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Electrical Impedance Tomography (EIT) is the most developed approach in electrical tomography that 
includes the resistance (ERT) and capacitance (ECT) tomography [1]. A new approach to Electrical 
Tomography is considered.  It includes new measurement scheme when the external electromagnetic field 
( )lV
r

 is produced by active electrodes, located outside of investigated domain Ω . It initiates some 
distribution of the electric potential inside the domainΩ . The measurements of necessary values would be 
realized on the boundary curve Γ  with another, no active electrodes. The physical concept of approach is 
based on General Ray Principle [3]. New mathematical statement of Electrical Tomography as coefficient 
inverse problems for the family of ordinary differential equation is proposed. New GR-method is constructed, 
which solves the posed problem by explicit formulas. GR-method is realized by fast algorithms and 
MATLAB software, whose quality is justified by numerical experiments on simulated examples, related with 
Electrical Tomography.  
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1. Introduction 
 
Computer Tomography consists in the image 

reconstruction of an interior of a body using the 
measurements on its surface of characteristics of some 
external field. Very often this reconstruction can be posed 
mathematically as a coefficient inverse problem for a 
differential equation describing the distribution of the field 
in considered region. Coefficients are functions of the 
space variables and characterize properties of a media. 
Well known are X-rays, ultrasonic, radioisotopes, infrared 
and electrical impedance tomography. For example, X-rays 
tomography leads to the linear mathematical model and for 
its resolving can be used corresponding linear algorithms, 
but the know methods for the electrical impedance 
tomography imaging are non-linear [1]. 
We propose here another approach for the mathematical 

modelling of the measurement of the external data. We 
explain it here for the plane case. Proposed model of the 
measurement scheme leads to the classic Radon 
transformation [2]. We propose the basic mathematical 
model and a simple linear algorithm for its numerical 
solution. This approach and algorithms are justified with 
the numerical experiments on the simulated model 
examples. 
 

2. Traditional mathematical statement  of  electric 
tomography 
 
In a plane case EIT can be mathematically described as a 

coefficient inverse problem for the Laplace equation, 
written in the divergent form 

( )( ) ( )( )' '( , ) , ( , ) , 0x yx y u x y x y u x y
x y
ε ε∂ ∂

+ =
∂ ∂

,

    (1) 
 where Ω∈),( yx  some limited open region on a plane, 

( )yxu ,  is potential, the function ( ),x yε ε=  
characterize the conductivity or permittivity of a media. 
In traditional statement [1] it is supposed also that 
functions ( )yxJ n , , ( )yxu ,0  are known on the curve Γ  
and the next boundary conditions are satisfied: 

( ) ( ) ( ),
, ,n

u x y
x y J x y

n
ε

∂
=

∂
,  ( ) Γ∈yx, , 

 (2) 
( ) ( )yxuyxu ,, 0= ,  ( ) Γ∈yx, ,   (3) 

where 
n∂
∂  is the normal derivative in the points of the 

boundary curve Γ .  
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Figure 1. The measurement scheme of the external data. 
 
Equations (1) – (3) serve as the model of EIT when there 

is a family of potential and boundary conditions that 
corresponds to different angles of scanning scheme. 
Traditional approach for solving EIT leads to nonlinear ill-
posed problem.  
 
3. New measurement scheme for electric tomography  
 
We propose here another variant of the Electrical 

Tomography, when the external electromagnetic field 
( )lV
r

, is produced by active electrodes, located outside of 
the Ω , initiates some distribution of the electric potential 
inside the domainΩ . At that, we propose that 
measurements of necessary values would be realized on the 
boundary curve Γ  with another, no active electrodes. For 
simplicity we put bellow Ω  as a circle of radius r. The 
corresponding scheme is presented at Figure 1, where 
active electrodes are marked with arcs on the external 
circle A of radius R and  inactive electrodes are marked as 
arcs on the internal circle B, which is the board of the 
domain. 
We will consider the parallel scanning beam at an angle 
φ. Let the external field in scanning scheme be electrostatic 
homogeneous in the direction orthogonal to the line l .  
We suppose that we have a charge in the point B of the 
external circle, so the potential in the point A of the border 

can be calculated by the formula: 
d

Qu
aπε4

=  , where aε  

is the permittivity of the space out of domain, d  is the 
distance between points A y B at Figure 1, that according 
to the Pythagorean theorem 2 2 2 2d R p r p= − − − , Q  is 
the charge volume. So, we can calculate electrical 
induction ),( ϕpJ  in the point A by 

formula: 24
),(

d
QpJ
π

ϕ −= . 

 
 
Figure 2. Illustration for synthetic example. 
 
There is the sufficient difference of the proposed scheme 

with the electric resistance (ERT) or capacitance 
tomography (ECT) schemes. In ERT the function ( )yxJ n ,  

is given, function ( )yxu ,0  is measured. In ECT the 

function ( )yxu ,0  is given, the value of the normal 
component of electric induction ( )yxJ n ,  is related with 
measured mutual capacitances [1].  
In both ERT and ECT schemes the electric field is 

produced by the same electrodes that serve as measuring 
elements i.e. the electrodes are active. May be this activity 
of electrodes, which provokes its mutual influence, is the 
cause of impossibility to use a great number of electrodes 
and obtain the sufficiently large number of measurements. 
It is very important that in proposing scheme electrodes on 
the boundary Γ  do not produce the external electric field 
(are not active) and serve only for measurement of data. 
Therefore, the proposed approach gives in principal the 
possibility to use a large number of electrodes and 
measurements of the input values of data and reconstruct 
the desired image more perfectly. 
 
