_3  1.00000 1.00000 1.00000 0 1.0000000 1 1 1 0.2309112 0.5715400
Indiv_4  1.00000 1.00000 1.00000 1 1.0000000 1 o 0 1.0000000 0.5715400
Indiv_5 1.00000 1.00000 O0.25000 1 1.0000000 1 1 1 0.45327748 0.92330531
Indiv_6 1.00000 1.00000 1.00000 1 1.0000000 1 1 0 0.4637086 0.8928850
Indiv_7 1.00000 1.00000 O0.00000 0 1.0000000 1 1 0 0.0000000 1.0000000
Indiv_8 1.00000 0.25000 O0.34375 1 0.4696699 1 1 1 0.5211780 0.4696699
Indiv_9 1.00000 1.00000 1.00000 1 0.4696699 1 i 1 0.4637086 0.3799092
Indiv_10 1.00000 1.00000 1.00000 1 1.0000000 1 1 1 0.8659272 1.0000000

Ficure 11: Typicalities of the first 10 individuals to the first 10 classes.

Console £ afLaris JEsp

] A/ASL R _Agosto_19_
Grupos optimales de individuos para las tipicalidades:
Optimal Group to Clase[1]: (HIP,PUN)

171234567 891012 13 14 15 16 18 19 20

Card :19

Optimal Group to Clase[2]: (JAZ,HEA)

201234567 9101112 14 16 17 18 19

Card :17

Optimal Group to Clase[3]: (OPE,CLA)
1234691011 12 13 14 16 17 18 19 20

Card :16

Optimal Group to Clase[4]: (FLA,RAF)
24563891011 12 13 14 15 16 17 18 19

Card :16

Optimal Group to Clase[5]: ((JAZ, HEA),REG)
1234567 1011 12 14 16 15 19

Card :14

Optimal Group to Clase[6]: {MAQ,POP)

1234567 89101112 13 14 15 1617 18 19 20
Card :20

Ficure 12: Optimal group for the first 6 classes.

1, the values of the variables for these individuals, in each generic couple, are
equal. This individual evaluates in a similar way his preference for the music
types that form the vector of generic similarities for the class and therefore it is
more responsible in the creation of the class.

If the contribution of an individual to a class is 0, for example, individual 1
of class 4, then its distance to the class is the biggest possible (1). This is the
individual that contributes the least to the formation of the class (FLA, RAP),
doesn’t like the music FLA and assigns the biggest value possible to the preference
for the music RAP. It is the individual of lowest contribution for declaring FLA
and RAP as similar music types.

For space reasons, only a part of the typicalities, contributions and optimal
group are shown.

Revista Colombiana de Estadistica 38 (2015) 335



350 Larisa Zamora-Matamoros, Jorge Rey Diaz-Silvera & Lariza Portuondo-Mallet

Console £/ SOT:

Contribucion de los individuos a Tas clases

Clase[1] Clase[2] Clase[3] Clase[4]

Clase[5] Clasel[6] Clase[7] Clase[8] Clase[9]

Indiv_1 1.00000 1.00000 1.00000 0 1.0000000 1 i 0 0.4156445
Indiv_2 1.00000 1.00000 1.00000 1 1.0000000 I 1 1 1.0000000
Indiv_3  1.00000 1.00000 1.00000 0 1.0000000 1 1 1 0.3094292
Indiv_4  1.00000 1.00000 1.00000 1 1.0000000 1 o 0 1.0000000
Indiv_5 1.00000 1.00000 0.25000 1 1.0000000 1 1 1 0.5669873
Indiv_6 1.00000 1.00000 1.00000 1 1.0000000 5 1 0 0.4226497
Indiv_7 1.00000 1.00000 O0.00000 0 1.0000000 1 1 0 0.1835034
Indiv_8 1.00000 0.25000 0.34375 1 0.4696699 1 1 1 0.6211139
Indiv_9 1.00000 1.00000 1.00000 1 0.4696699 1 1 1 0.4226497
Indiv_10 1.00000 1.00000 1.00000 1 1.0000000 1 h & 1 0.8556624

Ficurg 13: Contribution of the first 10 individuals to the first 9 classes.

Console £:

Larisa Personales/Espar

Grupos optimales de individuos para Tas contribuciones:
Optimal Group to Clase[1]: (HIP,FUN)
171234567 891012 13 14 15 16 18 19 20
Card :19

Optimal Group to Clase[2]: (JAZ,HEA)
201234567 91011 12 14 16 17 18 19

Card :17

Optimal Group to Clase[3]: (OPE,CLA)
1234691011 12 13 14 16 17 15 19 20

Card :16

Optimal Group to Clase[4]: (FLA,RAP)
24563891011 12 13 14 15 16 17 18 19

Card :16

Optimal Group to Clase[5]: ((JAZ HEA),REG)
12345671011 12 14 16 18 19

Card :14

Optimal Group to Clase[6]: (MAQ,POP)

1234567 8910111213 14 15 16 17 18 19 20
Card :20

Ficure 14: Optimal group for the first 6 classes.

5. Conclusions

In this work we proposed a similarity index among modal variables, and ex-
pressions for the calculation of the typicalities and contributions of the individuals
to a class, for these types of variables. It has been demonstrated, theoretically
and numerically, that the expression for the calculation of the similarity index for
modal variables with two modalities coincides with the expression for the binary
case, thus the index proposed is a generalization of the binary case. Following the
idea of Bailleul & Gras (1994), we propose an expression to calculate the grade
of agreement between two modal variables and from this, expressions are given to
calculate the typicalities and contributions of the individuals to the formed classes.

[Received: June 2014 — Accepted: December 2014]
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