4. General ray method and fast algorithm 
 
We will use General Ray Principle [3] i.e., to consider the 

electric field as the stream flow of “general rays". Each one 
of these rays corresponds to some straight line l .The main 
idea of the General Ray Principle consists in reduction a 
Partial Differential Equation to a family of Ordinary 
Differential Equations. Let the line l  has the parametric 
presentation: ϕϕ sincos tpx −= , 

ϕϕ cossin tpy += , where p  is a length of the 
perpendicular, passed from the centre of coordinates to the 
line l , ϕ  is the angle between the axis X  and this 
perpendicular [2]. Hence, using this parameterization for 
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the line l , we shall consider the potential ( )yxu ,  and 

function ( , )x yε  for ( ) lyx ∈,  as functions (traces) ( )u t  

and ( )tε  of variable t . Considering the equation (1) on 
the line l  we obtain for every fixed p  and ϕ  the ordinary 
differential equation for traces 
 

( )( )''( ) 0t t
t u tε = ,  t t< , 2 2t r p= − .  (4) 

 
We suppose that functions ),( ϕpv  and ),( ϕpJ  are given 
and we can write boundary conditions 

( ) ( )'( ) ,tt u t J pε ϕ− − = ,   (5) 

 

( ) ( ) ( ),u t u t v p ϕ− − =     (6) 

 
Equations (4) – (6) are considered as the basic 
mathematical model for proposing type of electrical 
tomography. 
If different components in the considered structure have the 
smooth distribution, such as functions ( ) ( )'

tt u tε  and ( )'
tu t  

are continuous. Integrating twice the equation (4) on t  and 
using boundary conditions (5) - (6), we obtain for ( , )x yε  
the next formula for Scanning General Ray (GR) method 
 

( ) 1 ( , ), 1
( , )

v px y R
J p

ϕε
ϕ

− ⎡ ⎤
= ⎢ ⎥

⎣ ⎦
,   (7) 

 
where 1−R  is the inverse Radon transform operator [2]. 
GR-method gives the explicit solution of the inverse 
coefficient problem for considering case. It can be 
generalized and applied also for structures with piecewise 
constant characteristics.  
We have constructed the numerical realization of formula 

(7) that we call "GR–algorithm". This algorithm is fast, 
because it does not require solving any equation and the 

Radon transform can be inversed by fast manner using 
discrete Fast Fourier Transform algorithm (FFT).  
 
5. Numerical experiments 

 
We tested scanning GR-algorithm on mathematically 

simulated model examples for structure with piecewise-
constant permittivity. We considered inside the unit circle 
Ω  two different internal elements 1Ω , 2Ω  of different 
permittivity, as it is shown at Figure 2. 
Simulation consists in the next steps:  

1) analytic solution the direct Cauchy problem for equation 
(4) with known values of functions ( )ϕ,pJ  and ( )u t−  for 

every fixed angle ϕ  and parameter p,  
2) calculation the value ( )u t  and explicit form of ( )ϕ,pv ,  

3) numerical realization of formula (7). 
One of the aims of this experiment is to demonstrate 

independence the relation of functions  
( ) ( )ϕϕ ,/, pJpv  on the parameters of concrete 

measurement scheme and external data, that would confirm 
validity of proposed method and constructed algorithm. 

 Let us designate: 
π4

QC −= , 
2

1AD
M

−
=

, 1
1tD = , 

2

1
0

1
1

1
tt

A
−

= , 030422 ttd −=  and =12d ( )0102 tt − . We 

have three cases.  
Case 1: When the line l  do not intersect some internal 

element, the formula for ( )ϕ,pv  (see Figure 2) is:  
 

3
2

2),(
ε

ϕ
d

MCpv =  then 
3

2
),(
),(

εϕ
ϕ M

pJ
pv

=   (8) 

 
Case 2: When the line l   intersect only one internal 
element, the formula for ( )ϕ,pv  (see Figure 2) is: 

 
 
Figure 3. Reconstruction of three component structure by GR-algorithm. 
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Case 3: When the line l   intersected both components, the 
formula for ( )ϕ,pv  is: 

( )
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2
1
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Then  

3

1
1

13
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23
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211211

),(
),(

εεεεεϕ
ϕ A

dd
pJ
pv

−⎟⎟
⎠

⎞
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⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝
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−= . (10) 

We see that the final formula for 
),(
),(

ϕ
ϕ

pJ
pv   (8), (9) and (10) 

do not depend on ),( ϕpJ  and the value of the potential at 
the border, so on radius of the external circle A. 
We will build a synthetic example, we assume we know 

the function which is constant for the region apart as the 
circle of radius r, then solve a Cauchy problem and obtain 
the values of the boundary conditions, finally when our 
problem you enter these boundary conditions we apply our 
method of solution and obtain the function ( , )x yε , which 
should in principle coincide with the constant function 
apart from which we started, this will tell us how good will 
the GR method, and we need to check for different values 
of the function ( , )x yε . In this example considering no 
homogeneous structure is very near to the reality that 
appear in electric tomography of petroleum tube. It has the 
general characteristic of background 5.193 =ε  which is 
the natural oil permittivity, one internal element with 

812 =ε  corresponding to the permittivity of water, another 
internal element with 84.81 =ε  corresponding to the 
permittivity of air, then apply our method of solution using 

the formulas (8), (9) and (10). Results of the structure 
image recuperation are presented in Figures 3: graph (a) – 
exact distribution; graph (b) – reconstruction the structure 
image by GR–algorithm. Number of discrete points 70=n  
related to the domain discretization and angle scan. 
This chart shows that the recovery by GR-algorithm is 

good, other examples can be found on [3]. 
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